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Abstract  

In this paper, we propose mathematical framework “Fuzzy three-valued measure and logical 
fuzzy integral” based on the three-valued logic. Then, we establish a simple model for representing 
quantum states and vagueness in transmission caused by noise, and we apply the proposed 
mathematical framework as a logical method to estimate reliability of quantum communication 
channels approximately. 
 

Keywords: Quantum cryptosystem, Fuzzy measure, fuzzy integral, Three-valued logic. 
 
1. Introduction 

A qubit 〉+〉=〉Ψ 1|0|| βα  in quantum 
information system is extension of classical 
concept “bit”, where 〉0|  and 〉1|  are basis of a 
two dimensional quantum system with two 
orthogonal states, α and β  are probabilistic 
amplitudes in c (complex numbers). Then, one 
qubit can have infinite number of values in 
contrast with classical one bit. 

In this paper, we focus on analyzing 
quantum information system, especially, 
quantum cryptosystems. It is well known that 
quantum cryptosystems such as bb84 protocol 
[1] enable us to detect eavesdropping of 
encryption key because in quantum state, it 
can be observed only once unless 
eavesdropper use the same quantum basis as 
sender’s, or use orthogonal quantum basis 
against sender’s. In quantum cryptosystems, 
errors in transmission are utilized actively 
because they are caused by eavesdropping. In 
practice, however, eavesdropping is not the 
only source of errors in transmission. 
Imperfections of source, channels, and 
detectors may also produce errors. In this 
paper, we propose the mathematical 
framework (fuzzy three-valued measure and 
logical fuzzy integral) to estimate quantum 
cryptosystems approximately. 
 
2. Fuzzy three-valued measure and logical 

fuzzy integral 
2.1 fuzzy three-valued measure: 

Classical logic allows just two truth values, 
true (t) or false (f). Kleene’s three-valued logic 

was originally designed to accommodate 
undecided mathematical statements. The third 
value represents an “unknown” value (u) to 
indicate a state of partial vagueness. This 
informal reading suggests two natural 
orderings, concerning “degree of truth” and 
“amount of vagueness”. If degree of truth is 
the issue, not knowing a classical truth value 
to assign to a sentence is better than knowing 
the sentence is false, while knowing it is true is 
better yet. Then in the ‘truth’ ordering, false is 
less than unknown which is less than true. On 
the other hand, 1 and 0 can be interpreted as 
true and false, respectively. Then, 1/2 is the 
middle value in [0, 1], and can be interpreted 
as unknown whether true or false. Therefore, it 
is the vaguest state. Based on this fact, the 
partial ordering relation with respect to 
vagueness on [0, 1] is denoted by Vp . 
 

Remark:  
Hereafter, to simplify notation, we assume 

a finite universe of discourse 
{1,2,..., ,..., }=X i n  instead of 1 2{ , ,=X x x  

..., ,..., }i nx x . 
 

Definition 1:  
Let },...,,...,1{ niX =  be the universe of 

discourse and B  be a subset of X . Then, we 
define the characteristic function of an element 
i  in X  as follows: 


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


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We consider the meaning of the three 
values, 1, 0 and 1/2, which are taken by the 
above characteristic function. It is valid and 
natural that there is a relationship among 1, 0 
and 1/2. That is, “nonmember (0)” and 
“unknown (1/2)” are comparable to each other. 
And similarly “member (1)” and “unknown 
(1/2)” are comparable to each other. 
Furthermore, “unknown (1/2)” is the most 
ambiguous state. The partial ordering relation 
with respect to ambiguity is denoted by Ap . 
Let X  be the universe of discourse and 

XB 3∈  (where X3  means the power set of X , 
which is based on three-valued characteristic 
function as in definition 1). 

Then the interpretation and notation of the 
element i  of X is as follows: 
(i) If i  is member of B  ( )1)( =iBθ , then the 

element i  is interpreted as the true 
element and represented as Ti  in B . 

(ii) If i  is nonmember of B  ( )0)( =iBθ , then 
the element i  is interpreted as the false 
element and represented as Fi  in B . 

(iii) If i  is unknown whether member of B  or 
not )2/1)( =iBθ , then the element i  is 
interpreted as the unknown whether true or 
false element and represented as Ui in B . 
Although the relationship between partial 

ordering relation with respect to ambiguity 
( Ap ) and partial ordering relation with respect 
to vagueness ( Vp ) is a numerical relation, we 
apply and extend this relation to sets of the 
power set of the universe of discourse. 
 
Definition 2:  

Let X  be the universe of discourse and 
XBB 3, 21 ∈ . Then, 21 BB Ap  holds iff 

)()(
21

ii BAB θθ p  holds, Xi 2∈∀ .  
Fig.(1) shows that hasse diagram of 

partially ordered set 〉〈 A
X p,3  for 2=n . 

 

 
 

Fig.(1) Hasse diagram of partially ordered set 
3 p,X

A〈 〉  for n = 2. 

Based on the definitions mentioned above, 
we propose the following definition of fuzzy 
three-valued measure. 
 
Definition 3:  

A fuzzy three-valued measure ( tg ) on the 
universe of discourse x  is a normed set 
function tg : ]1,0[:3 →X  , which satisfies the 
following requirement if: 

).()( then  B  and 3, 212121 BgBgBBB tAtA
X pp∈  

 
2.2 logical fuzzy integral: 

In the previous subsection, we mentioned 
the interpretation of the truth-value 1/2, 
expresses unknown whether true (1) or false 
(0). In this subsection, we propose fuzzy 
integral model based on the three-valued logic 
of a measurable function ( h ) with respect to 
fuzzy three-valued measure ( tg ). Let 

},...,,...,1{ niX =  be the universe of discourse 
which is defined as the set of usual fuzzy 
integral inputs, these inputs values are 

.,...,1 ],1,0[)( niih =∈  in the new fuzzy integral 
model (logical fuzzy integral), the input values 
are divided into true (t), false (f), and unknown 
(u) as shown in figure 4. That is, the th−i  true 
input value is ]1,0[)( ∈Tih , false ]1,0[)( ∈Fih , 
and unknown ]1,0[)( ∈Uih . Where 

1)()()( =++ UFT ihihih  and 0)( =Tih  or 
0)( =Fih  for each i . In this case, when the 

number of original input values is n , it is a set 
of n3  inputs. Let the universal set of logical 
fuzzy integral inputs be 

* {1 ,..., ,1 ,..., ,1 ,..., }= T T F F U UX n n n   ...... (1) 
and 
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*: [0,1]→h X   ........................................... (2) 
They are converted from )(ihxi =  into 
)( Tih , )( Fih , )( Uih , as shown in Fig.(2). The 

functions of figure 2 are UFT rrr ,,  called as 
“conversion functions”: 





<
≥×−

=
 5.0 if                  0

0.5 if  2)5.0(
)(

x
xx

xr T  





<
≥

=
 5.0 if        )-(0.5

0.5 if                  0
)(

xx
x

xr F  

( ) 1 0.5 2= − − ×Ur x x   ............................. (3) 
And the input value is set as follows: 

)()( i
TT xrih = , )()( i

FF xrih = , 

( ) ( )=U U
ih i r x   ........................................ (4) 

 

 
Fig.(2). 

 
Definition 4:  

The subset of *X containing the 
complementary element [ UT ii or    is called the 
complementary element for Ti  (the same with 
other combinations)] is called the 
complementary set, and the subset of *X not 
containing the complementary elements is 
called the non-complementary set. 

 

Definition 5:  
The non-complementary set with the n 

elements is called basic set. This is, the basic 
set is the set which contains only one out of 

UFT iii   and ,, and for all ),...,1(, nii = .  

For example, if 5=n  then T F{1 , 2 ,  
T U F3 ,4 ,5 } is basic set. The set of the basic 

sets of *X is denoted by B . 
Fuzzy measure value ( UFT µµµ ,, ) is 

assigned for each of t, f, and u. The fuzzy 
measure values are assigned as follows: 
(1) All the fuzzy measure values, UFT µµµ ,,  

of the non-complementary set which is not 

a basic set and complementary set not 
containing the basic set are 0. For example, 
when  n=3, ({1 ,2 }) 0,µ =T T F  

({1 , 2 , 2 }) 0.µ =U U T F  
(2) The fuzzy measure values of basic set B  

are assigned from the following equation: 
))(( Bgr t

TT =µ , ))(( Bgr t
FF =µ , 

( ( ))µ =U U
tr g B   ................................ (5) 

Where )(Bgt  is the fuzzy three-valued 
measure of the basic set B , and UFT rrr ,,  
are conversion functions as shown in 
equation (3). 

(3) Let c be the complementary set which 
includes basic set and contains at most two 
out of UFT iii   and ,, for some i . The set of 
all complementary sets is denoted by Λ . 
The fuzzy measure value of those set 
containing three elements for any i is 
assumed to be 0 for the sake of 
convenience. C is calculated from the 
fuzzy measure value of the two basic sets 
covering c. For the calculation, the 
superscripts t, f, u are omitted because 

UFT iii   ,,  are common. To calculate 
C)(µ , c is divided into two basic 

sets, 21  and BB , where 1 2, 3 and ∈ XB B  

1 2 C∪ =B B . ).()(C)( 21 BB µµµ +=  for 
example, if }2,2,1{C ,2 UTTn ==  then 

}2,1{},2,1{ 21
UTTT BB == , and: 

}).2,1({})2,1({})2,2,1({ UTTTUTT µµµ +=  
If there can be many combination of 

21  and BB , the mean value is calculated 
by the following equation. 

1 2 1 2

1 2
{( , )| C}

1 2 1 2

( ) ( )

(C)
( , ) | C

∪ =

µ + µ

µ =
∪ =

∑
B B B B

B B

B B B B
  ..... (6) 

 
Definition 6:  

Let ]1,0[3: →X
tg  be a fuzzy three-valued 

measure and ]1,0[: →Xh  be a measurable 
function. The logical fuzzy integral of h  with 
respect to tg  is defined by the following 
equations: 

1 1
2

11
1
[ ( ) ( )] ({ ,..., })+

+
=

= − µ∑ j j j
n p p ppT T

j j j
j

z h s h s s s   ......... (7) 
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1 1
2

11
1
[ ( ) ( )] ({ ,..., })+

+
=

= − µ∑ j j j
n p p ppF F

j j j
j

z h s h s s s   ... (8) 

1 1
2

11
1
[ ( ) ( )] ({ ,..., })+

+
=

= − µ∑ j j j
n p p ppU U

j j j
j

z h s h s s s  ..... (9) 

Where UFT zzz ,,  are the output values, 
UFT µµµ ,, are fuzzy measure values for each 

of t, f, u, and )(),...,(),...,( 21
21

nj p
n

p
j

p shshsh are the 
input values of h  (after conversion), such that 

0)(...)(...)( 21
21 ≥≥≥≥≥ nj p

n
p
j

p shshsh  for all 

U}F,T,{,..., and ,..., 21
*

21 ∈∈ nn ppXss . Note 
that there are at least n  terms in the sequence 

Xi
UFT ihihih ∈)}(),(),({  that are zero. Hence 

there are only n  terms of h  in the present 
case. 

The output of the logical fuzzy integral 
expresses those restored to values ( ix ) of  
[0, 1] by applying 1−r  of equation (3) from 

UFT zzz ,, which is result of logical fuzzy 
integral. That is, the result of logical fuzzy 

integral equal to value Uz
2
11− , if the number 

of input variables ( ix ) which have the values 
5.0≥ix  greater or equal to the number of 

input variables ( ix ) which have values 
5.0<ix , and 0=Fz . Otherwise the result of 

logical fuzzy integral equal to value Uz
2
1 . 

 
3 a logical method to estimate reliability of 

quantum communication channels 
3.1 an algebra in quantum states with two 

orthogonal basis: 
The bit is the fundamental concept of 

classical computation and classical 
information. Quantum computation and 
quantum information are built upon an 
analogous concept, the quantum bit, or qubit 
for short. Just as a classical bit has a state 
“either 0 or 1” a qubit also has a state. Two 
possible states for a qubit are the states 〉0|  
and 〉1| , which correspond to the states 0 and 1 
for a classical bit. The difference between bits 
and qubits is that a qubit can be in a state other 
than 〉0|  or 〉1| . It is also possible to form 
linear combinations of states, often called 
superpositions: 

| | 0 |1Ψ〉 = α 〉 + β 〉   ..................................... (10) 
The numbers α and β  are complex 

numbers, although for many purpose not much 
is lost by thinking of them as real numbers. Put 
another way, the state of a qubit is a vector in a 
two-dimensional complex vector space. The 
special states 〉0|  and 〉1| are known as 
computational basis states. 
 
Definition 7:  

Let 〉0|  and 〉1|  be two orthogonal basis 

characterized by 







=〉

0
1

0|  and .
1
0

1| 2C∈







=〉  

then, state vector is superposition of 〉0|  and 
〉1| . It is represented in 

,1|0|| 〉+〉=〉Ψ βα  where α , C∈β  satisfy 
.1|||| 22 =+ βα  

 
Definition 8:  

Let  1|0|| 〉+〉=〉Ψ AAA βα  and 
 1|0|| 〉+〉=〉Ψ BBB βα be superpositions. 

Then, we define an ordering Qp  between 
〉Ψ〉Ψ B| and | A  as follows : 

2 2|  |  iff | | | |Ψ 〉 Ψ 〉 β ≤ βpA Q B A A   .......... (11) 
Note that ≤  is usual ordering in real number.  
For example, let: 

3 1 1 1| | 0 |1 , | | 0 |1
2 2 2 2

Ψ 〉 = 〉 − 〉 Ψ 〉 = 〉 + 〉A B

then, |  |Ψ 〉 Ψ 〉pA Q B  holds because 

 
2
1

4
1 22

BA ββ =≤=  holds. 

 
Definition 9:  

Let 〉Ψ〉Ψ B| and | A  be superpositions. The 
binary operations Q and ∨∧Q are defined as 
follows : 

Q B|   | |   iff | |Ψ 〉 ∧ Ψ 〉 = Ψ 〉 Ψ 〉 Ψ 〉pA A A Q B  (12) 

Q B|   | |   iff | |Ψ 〉 ∨ Ψ 〉 = Ψ 〉 Ψ 〉 Ψ 〉pA B A Q B  (13) 
 
Definition 10:  

Let ,1|0|| 〉+〉=〉Ψ βα be a 
superposition. Then we define a unary 
Operation Q~  as follows : 
~ | | 0 |1 ,Ψ〉 = α 〉 + β 〉Q   .............................. (14) 
For example, we illustrate examples of 
definition 12 and definition 13 using 
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3 1| | 0 |1
2 2

Ψ 〉 = 〉 − 〉A and 

 1|
2
10|

2
1| 〉+〉=〉ΨB , as follows: 

, ||  | BQ 〉Ψ=〉Ψ∧〉Ψ• AA

〉Ψ=〉Ψ∨〉Ψ• BA ||  | BQ  

 1|
2
30|

2
1|~ 〉+〉−=〉Ψ• AQ  

 .||~ 〉Ψ=〉Ψ• BBQ  
If we can give physical meaning to 

operations Q and ∨∧Q , and Q~  we can treat a 
set of superpositions Q  as kleene algebra. 
 
3.2 Partial ordering relation with respect to 

superpositions: 
Hereafter, 〉

2
1|  stands for four super-

positions 〉+〉 1|
2

10|
2

1 ,  1|
2

10|
2

1
〉−〉 , 

 1|
2

10|
2

1
〉+〉−  and 〉−〉− 1|

2
10|

2
1 , 

all of which have probability 
2
1  for both 

 .1|and 0| 〉〉  then we define below a 
fundamental partial ordering relation among 

 .
2
1|and 1|, 0| 〉〉〉  

 

Definition 11:  
We define a partial ordering relation with 

respect to superpositions (will be denoted by 
Qp ) as follows : 

}1,
2
1,0{ allfor  ,|| ∈〉=〉 iii  

}1,0{ allfor  ,
2
1|| ∈〉=〉 ii . 

Fig.(3) shows the partial ordering relation 
with respect to superpositions 

).,1|,
2
1|,0{|( 〉〉〉〉〈 Qp  

 
Fig. (3) Partial ordering relation with respect 

to superpositions (<{|0>, | 1
2

>}, Qp >). 

The partial ordering relation with respect 
to superpositions ( Qp ) can be extended to  
n-dimensional tensor product follows: 
 
Definition 12:  

Let 〉⊗⊗〉=〉 nn kkkkk |....|,...,,| 121  and 
〉⊗⊗〉=〉 nn kkkkk |....|,...,,| 121  be tensor 

products where }1,
2
1,0{, ∈ii lk  and the 

definition of ⊗  is usual one. Then 
〉〉 nQn lllkkk ,....,|,...,,| 2121 p  holds if and only if 

ilk iQi ∀〉〉  ,|| p holds. 
Fig.(4) shows the hasse diagram of partial 

ordering relation Qp  in case that .2=n  

 
Fig. (4) Hasse daiagram of partial ordering 

relation Qp  in case that n =2. 
 
3.3 encryption key distribution of bb84 

cryptography protocol: 
Bb84 cyptography protocol was proposed 

by bennett and brassard in 1984 [1]. Bb84 
protocol make a series of bit message that 
represent encryption key in quantum channel 
unable to decipher using verman cipher (see 
[11] for details) and principle of quantum 
mechanics, that is, observation 
(eavesdropping) cause the collapse of 
superpositions into basis. Here, we assume 
quantum communication environment as 
shown in Fig.(5). That is, two kinds of 
direction of polarization ( −⊕ polarization, 

−⊗ polarization) are used. −⊗  polarization is 
at an angle o45 to −⊕ polarization. We below 
consider relations among ⊕〉0| , ⊕〉1| , ⊗〉0| , 

⊗〉1| . Clearly, )1|0(|
2

10| ⊕⊕⊕ 〉+〉=〉  and 

)1|0(|
2

10| ⊕⊕⊗ 〉−〉=〉  hold. That is ⊗〉0| and 
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⊗〉1|  are superposition of ⊕〉0| and ⊕〉1| . 
Conversely, ⊕〉0| and ⊕〉1| are also 
superposition of ⊗〉0| and ⊗〉1| . 

In no noise environment, if alice sends a 
photon using −⊕ filter ( −⊗ filter) and bob 
receives it using −⊕ detector( −⊗ detector), 
then bit value can be communicated 
Correctly. 
 

 
Fig. (5) Quantum communication 

environment. 
 

However, if alice sends a photon using 
−⊕ filter ( −⊗  filter) and bob receives it 

using −⊕ detector ( −⊗ detector), then bob 
receives incorrectly bit value with probability 
50%. Based on the fact, bb84 protocol make 
eavesdropping be detected. (for more details, 
see literature such as [2], [6], and [11]). 
According to above, we formulate bb84 
protocol in ambiguity (vague and noisy) 
environment. We consider the following tuple: 
(signal alice sent, signal bob detected) “signal 
alice sent” take a value as follows:  
0: alice sent ⊕〉0| or ⊗〉0| without noise. 
1: alice sent ⊕〉1| or ⊗〉1| without noise. 

2
1 : alice sent noisy state. 

Similarly, “signal bob received” take a 
value as follows: 
0: bob detected ⊕〉0| or ⊗〉0| . 
1: bob detected ⊕〉1| or ⊗〉1| . 

2
1 : bob could not detect alice’s signal. 

All tuples representing (signal alice sent, 

signal bob detected) are sets of 2}1,
2
1,0{ , and 

partially ordered set with respect to ambiguity 

〉〈 Ap,}1,
2
1,0{ 2  is shown in Fig.(6). This 

relation is isomorphic to partial ordering 
relation with respect to Qp , as shown in 
Fig.(6). In unvague and no noise environment, 
the tuple (signal alice sent, signal bob 

detected) must be one of (0, 0),  
(0, 1), (1, 0), and (1, 1). However, in vague 
and noise environment, it does not hold true. 

 
 

Fig. (6) Hasse diagram of poset  

<{0, 1
2

, 1}2, pA >. 
 

Based on our proposals, fuzzy three-valued 
measure and logical fuzzy integral can both 
represent unknown state of quantum system 
and provide us an approximate method to 
estimate quantum cryptosystems. We describe 

correspondence between the sets of 2}1,
2
1,0{ , 

and the sets of X3 by replace (0,0) with 
}2,1{ FF , (0, 1) with }2,1{ TF , (1, 0) with 
}2,1{ FT , (1, 1) with }2,1{ TT , (0, 1/2) with 
}2,1{ UF , ( 1/2 , 0) with }2,1{ FU , (1/2, 1) with 
}2,1{ TU , (1, 1/2) with }2,1{ UT  and (1/2, 1/2 ) 

with }2,1{ UU . Accordingly, we can generate 
sets of X3 and partial ordering set 

〉〈 Ap,}1,
2
1,0{ 2  as shown in figure 6 

corresponds with partial ordering set 〉〈 A
X p,3  

for 2=n , as shown in figure 1.  
 
3.4 illustrative example (practical example) 

In this section, we illustrate on a simple 
example the method for reliability estimation 
in a noisy quantum communication channel 
from alice to bob, using fuzzy three-valued 
measure and logical fuzzy integral. We assign 
fuzzy three-valued measure ( tg ) to sets, which 
are represented (signal alice sent, signal bob 
detected). According to the following criteria: 
• (0, 0), (0, 1), (1, 0), and (1, 1) are assigned 

1. The reason is that we can operate bb84 
protocol correctly because alice and bob 
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can send and detect bit information 
correctly. 

• (0, 1/2) and (1, 1/2) are assigned 0.7. The 
reason is that bob is receiver and can 
inform his impossibility of detection to 
alice. These cases are not the worst. 

• (1/2, 0) and (1/2, 1) are assigned 0.5. The 
reason is that bob can not judge alice’s 
trouble because he detects 0 or 1.these 
cases are the worst. 

• (1/2, 1/2) is assigned 0.5 because clearly it 
means the worst case. 
The assignments of fuzzy three-valued 

measures gt by criteria mentioned above are 
also shown in table 1. A measurable function 

iih −= 100)(  is an availability function, where 
i  means percentage of error rate of alice’s 
photon generator and bob’s photon detector. 
Therefore, we can apply logical fuzzy integral 
to estimate reliability of quantum 
communication channel from alice to bob as 
follows: 

When alice’s error rate is 3% and bob 6%, 
availability of them are 97.0)1(1 == hx  and 

94.0)2(2 == hx , respectively. From equation 
(3), 94.0)1( =Th , 0)1( =Fh , 06.0)1( =Uh , 

88.0)2( =Th , 0)2( =Fh , 12.0)2( =Uh . Then, 
after sorting of values h  with decreasing order 
( 94.0)1( =Th , 88.0)2( =Th , 12.0)2( =Uh , 

06.0)1( =Uh , 0)1( =Fh , 0)2( =Fh ), the 
output corresponding to the basic set 

}2,1{ TTB =  is calculated as follows: 
1})2,1({ =TT

tg  so 1})2,1({ =TTTµ , 
0})2,1({ =TTFµ , 0})2,1({ =TTUµ  from 

equation (5). The fuzzy measure values 
( UFT µµµ ,, ) of other basic sets are shown in 
Table (1). 
 

 
 
 
 
 
 
 
 
 
 
 

Table(1) 
Assignments of gt and fuzzy measure values 

of basic sets. 

 
 

Next, 
4.1})2,1({})2,1({})2,2,1({ =+= UTTTTTUTTT µµµ

also 
,0})2,1({})2,1({})2,2,1({ =+= UTFTTFUTTF µµµ
6.0})2,1({})2,1({})2,2,1({ =+= UTUTTUUTTU µµµ

now, 7.0})2,2,1,1({ =UTUTTµ is the mean of 
1})2,1({})2,1({ =+ UUTTTT µµ  and 

.4.0})2,1({})2,1({ =+ TUTUTT µµ  
Also, 0})2,2,1,1({ =UTUTFµ  is the mean of 

0})2,1({})2,1({ =+ UUFTTF µµ  and 
0})2,1({})2,1({ =+ TUFUTF µµ , 

3.1})2,2,1,1({ =UTUTUµ  is the mean 
1})2,1({})2,1({ =+ UUUTTU µµ  and 

.6.1})2,1({})2,1({ =+ TUUUTU µµ  
The calculation of logical fuzzy integral is 

shown in Table (2). The result of logical fuzzy 

integral is 0.943 (by Uz
2
11− ). This is an 

approximate reliability in a noisy quantum 
communication channel from alice to bob 
evaluated by their criteria according to their 
situation. 

 
Table (2) 

Calculation of logical fuzzy integral. 

 
 

A table showing the global evaluation 
(reliability estimation of quantum 
communication channels) via logical fuzzy 
integral of different percentages of availability 
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of alice’s photon generator and bob’s photon 
detector is given in Table (3). 
 

Table (3) 
Global evolution table. 

 
 
4. Conclusions 

In this paper, first we have established a 
simple model for representing quantum states 
and vagueness in transmission caused by noise 
and so on, and showed that it forms kleene 
algebra. Secondly, we have applied the 
proposed mathematical framework (fuzzy 
three-valued measure and logical fuzzy 
integral) to estimate quantum cryptosystems 
approximately. 

The framework would be an effective tool 
for analyzing more complex quantum systems 
although we have illustrated a simple example 
in this paper. 
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  الخلاصة

ضبابي  قياس "نقترح في هذا البحث إطارا رياضي
مبني على المنطق  "منطقيثلاثي القيم وتكامل ضبابي 

لتمثيل الحالات  ثم ننشأ نموذج بسيط . الرياضي ذو القيمتيين
لضوضاء،  الكمية والغموض في الإرسال المتسبب با

ونطبق الإطار الرياضي المقترح كطريقة منطقية لتقدير 
  .معولية قنوات الإتصال الكمي بشكل تقريبي

  
 
 
 
 
 
 
 
 
 
 
 

 


