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Abstract

In this paper we introduce new type of functions called pre-proper functions as generalization of
proper functions. Also, we study the characterizations and basic properties of pre-proper and pre-
closed functions. Moreover we study the relation between the pre-proper functions and each of
proper functions, pre-closed functions and closed functions respectively and we give an example

when the converse may not be true.

1.Introduction

The concept of a proper functions was first
introduced by N. Bourbaki.[1], by using closed
functions. The purpose of this paper is to
generalize the concept of proper functions [1]
to the concept of pre-proper functions. We
give the definition by depending on the
definition of pre-closed functions which is
introduced by S.N. El-Deeb and etal.,[2] which
itself depends on the concept of pre-closed set
which is introduced by A.S. Mashhour and
etal.,[3]. Also, we study the characterizations
and basic properties of pre-proper and
pre-closed functions. Moreover we study the
relation between the pre-proper functions and
each of proper functions, pre-closed functions
and closed functions resp. and we give an
example when the converse may not be true in
general. Recall that asubset A of atopological
space X is called pre-open if A1 int(cl(A))
where cl(A) and int(cl(A)) denotes the closure
of A and interior of cl(A) resp.[3]. The
complement of a pre-open set is caled a
pre-closed set [3] or equivalently a subset A of
a topological space X is pre-closed iff
c(int(A)) I A [4] .Thefamily of all pre-open
sets of a topological space X is denoted by
PO(X) [5] .The intersection of all pre-closed
sets containing a set A is pre-closed which is
called the pre-closure of A and is denoted by
pcl(A)[5]. A subset A of atopologica space
X is pre-closed iff A =pcl(A)[6].A function
f:X® Y iscaled proper if (i) f is continuous
(i) f71,: X" Z® Y~ Z is closed, for every
topological space Z, where |, denotes the
identity function on Z [1]. Also, a function
f:X® Y s cdled preirresolute if the
inverse image of every pre-open subset of Y is

an pre-open set in X [7].If A is a subset of
Y I X the closure of A and the interior of A

with respect to Y is denoted by cl, (A)and
int, (A)resp..

2. Preliminaries
2.1. Definition [8]:
Let (Xq)dip be a net in a topological

space X. Then (Xg4)dp IS sad to have

x1 X asan pre-cluster point (written X 4 S X)
iff for each pre-neighborhood U of x and for
each dl D there is some dgp 3 d such that
Xg, I U. This is sometimes said (xq)di p
has x as an pre-cluster point iff (xq)4i p IS
frequently in every pre-neighborhood of x.

2.2. Theorem [8]: )
Let X be a topological space and Al X,
xT X .Then x1 pcl(A) if and only if there

p
existsanet (X4)4p IN Asuchthat x, 1 X.

2.3. Proposition:

If X is topological space Y is an open
subset of X and A is pre-closed in X, then
AlYispreclosedin.

Proof:
To provethat cl (int, (A 1Y)l A1Y.

Qd, (int, (A 1Y) =cl(iint, (ATY)) LY.
And sinceY isan open subset of X, then
c(int, (ATY)) LY cl(int(A) Ic(Y) LY.

[ c(int(A) 1Yl ALY, snce A s
pre-closed in X. Thus A 1Y is pre-closad in
Y.
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3. Pre-closed functions
3.1. Definition [2],[9]:

Let X and Y be two topological spaces. A
function f: X ® Y is caled an pre-closed
(pre-open) function if the image of every
closed (open) subset of X is an pre-closed
(pre-open) setinY.

3.2.Examples:

1) Let f:(A,m® (A,n)be a function which
isdefined by :
f(x)=0," x1 A. Then fis an pre-closed
function.

2) An inclusion function i:F® X s
pre-closed iff F isan pre-closed setin X .

Since every closed set is an pre-closed set,
then we have the following theorem.

3.3.Theorem:
Every closed function is an pre-closed
function.

3.4.Remark:
The converse of (3.3) may not be true in
general.

Example:
If F is an pre-closed set in X, then the

inclusion function i : F® X is pre-closed, but
not closed function.

3.5. Theorem:

Let X and Y be two topological spaces. A
functionf : X ® Y is pre-irresolute iff the
inverse image of every pre-closed subset of Y
isan pre-closed setin X .

Proof:
The proof of 3.5 isobvious.

3.6. Theorem:

Let X,Y,Z be three topologica spaces,
and f:X® Y,g:Y® Z be two functions.
Then:-

1) If fisclosed and g ispre-closed, then gof

IS pre-closed.
2) If gofispre-closed and f is continuous and

onto, then g is pre-closed.
3) If gofispre-closed and gis one-to-one and
pre-irresolute, then f is pre-closed.
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Proof:
1) To prove that gof : X ® Z is pre-closed.

Let F be a closed subset of X .Since fis
closed, then f(F) is aclosed set in Y. But

g Is an pre-closed function, then g(f (F))is
an pre-closed set in Z, hence(gof)(F)is an
pre-closed setin Z. Thus gof : X ® Z isan
pre-closed function.

2) Toprovethat g: Y ® Z is pre-closed. Let
Abe a closed subset of Y, since fis
continuous, then f *(A) isaclosed setin X,
since  gof is  preclosed, then
(gof)(f *(A)) =g(f of *(A)) is pre-closed
in Z. Since fis onto, then g(A) Iis
pre-closed in Z.Thus g:Y® Z is an
pre-closed function.

3)To prove that f: X ® Y is pre-closed. Let
A be a closed subset of X, since gofis

pre-closed, then(gof)(A) is pre-closed in
Z. Since g is pre-irresolute, then
g ' (gof(A)) = (g " 0g)(f(A)) is pre-closed
inY .Since g is one-to-one, then f(A) is
preclosed in Y. Thus f:X® Y is an
pre-closed function.

3.7. Theorem:
Let X and Y be two topologica spaces
and f : X ® Y bean pre-closed function. Then

for each open subset T of YV, f :f {(T)® T
which is defined by f (X)=f(x),
" xT f%(T)isalso pre-closed.

Proof:
Let F be a closed subset of f *(T), then

there isa closed subset F of X such that
F=FE 1f*T). Since f (F)=f(F)ITand
f(F)is pre-closed inY and Tis open inY,
then by (2.3)f(F) I Tis pre-closed inT .Thus
f; isan pre-closed function.

3.8. Theorem:

Let f:X® Y be an pre-closed Function
and let F be a closed subset of X, then
the redtriction functionf \F:F® Y is an
pre-closed function.



Proof:

Since F is a closed set in X, then the
inclusion function i:F® X is a closed
function. Since f:X® Y is an pre-closed
function, then by (3.6) foi:F® Y is an
pre-closed function. But f oi =f \ F, thus the
restriction function f\F:F® Y is an
pre-closed function.

3.9. Remark:

If f,: X, ® Y, and f,:X,® Y, are two
pre-closed functions .Then f,"f,: X" X,®Y,"Y,
is not necessarily an pre-closed function.

Example:
Let f,: (A,m ® (A,n) be afunction which

is defined by: f,(x)=0," xT A. And Let
f,:(A,m® (A,m be a function which is
defined by: f,(x)=x," x1 A. Where f, is
the identity function on A .

Clearly f, and f, are pre-closed functions, but
f,"f,:A”A® A" A, Suchthat
(F," f)00y) =(0y)." (x.y)T A" A
an pre-cl osqd fAuncAtion, since the set
A={(x,y)I A“A:xy=1% is closed in
A"A, but (f," f,)(A)=A-{0} is not
pre-closedin A" A .

is not

Now, we introduce the following theorem:

3.10. Theorem:

Let f,: X, ® Y, and f,:X,® Y, betwo
functionsand if f,” f,:X," X, ® Y, Y, is
pre-closed, then f,and f, are also pre-closed
functions.

Proof:

Supposethat f,” f,:X,” X, ® Y," Y, is
an pre-closed function. To prove that
f,: X, ® Y, is an pre-closed function. Let F
be a closed subset of X, , to provethat f,(F)is
pre-closed in, .

Suppose that G =f,(F)P F" X, is closed
in X,”X,. Since f,~f, is preclosed
b (f,” £,)(F" X,)=f,(FA)" f,(X,)
=G f,(X,) ispreclosed in Y," Y,.

e c(in(G” f,(X,) I G f,(X,)
P c(@int(G))” c(int(f,(X,)) I G f,(X,)
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b c(@int(G)) I G &dl(int(f,(X,) I f,(X,).
Thus G=f,(F) is an preclosed set in Y,
Hence f,: X, ® Y, is an pre-closed function.
By the same way we can prove that f, is an
pre-closed function. Thus f, and f, are
pre-closed functions.

4. Pre-proper functions

Here we introduce functions, which we call
them pre-proper functions, which is weaker
than proper functions, with some examples
and theorems.

4.1. Definition:

Let Xand Y be two topological spaces,
and f: X ® Y beafunction. Then fis called
an pr-proper function if :-

i) fiscontinuous.
iyf 1,:X"Z® Y~ Z is preclosed, for
every topological spaceZ.

4.2. Examples:

1) Let f:(A,m® (A,m) be a function which
is defined by: f(x)=0," x1 A .Notice that f
is an pre-closed function, but fis not an
pre- proper function, since for the usud
topol ogical

space(A,m) ,the function

f 1,:A”A® A’ A ;suchthat
(1Y) =(0y)," (xy)I A" A

isnot an pre-closed function.

2) An inclusion function i:F® X is pre-
proper iff Fisan pre-closed setin X .

Since every closed function is an
pre-closed function, then we have the
following theorem.

4.3. Theorem:
Every proper function is an pre-proper
function.

4.4. Remark:
The converse of (4.3) may not be true in
generd.

Example:
If Fispreclosedin X,theni:F® X is

an pre-proper function ,but not a proper
function.
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4.5. Theorem:
Every pre-proper function is an pre-closed
function.

Proof:

Let f:X® Y be an pre-proper function,
then f"I,: X" Z® Y  Z is preclosed for
every topological space Z. Let Z ={t}, then
X Z=X"{t} X
andY Z=Y {4} @Y and we can
replace f" 1, by f.Thus f:X® Y isan
pre-closed function.

4.6. Remark:
The converse of (4.5) may not be true in
general.

Example:
In (4.2)f : (A,m)® (A,n)is an pre-closed

function, but not an pre-proper function.

Now, we introduce the following definition.

4.7. Definition:
Let XandY be two topological spaces.
A function f:X® Y is cdled an

pre-homeomorphism if :

i) fiscontinuous.

ii) f isone-to-one and onto.
i) f is pre-closed (pre-open).

4.8. Theorem:

Let X and Y be two topological spaces,
and f:X® Y be a continuous, one-to-one
function. Then the following statements are
equivalent:

i) fispre-proper.

ii) fispre-closed.

i) f is an pre-homeomorphism of X onto an
pre-closed subset of Y .

Proof:

By (4.5), (ib ii).

(ii b iii).Assume that f:X® Y is an
pre-closed function. Since X isaclosed set in
X, then f(X)is an pre-closed set inY . Since
fis continuous and one-to-one, then fis an
pre-homeomorphism of X onto an pre-closed
subset f(X)of Y.

(iiiP i).Assume that fis an
pre-homeomorphism of X onto an pre-closed
subset Uof Y . Now, let Z be any topological
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space, and W be any closed set in X™ Z,
thenW =W, " W, ,where W, is closed in X
and W, is closed in Z. Since
(F )W) =(F " 1,)(W,” W,)

=f(W,)" W, and f is an pre-homeomorphism,
then f(W,) is an pre-closed set in U, thus
f(W,)” W, is an preclosed in U" Z.Since
U” Z is an preclosed set in Y~ Z,then by
[10] (f " 1,)(W)is pre-closed in Y~ Z. Hence
f 1,:X"Z® Y Z is an preclosed
function. Thus f:X® Y is an pre-proper
function.

4.9. Corollary:
Every  pre-homeomorphism is an
pre-proper function.

4.10.Remark:
The converse of (4.9) may not be true in
genera by the following example:-

Example:

Let f:([01,n)® (A,n) be a function
which is defined by:
f(x)=x ," x1[0]1],where nCistherelative
usual topology on [0,1].
Clearly that f is an pre-proper function, but
not pre-homeomorphism.

4.11. Theorem:

Let X and Y be two topological spaces
and f:X® Y be an pre-proper function. Let
T be any open subset of Y, then

f.:f Y(T)® T isan pre-proper function.

Proof:
Since f : X ® Y is continuous, then so is

f. .To prove that f. " I, :f *(T)" Z® T" Z
is preclosed for every topological
space Z. Since f is pre-proper, then
f71,:X"Z® Y’ Z is pre-closed for every
topological space Z. Since f; " I, =(f " 1,);,
and T" Z isopenin Y  Z, then by (3.7)
f. "1, is pre-closed. Thus f, :f Y(T)® T is
an pre-proper function.

4.12. Theorem:
Let X,Y,Z be three topologica spaces,

and f:X® Y,g:Y ® Z be two continuous
functions. Then:-




i) I f fisproper and gis pre-proper, thengof
IS pre-proper.

iNlf gof is pre-proper and f is onto, then gis
pre-proper.

ilfgof is pre-proper andgis one-to-one and
pre-irresolute, then f is pre- proper.

Proof:
i) It is clear that gof : X ® Z is continuous.

Let Z, be any topological space, we have :
(gof) 1, =(@" 1)o(f"1,). Since f is
proper, then "1, :X"Z, ®Y" Z s
Closed. Since g is preproper, then
9" 1,:Y 2,®Z 7 is preclosed
Hence by (3.6) (gof) 1, : X" 2,® 2" Z,
is preclosed. Thus gof:X® Z is an
pre-proper function.

i) Let Z, be any topological space. To prove
that g~ ;. 'Y Z,® Z" Z, is pre-closed.
Since gof ispre-proper, then:

(9of)" 1, =(g" 1,)0(f " 1,)

is pre-closed. Since f is continuous and
onto, then so is f" 1, , hence by (3.6)
9" I, ispreclosed. Thus g:Y ® Z isan
pre-proper function.

iii) Let Z, be any topological space. To
prove that f°1,:X"Z,®Y" 27 Iis
pre-closed. Since gof is pre-proper,
then  (gof) 1, =(g" 1 )o(f"1,) s
pre-closed. Since g is oneto-one and
pre-irresolute, then so is g” I, , hence by

(36)f" 1, is pre-closed. Thus f: X ® Y is
an pre-proper function.

4.13. Theorem:

Let Xand Y be two topologica spaces. If
f:X® Y isan pre-proper function, then the
restriction of f to aclosed subset Fof X isan
pre-proper function of F intoY .

Proof:

Since F is a closed set in X, then the
inclusion function i:F® X is a proper
function .Since f: X ® Y is an pre-proper
function, then by (4.12) foi:F® Y is an
pre-proper function. But f oi =f \ F, thus the
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restriction function f\F:F® Y is an

pre-proper function.

4.14. Theorem:

If f,:X,® Y, is a proper function and
f,: X, ® Y, is an pre-proper function .Then
f, f,:X," X, ®Y," Y, is an pre-proper
function.

Proof:

Let Z be any topological space.

We can write f,"f," 1, by the
composition of IYI’ f,” 1, and f,~ IXZ’ .
"1, isclosed.
Since f , is pre-proper, then I, " f,” I, ispre-
closed, hence by (3.6)

(I, " F 1) o(f," 1y, " 12)

is pre-closed. But
f," f,7 1, :(Ivl, f,71,)o(f,” Ixz’ 1)

p f "~ f, I, ispreclosed. Thus
f,” f,:X," X, ®Y,” Y, is an pre-proper
function.

Since f, is proper, then f, " I,

4.15. Theorem:

Let f,: X, ® Y, and f,: X, ® Y, betwo
functionssuch that f,” f, ispre-proper. Then:
D If X, f,then f, ispre-proper.
2)If X, f , then f, ispre-proper.
3If X, tf and X, f, then both f,and f,

are pre-proper.

Proof:

1) Let Z be any topologica space.
To Prove that f," 1,:X," Z® Y," Z is
pre-closed. Let F beaclosed setin X, Z
and G=(f," I,)(F). To prove that G is
pre-closed in Y,” Z. Since X,;! f, then
X,”F is cosed in X,” X,” Z.Since
f,” f, is pre-proper, then
(F, 7 1,00 A =f,(X,) G is
preclosedin Y,” Y,” Z.
ie d(@nt(f,(X,)” G)I f,(X,) G.
b cl(int(G)) I G.Hence G=(f,” 1,)(F)is
pre-closed inY,” Z.Therefore f,” |, s
pre-closed. Thus f, is an pre-proper
function.
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2) Similar to (1).
3) Clear.

4.16. Theorem:

Let X and Y be two topological spaces,
and f : X ® Y be a continuous function .Then
the following statements are equival ent:

i) f isan pre-proper function.

i) If (Xy)g4p iSanetin X and y1 Y isan
pre-cluster point of (f(X,))4p . then thereis
a cluster point x1 X of (x,)4, such that

f(x)=y.

Proof:

(i b ii).Clamf*(y)t f, if f(y)=f,
then yi f(X)P yT (f(X))°, since X is a
closed set in X and f is pre-closed, then f(X)
is an pre-closed set in Y. Thus (f (X)) is an
pre-open set in Y. Therefore (f(X,))gp IS
frequently in (f(X))®.But f(x,)T f(X),"d
Then f(X)1(f(X))°tf, and this is a
contradiction. Thus f "*(y)® f .

Now, suppose that the statement (ii) is not
true, that means for al x; 1 f *(y) there exists
an open set U, in X contains X; such that

(X4)g o is not frequently in U, .Notice that
fiy)= U{x}Ii UU, -But (X4)4pis not
frequentl)xlllifn(yl)Jxl," :ITl | . Thus (X4)4p IS not
frequently in UUX. but UUX. is an open set
in X, then || IIleiC is acI”olsed set in X. Thus
f(] UXIC)i!an pre-closed setinY.

”CI:Iaim yi f(BU, ), if yI f(JU.°),

il il

then there exists x1 | U,.© such that f(x)=y,
thus xI Uu, ,but”IxT f(y), therefore
f(y) is rlllolt asubset of JU, .and thisisa
contradiction. Hence y | fEI| U, “)and by [8]
there is an pre-open set AH in Y such that
yl AandA1f(J U, )=f.
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b fi(A)Hf (U, =f.

il
p YA I(QU,=fp AT UU,
il il
But (f(x4))4pisfrequently in A, then (X4) 4o
is frequently in f *(A)and then (X,)gp IS
frequently in |J U, . this is a contradiction.
il
Thus there is a cluster point xT X of (Xy)4p
such that f(x)=y.

(iip i), to prove tha f"1,:
X"Z® Y~ Z is an pre-closed function for
every topological space Z.Let F be a closed
subset of X* Z and (f " 1,)(F) =G.To prove
that G is an preclosed set in
Y  Z.Let(y,2)l pcl(G), then by (2.2) there
is a net {(y,,z,)}in G such that

(yd,zd)ﬁ(y,z) .Thus there is a net {(x,,z4)}
in F such that
(fF"1,)(Xg,24) = (¥q.24)," dl D.

] P p
Since (y4,24)H (Y,2) then by [8] y,uy and
zdﬂz, hence there is x1 X such that

Xy M X & f(X)=y.Since zdﬁz, then by [8]
z, U z. Thereforex, ® x & z;, ® z

P (Xq4,,24,) ® (X,2).Since{(X, .24 )} is a
net in F and F is closed, thus
(x,2)1 F=Fb (y,2) =(f " 1,)(x,2)T Gb
pc(G) I G.SinceGi pcl(G) P G =pcl(G)
Hence G is an preclosed set in Y~ Z.
Therefore 7 1,:X"Z® Y Z is an
pre-closed function for every topological space
Z. Thusf : X ® Y isan pre-proper function.

4.17. Theorem:

Let X beatopological space and {p} bea
space consisting of a single point. Then a
function f : X ® {p} is pre-proper if and only
if X iscompact.

Proof:
If X iscompact, then by [1], f: X ® {p}

is proper, therefore by (4.3) f: X ® {p} is
pre-proper.



Conversely, let f:X® {ptbe an
pre-proper function and (X,) 4, beanetin X,

then f(x,)=p," dl Db f(x,)|p,snce f
is pre-proper ,then by (4.16) there is x1 X
such that x, p xand f(x)=p.ThusXis a
compact space.

4.18. Theorem:

If f:X® Y is a proper function and
g: X ® Zisan pre-proper function, where X
is Hausdorff .Then the diagonal function
fDg:X® Y’  Zisan pre-proper function.

Proof:
Firset. we have fDg=(f" g)od, where

d:X® X" X such that d(x)=(x,x),
" x1 X.Since X is Hausdorff, then by [1]
d(X) is closed in X" X,hence d is a
homeomorphism of X onto closed subset of
X" X,thenby [1] d:X® X" X is proper.
Also, since fis proper and g is pre-proper,
then by (4.14) f" g is pre-proper. Hence
(f" g)od is pre-proper. Thus the diagona
function fDg:X® Y~ Z is an pre-proper
function.

4.19. Theorem:

If X isany compact topological space and
Y is any topological space, then the
projection pr,: X" Y ® Y is an pre-proper
function.

Proof:
Since X isacompact space, then by [1]
f:X® {p} isproper,sincel, :Y ® Y is
pre-proper, then by (4.14)
f 1, X"Y®{p Y@
is preproper. But pr,=f"1,. Thus
pr,: X" Y ® Y isan pre-proper function.
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