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Abstract

In this paper, we propose mathematical framework “Fuzzy three-valued measure and logical
fuzzy integral” based on the three-valued logic. Then, we establish a simple model for representing
guantum states and vagueness in transmission caused by noise, and we apply the proposed
mathematical framework as a logical method to estimate reliability of quantum communication

channels approximately.
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1. Introduction

A qubit |YPf=a|Of+b |If in gquantum
information system is extension of classical
concept “bit”, where |OF and |1f are basis of a
two dimensional quantum system with two
orthogonal states, a and b are probabilistic

amplitudes in ¢ (complex numbers). Then, one
gubit can have infinite number of values in
contrast with classical one hit.

In this paper, we focus on analyzing
guantum information system, especialy,
guantum cryptosystems. It is well known that
guantum cryptosystems such as bb84 protocol
[1] enable us to detect eavesdropping of
encryption key because in quantum state, it
can be observed only once unless
eavesdropper use the same quantum basis as
sender’s, or use orthogonal quantum basis
against sender’s. In guantum cryptosystems,
errors in transmission are utilized actively
because they are caused by eavesdropping. In
practice, however, eavesdropping is not the
only source of errors in transmission.
Imperfections of source, channels, and
detectors may also produce errors. In this
paper, we propose the mathematica
framework (fuzzy three-valued measure and
logical fuzzy integral) to estimate quantum
cryptosystems approximately.

2. Fuzzy three-valued measure and logical
fuzzy integral
2.1 fuzzy three-valued measure:
Classical logic alows just two truth values,
true (t) or false (f). Kleene’s three-valued logic

was originaly designed to accommodate
undecided mathematical statements. The third
value represents an “unknown” value (u) to
indicate a state of partial vagueness. This
informal  reading suggests two natural
orderings, concerning “degree of truth” and
“amount of vagueness”. If degree of truth is
the issue, not knowing a classical truth value
to assign to a sentence is better than knowing
the sentence is false, while knowingitistrueis
better yet. Then in the ‘truth’ ordering, faseis
less than unknown which is less than true. On
the other hand, 1 and O can be interpreted as
true and false, respectively. Then, 1/2 is the
middle value in [0, 1], and can be interpreted
as unknown whether true or false. Therefore, it
is the vaguest state. Based on this fact, the
partial ordering relation with respect to
vagueness on [0, 1] isdenoted by p,, .

Remark:

Hereafter, to simplify notation, we assume
a finite universe of discourse
X ={12,..,i,..,n} instead of X ={Xq,Xo,
e XjyenXnt
Definition 1.

Let X ={1...,i,...,n} be the universe of

discourse and B be a subset of X . Then, we
define the characteristic function of an element
i in X asfollows:

i1 iff i memberof B,

gs (i) :!% iff unknown wtetheri memberof B or not,

I
fOiff i nonmemberof B.
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We consider the meaning of the three
values, 1, 0 and 1/2, which are taken by the
above characteristic function. It is valid and
natural that there is a relationship among 1, O
and 1/2. That is, “nonmember (0)” and
“unknown (1/2)” are comparable to each other.
And similarly “member (1)” and “unknown
(/2)” ae comparable to each other.
Furthermore, “unknown (1/2)” is the most
ambiguous state. The partial ordering relation
with respect to ambiguity is denoted by p,.
Let X be the universe of discourse and
Bi 3 (where 3° means the power set of X,
which is based on three-valued characteristic
function asin definition 1).

Then the interpretation and notation of the
element i of Xisasfollows:

(i) If i ismember of B (qg(i) =1, then the
element i is interpreted as the true
element and represented as i’ in B.

(i) If i is nonmember of B (g (i) =0), then
the element i is interpreted as the false
element and represented as i” in B.

(ii))If 1 is unknown whether member of B or
not gz(i) =1/2), then the element i is
interpreted as the unknown whether true or
false element and represented as iV in B.
Although the relationship between partid

ordering relation with respect to ambiguity

(p,) and partial ordering relation with respect

to vagueness (p, ) is a numerical relation, we

apply and extend this relation to sets of the
power set of the universe of discourse.

Definition 2:
Let X be the universe of discourse and
B,B,1 3. Then, B p,B, holds iff

0g, (i) PACg, (i) holds, " iT 2%.
Fig.(1) shows that hasse diagram of
partially ordered set 8*,p fifor n=2.
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Fig.(1) Hasse diagram of partially ordered set
X pafiforn=2.

Based on the definitions mentioned above,
we propose the following definition of fuzzy
three-valued measure.

Definition 3:

A fuzzy three-valued measure (g,) on the
universe of discourse x is a normed set
function g,: 3*:® [0] , which satisfies the
following requirement if:

B,B,1 3"and B, p,, B, then g(B) p, &.(B,).

2.2 logical fuzzy integral:

In the previous subsection, we mentioned
the interpretation of the truth-value 1/2,
expresses unknown whether true (1) or false
(0). In this subsection, we propose fuzzy
integra model based on the three-valued logic
of a measurable function (h) with respect to
fuzzy threevalued measure (g,). Let

X ={L...,i,...,n} be the universe of discourse

which is defined as the set of usua fuzzy
integral inputs, these inputs vaues are
h(i)T [0],i =1,...,n. in the new fuzzy integral
model (logical fuzzy integral), the input values
are divided into true (t), false (f), and unknown
(u) asshown infigure4. That is, the i - th true

input value is h(i")T [0]], false h(i")T [0,],
and  unknown  h(@iY)T [0]]. Where
hi")+h(i")+h@i’)=1 ad h@i")=0 or
h(i)=0 for eachi. In this case, when the
number of origina input valuesisn, it is a set
of 3n inputs. Let the universal set of logical
fuzzy integral inputs be

X ={1,..n"1F,..nF Y, . nY} 1)
and
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They are converted from x =h(i) into
h(™),h(iF) ,h(i¥), as shown in Fig.(2). The
functions of figure 2 are r',r",r’ caled as

“conversion functions”:
_1(x-05)" 2if x2 05

r'(x
0=1, if x<0.5
i0 if x3 05
() =1 o
1(0.5-x) if x<0.5
Y (x)=1- X - 05" 2w ()

And the input value is set asfollows:
h(i™) =r"(x), h(i™)=r"(x),
TR IT Rl 1 (%)

Unknewn -
|r.rH I.',I‘:L- ] .-
0 True

I

] 0.5 1

Fig.(2).

Definition 4:
The subset of X containing the
complementary element [i" or iV is called the

complementary element for i’ (the same with
other ~ combinations)] is caled the

complementary set, and the subset of X' not
containing the complementary elements is
called the non-complementary set.

Definition 5:

The non-complementary set with the n
elements is called basic set. This is, the basic
set is the set which contains only one out of

i",i",and i¥and for al i,(i =1,...,n).

For example, if n=5 then {1",2",
3",4Y 57} is basic set. The set of the basic
setsof X "isdenoted by B.

Fuzzy measure vaue (m,nf,nt’) is

assigned for each of t, f, and u. The fuzzy
measure values are assigned as follows:

(1) All the fuzzy measure values, m' ,nT ,n¥
of the non-complementary set which is not
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a basic set and complementary set not
containing the basic set are 0. For example,

n (1,27} =0,

when n=3,
n {V,2",2FH=o.
(2) The fuzzy measure values of basic set B
are assigned from the following equation:
m =r"(g(B)), T =r"(g,(B)),

LT Dl (N (1) [ (5)
Where g,(B) is the fuzzy three-valued

measure of the basic set B, and r",r",r"

are conversion functions as shown in
eguation (3).

(3) Let ¢ be the complementary set which
includes basic set and contains at most two
out of i",i",and i" for some i . The set of
all complementary sets is denoted by L .
The fuzzy measure value of those set
containing three elements for any i is
assumed to be O for the sake of
convenience. C is calculated from the
fuzzy measure value of the two basic sets
covering c. For the caculation, the
superscripts t, f, u are omitted because
iT,i%, i¥ ae common. To caculate
n(C), c is divided into two basic
sets, B, and B,, where B;,B,1 3% and
B;EB,=C. m(C)=m(B)+n(B,). for
example, if n=2C={1",2",2"} then
B ={1",2"},B, ={1",2"}, and:

m{1",2",2°}) = m({1",2"}) + m({1",2"}).
If there can be many combination of
B, and B, , the mean value is calculated
by the following equation.
o
a m(B,) +mB,)
_ {(B1,B)IB1EB=C}

mC) <
|(B1,B) |BLE B, =C]

Definition 6:

Let g,:3* ® [0] be afuzzy three-valued
measure and h: X ® [01] be a measurable
function. The logical fuzzy integral of h with
respect to g, is defined by the following
equations:

2n . ' .
ZT = é [h(stJ )_ h(SpJ +1)]n:{ ({Slp]_ _____ Sij }) ......... (7)

j+1
j=1
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a[h(spl) h(s 1t (sfr...s77}) - (8)

i+l
]—1

2Y —a [h(spl) nPLY (Pt .sP1y) o (O)
j=1

Where z',z7,2" are the output values,
m , ", nt’ are fuzzy measure values for each
of t, f, u, and h(gpl),...,h(sjp’),...,h(sz”;") are the
input values of h (after conversion), such that
h(s™)3 ...3 h(sjp")3 .3 h(s)3 0 for all
S,.nS 1 X and p,..., p,, 1 {T,F,U}. Note
that there are at least n terms in the sequence
{h@i"),h(i"),h(i")};« that are zero. Hence
there are only n terms of h in the present
case.

The output of the logical fuzzy integrd
expresses those restored to values (x ) of
[0, 1] by applying r* of equation (3) from
z',z7,7° which is result of logical fuzzy
integral. That is, the result of logical fuzzy

integral equal to value 1- %z“ , If the number

of input variables (x ) which have the values
X 3 0.5 greater or equal to the number of
input variables (x) which have values
x <0.5, and z" =0. Otherwise the result of

logical fuzzy integral equal to value %z“ :

3 a logical method to estimate reliability of
guantum communication channels
3.1 an algebra in quantum states with two
orthogonal basis:

The bit is the fundamental concept of
classicd computation and classicd
information. Quantum  computation and
guantum information are built upon an
analogous concept, the quantum bit, or qubit
for short. Just as a classical bit has a state
“either 0 or 1” a qubit also has a state. Two
possible states for a qubit are the states |OF

and |1f , which correspond to the states 0 and 1
for aclassical bit. The difference between bits
and qubitsisthat a qubit can be in a state other
than |OF or |If. It is also possible to form
linear combinations of states, often called
super positions:
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[YA=a |OA+b |1 oo (20)
The numbers aand b are complex

numbers, although for many purpose not much
islost by thinking of them as real numbers. Put
another way, the state of aqubit isavector in a
two-dimensional complex vector space. The
special states |OF and |Ifare known as

computational basis states.
Definition 7:

Let |OF and |If be two orthogona basis
characterized by |Ofi= %’J and |1fi= gﬂl C2.
then, state vector is superposition of |0f and
|17 . It isrepresented in
|Yf=a |OF+b |1f, wherea ,b1 C satisfy
la P +|b =1

Definition 8:

Let |Y fi=a, |0fi+ b, |1i and
Y fi=ag |0+ bB | 1A be superpositions.
Then, we define an ordering p, between
|Y Jfiand | Y ;i1 asfollows:
1Y Afi polY g fiiff pAl £bp F ... (11)

Notethat £ isusua ordering in real number.
For example, let:

NG

1
Y ofi=—|0A- =|1R|Y r A= — |0+ —
1Y A > | 2|3ﬂ| B |

ikt Lo

then, [Y AR pg|Y gfi holds because

bf=2€>=b,f holds

Definition 9:

Let | Y ,fiand | Y ;fi be superpositions. The
binary operations U, and U, are defined as
follows:
|Y afi U IY gfi=l Y AT iff [V pfipg Y g (12)
|Y afi Ug IY gfi=l Y g i iff [Y afipg|Y g i (13)

Definition 10:

Let |YFf=a|OFf +b |1, be a
superposition. Then we define a unary
Operation ~, asfollows:
~lYA=a |0+ |1 i, (14)

For example, we illustrate examples of
definition 12 and definition 13 using



~Q|YBﬁ:|YBﬁ
If we can give physical meaning to
operations U, and U, , and ~, we can treat a
set of superpositions Q as kleene algebra.

3.2 Partial ordering relation with respect to
superpositions:
Hereafter, |1 stands for four super-
2

1 1
pOSItIOﬂS on+ 1A — |1 »
/—l /—l /—l /—2|
1 1 ~
- —2|On+ | 17 \/_|On \/E|ln,

al of which have probability % for both

|Ofand|1f. then we define below a
fundamental partia ordering relation among

| O, | 1fiand |%ﬁ

Definition 11:

We define a partial ordering relation with
respect to superpositions (will be denoted by
p,) asfollows:

lifi=|ifi for all il {0,%,1}

|iﬁ:|%ﬁ,for alil {03 .

Fig.(3) shows the partial ordering relation
with respect to superpositions

S S
(dIOnIEnllanﬁ-

&

||'|: |1
Fig. (3) Partial ordering relation with respect

to superpositions (<{|0>, |% >} Po>).
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The partial ordering relation with respect
to superpositions (p,) can be extended to

n-dimensional tensor product follows:

Definition 12:
Let |k, K,,...k A=|kAA . A|kA and
|k Ky K fi=|KAA A |KA be tensor

products where kI 1 {0,%,]} and the

definition of A is usual one. Then
| Ky Ky oo K AP G| I, l5,... 7 ROlds i and only if
|k fipoll;fi" i holds.

Fig.(4) shows the hasse diagram of partial
ordering relation p,, incasethat n=2.

.-"-I-f e -
|y o [0, L [ 1.0
Fig. (4) Hasse daiagram of partial ordering
relation p,, in casethat n =2.

3.3 encryption key distribution of bb84
cryptography protocol:

Bb84 cyptography protocol was proposed
by bennett and brassard in 1984 [1]. Bb84
protocol make a series of bit message that
represent encryption key in quantum channel
unable to decipher using verman cipher (see
[11] for detaills) and principle of quantum
mechanics, that is, observation
(eavesdropping) cause the collapse of
superpositions into basis. Here, we assume
guantum communication environment as
shown in Fig.(5). That is, two kinds of
direction of polarization (A - polarization,
A - polarization) are used. A - polarization is
at an angle 45°'to A - polarization. We below
consider relations among | Oy, , |17, , | OFy; ,

|17, . Clearly, |Of, = fuowmo and

|0y, = \/_(|on& 117i,) hold. That is | Of}, and
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|1}, are superposition of |Of and |1f; .
Conversely, | Ofy, and |1}, are aso
superposition of |Of, and |1f3; .

In no noise environment, if alice sends a
photon using A - filter (A - filter) and bob
receives it using A - detector(A - detector),
then bit value can be communicated
Correctly.

Fig. (5) Quantum communication
environment.

However, if alice sends a photon using
A - filter (A- filter) and bob receives it
using A - detector (A - detector), then bob
receives incorrectly bit value with probability
50%. Based on the fact, bb84 protocol make
eavesdropping be detected. (for more details,
see literature such as [2], [6], and [11]).
According to above, we formulate bb84
protocol in ambiguity (vague and noisy)
environment. We consider the following tuple:
(signal alice sent, signa bob detected) “signd
alice sent” take avalue asfollows:
0: alice sent | Oy, or | Ofy;, without noise.

1: alice sent |1f}, or |1}, without noise.
%: alice sent noisy state.

Similarly, “signa bob received” take a
value asfollows:

0: bob detected | O, or| Of; .
1: bob detected |17}, or|1rj; .

% : bob could not detect alice’s signal.

All tuples representing (signal alice sent,
signal bob detected) are sets of{O,%,]}z, and
partially ordered set with respect to ambiguity
é{O,%,J}Z,pAﬁ is shown in Fig.(6). This

relation is isomorphic to partial ordering
relation with respect to p,, as shown in

Fig.(6). In unvague and no noise environment,
the tuple (signa aice sent, signa bob
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detected) must be one of (0, O0),
0, 1), (1, 0), and (1, 1). However, in vague
and noise environment, it does not hold true.

-
-~ ) / e
Zan, ) L. Y LI.{-|
=~ h
. P P o
S e e
o . e . _,.-"’ .
~ - - e -
- R "

1,0 Nk ALy 1.1
Fig. (6) Hasse diagram of poset
<{01 % ] 1}21 QA >.

Based on our proposals, fuzzy three-valued
measure and logical fuzzy integral can both
represent unknown state of quantum system
and provide us an approximate method to
estimate quantum cryptosystems. We describe

correspondence between the sets of {O,%,J}Z,

and the sets of 3*by replace (0,0) with
{1F,2F}, (0, 1) with {1F.2"}, (1, 0) with
(I".2°}, (1, 1) with {I",2"}, (0, U2) with
(1F,2°}, (12, 0) with {2°,2}, (12, 1) with
(1,27}, (1, 1/2) with {T",2"} and (1/2, 1/2)
with {1V,2"}. Accordingly, we can generate
sets of 3%and partia ordering set

é{O,%,J}Z,pAﬁ as shown in figure 6

corresponds with partial ordering set &8 ,p ,fi
for n=2, asshowninfigure 1.

3.4 illustrative example (practical example)
In this section, we illustrate on a simple
example the method for reliability estimation
in a noisy quantum communication channel
from alice to bob, using fuzzy three-valued
measure and logical fuzzy integral. We assign
fuzzy three-valued measure ( g,) to sets, which

are represented (signal alice sent, signal bob

detected). According to the following criteria:

- (0,0), (0, 1), (1,0, and (1, 1) are assigned
1. The reason is that we can operate bb84
protocol correctly because alice and bob



can send and detect bit information

correctly.

(0, 1/2) and (1, 1/2) are assigned 0.7. The

reason is that bob is receiver and can

inform his impossibility of detection to
alice. These cases are not the worst.

(1/2, 0) and (1/2, 1) are assigned 0.5. The

reason is that bob can not judge aice’s

trouble because he detects O or l.these
cases are the worst.

(1/2, 1/2) is assigned 0.5 because clearly it

means the worst case.

The assignments of fuzzy three-valued
measures gt by criteria mentioned above are
also shown in table 1. A measurable function
h(i) =100- i isan availability function, where
I means percentage of error rate of aice’s
photon generator and bob’s photon detector.
Therefore, we can apply logical fuzzy integral

to estimate reliability of  quantum
communication channel from alice to bob as
follows:

When alice’s error rate is 3% and bob 6%,
availability of them are x =h(1) =0.97 and
X, = h(2) =0.94, respectively. From equation
(3), h(1')=094, h(1")=0, h@’)=0.06,
h(2')=0.88, h(2") =0, h(2”)=0.12. Then,
after sorting of values h with decreasing order

(h(1")=0.94, h(2')=0.88, h(2")=0.12,
h(1")=0.06, h@1")=0, h(2")=0), the
output corresponding to the basic set

B={1",2"} iscalculated as follows:
g({1".2'}) =1 S0 m ({1°,2'}) =1,
M{r,2))=0, n{l,2})=0 from
equation (5). The fuzzy measure values
(m',n,nt') of other basic sets are shown in
Table (1).
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Table(1)

Assignments of g; and fuzzy measure values

of basic sets.

T w8 i | o7 (M pFimy | Wb
f1v 2 oE | o 1.0 10
LI, 2T (L. 0.0 (1.0 L0
f1v, 2F L WK VRV 0.0 LU
£17 2t 0ro| ood (.00 0.6
{17271 10 | 10 0.0 0.0
M7 oF1 1.0 1.0 0.0 0.0
{1F.2% 0.7 .4 (.0 .k
12T 1.0 103 0.0 {0
{14, 25 1.1 1.0 {111 1.0
Next,

m{d,2",2°H) =, {727+ {1',2°})=14
also
nf ((T",2",2°}) =nf ({T',2'}) +nf (T ,2°}) =0,
m’ ({1,2",2°}) =n? {1",2'})+n¥ ({1",2°}) = 0.6
now, nmT ({I' 1“,2",2°}) =0.7is the mean of
m{1,2})+m ({1¥,2"})=1 and
m {17,2°})+m ({1¥,2'}) =04
Also, nT ({T' 1¥,2",2°}) =0 is the mean of
nmf ({1",2") +nT ({1 ,2"}) =0 and
nf ({T",2°}) +nf (7,2'}) =0,
n ({1 1V,2",2°}) =13 isthe mean
m’ ({17,2'H)+n? ({1V,2°})=1 and
m’ ({1, 2°H)+n? ({1 ,27}) =1.6.

The calculation of logical fuzzy integral is
shown in Table (2). The result of logica fuzzy
integral is 0.943 (by 1- %z“). This is an

approximate reliability in a noisy quantum
communication channel from alice to bob
evaluated by their criteria according to their
situation.

Table (2)
Calculation of logical fuzzy integral.

by i WA Bamand n'A Foeanl "G Bosan
I L 1L e [IL] ol Il b il ab
Wi ¥ ey 1) 1 AT ] 1l iUl
Ll TR R I R 1. A¥ wn an (4]
b
i

E I T R T H L
! A ¥ Mg

A table showing the global evaluation
(reliability estimation of guantum
communication channels) via logical fuzzy
integral of different percentages of availability
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of alice’s photon generator and bob’s photon
detector isgiven in Table (3).

Table (3)
Global evolution table.

Availabilivy | Alive | Dol | Clobal evalualivn
(%) (reliability %) via
logical fuzey integral
avadlability 1 [ 100 | 100 LOo
Availability 2 | 87 94 91.3
availabilily 3| 50 3t a0
avadlabilily 4 | 30 0 K]
Availabilits | 00 oo 00

4. Conclusions

In this paper, first we have established a
simple model for representing quantum states
and vagueness in transmission caused by noise
and so on, and showed that it forms kleene
algebra. Secondly, we have applied the
proposed mathematical framework (fuzzy
three-valued measure and logical fuzzy
integral) to estimate quantum cryptosystems
approximately.

The framework would be an effective tool
for analyzing more complex quantum systems
although we have illustrated a ssimple example
in this paper.
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