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Abstract

In this paper, we use the homotopy perturbation method for finding the solutions of the nonlocal
problems that consist of the one-dimensional heat equation together with nonlocal conditions and
the nonlocal problems that consist of the parabolic linear integro-differential equations together
with nonlocal conditions. Also, some numerical examples are presented to explain the efficiency of
this method. Moreover, some real life applications for the nonlocal problems are solved via this
method.
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1. Introduction ou(x,t)
It is seen that in the modeling of many real ax (0, 120 s (1.)
life applications systems in various fields of X=0 .
ohysics, ecology, biology, etc, an integral term and t_h_e non-homogeneous nonlocal (integral)
over the spatial domain is appeared in some c;ond|t|on.
part or in the whole boundary, [5]. Such Iu(x,t)dx:B(t), t>0 (1.d)
boundary value problems are known as 5
nonlocal problems. The integral term may  where ¢ is a known nonzero constant, f is a
app(ejgr_ in the bouncri]ary chJndltuicnsH Nfonlo_cal known function of x and t,
conditions appear when values of the function O=f(x.D0<x </ t>0% r are given
on the boundary are connected to values inside {_( ) ’ } o P .g. _
the domain, [1] functions that must satisfy the compatibility
Many researchers studied the nonlocal ~ conditions: ,
problems, say [4] used Galerkin method for r'(0) = a(0)
solving the nonlocal problem for diffusion and
equations, [2] discussed the existence of the 0 B
solutions for the nonlocal problem of the one- Ir(x)dx =B(0).

0
Second, we use the homotopy perturbation
method to solve the nonlocal problem that
consists of the parabolic integro-differential

dimensional wave equations, [7] used Fourier
method to establish the existence of the
solution for a class of linear hyperbolic
equations with nonlocal conditions, .
. . equation:
In this paper, we first use the homotopy )
perturbation method to solve the nonlocal ux,t) o u(>§,t)
problem that consists of the one-dimensional ot X

non-homogeneous heat equation: ¢
[kt u(xs)ds+F(x,1), (xheQ
0

+pu(x,t) =

2
uxt) _ .0 u(>§,t) Y, (KDeQ (2.9)
ot OX Together with initial condition:

_ s s (1.a) UX,0) =r(X), 0SX </, oo, (2.b)
Together with the initial condition:

The non-homogeneous Neumann condition:
U(X,0)=r(X), 0SX<l, v (1.b) au(x. 1)
The non-homogeneous Neumann condition: 8x, (1), 120 (2.c)
x=0

\va



and the non-homogeneous nonlocal condition:

jfu(x, t)dx =p(t), t>0

where p is a known constant, f is a known
function of x and t, Q={(x,t)|0<x < ¢, t>0},
k is a known function of t, s, 0<t<s,,
r, a, B are defined similar to the previous.

2. The Homotopy Perturbation Method, [6]

Consider the  following  nonlinear
differential equation:
AU)—T(N=0,reQ .o 3)
with the boundary conditions:
B(u,a—“j:o, S (@)
on

where A is a general differential operator, B is
a boundary operator, f is a known analytical
function and T is the boundary of the domain
Q. The operator A can be divided into two
parts, which are L and N where L is a linear
operator and N is a non-linear operator.
Therefore equation (3) becomes:
L(u)+N(u)-f(r)=0
By the homotopy technique, we construct a
homotopy Vv :Qx[0,1]—— R which satisfies
H(v,p) = (1-p)[L(V) - L(up)]+p[A(v) -F(1)] =0
or equivalently
H(v,p) = L(v) —L(u,) +PpL(uo) +PIN(v) -f(r)] =0
(6)
where pe[0,1] is an embedding parameter,
u, is an initial approximation of equation (3),

which satisfies the boundary conditions given
by equation (4). Obviously, from equation (6)
one can have:

H(v,0)=L(v)-L(u,)=0

H(v,) =A(v)-f(r)=0

and the changing process of p from zero to
unity is just that of v(r,p) from u (r) to u(r).
In a topology, this is called deformation,
L(v)—L(u,) and A(v)—f(r) are called
homotopic.

Next, we assume that the solution of equation
(6) can be written as a power series in p:

V(P = 2P ()
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Therefore the approximated solution of the
boundary value problem given by equations
(3)-(4) can be obtained as follows:

u(n) =limv(r,p) =3 v,(1)

The convergence of the series given by
equation (7) has been given in [6].

3. Solutions of the One-Dimensional Heat
Equation with Homogeneous NonLocal
Conditions:

Consider the one-dimensional
homogeneous heat equation:

u(x.f) _ . az;i);'t) L), () eQ

non-

ot
...................................... (8.a)
together with initial condition:
U(X,0)=r(X), 0SX<Y, v (8.b)
the homogeneous Neumann condition:
U 0 450 (8.c)
© G

and the homogeneous nonlocal condition:

/
ju(x,t)dx =0,t>0
0

where ¢ is a known nonzero constant, f is a
known function of X and t,

Q={(x,t)|0<x<¢ t>0}, r is a given

function that must satisfy the compatibility
condition:

r'(0) = j r(x)dx =0

This nonlocal problem is a special case of the
nonlocal problem given by equations (1) in
case a(t)=p(t)=0, t>0.
To solve this nonlocal problem by the
homotopy perturbation method, we rewrite
equation (8.a) as

A(u)-f(x,y)=0

2
where A(u) = %u —c? 8—3

Then the operator

A can be divided into two parts L and N such

that equation (8.a) becomes:
L(u)+N(u)-f(x,t)=0

, 0°U

el
Ox?

where L(u):%u and N(u) =
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According to [6], we can construct a homotopy
v:Qx[0,1]——>NR which satisfies equation
(6). In other words we can construct a
homotopy v which satisfies

ov(x,t,p) du,(x,t) +p ou,(x,t) N

Hv.p) == ot ot
2
OX

9)

where pe[0,1] is an embedding parameter
and u, is the initial approximation to the

solution of equation (8.a) which satisfies the
initial condition, the Neumann condition and
the nonlocal condition given by equations
(8.b)-(8.d).

Next, we assume that the solution of equation
(9) can be expressed as

V(6 P) = 2P, (.

Therefore the approximated solution of the
nonlocal problem given by equations (8) can
be obtained as follows:

u(x,t) = Iplm v(x,t,p) = ivi (x,1)

By substituting the approximated solution
given by equation (10) into equation (9) one
can get:

(11)

H(v,p)=ipi avi;(,t) _auoé;(,t)+p6uo(3()>(<,t) N

[egetu e

Then by equating the terms with identical
powers of p one can have:

p°: No(X,8) _ 2Us(X,1) _ 0 (12.a)
ot ot
2
ot ov, (x,t) N Ou, (X, t) o 0 v0(2<,t) _F(x.1) =0
ot ot OX
............................ (12.b)

ov;(x,1) e V4 (x,t)
ot ox’
For simplicity, we take v,(x,t)=u,(x,t). In
this case equation (12.a) is automatically
satisfied. Let u,(X,t) =r(x) then

i

=0, j=23,.. (12.c)
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Ug(X,0)=r(x), 0<x<7 ,
ou, (X, t)
OX

and

Iuo(x, t)dx :J'r(x)dx =0, t>0.
0 0

=r'(0)=0, t>0

x=0

Therefore u, satisfies the the initial condition,

the Neumann condition and the nonlocal
condition given by equations (8.b)-(8.d).
Therefore by substituting t=0 in equation (11)
one can have:

u(x,0)= 3 v,(x,0)

But v,(x,0)=r(x) and u(x,0)=r(x), hence
v,(x,0)=0, i=1,2,.... By substituting
V,(X,0) =u,(Xx,t) =r(x) into equation (12.b)
one can get:

—5"1((;’ D _ctrx)+Fx.t)

By integrating both sides of the above
differential equation with respect to t and by

using the initial condition v,(x,0)=0 one can
obtain:

v, (X, t) =c’r"(x)t+ 't[f (X,t)dt

By substituting j=2 and v, into equation

(12.c) and by solving the resulting first
order linear partial differential equation
together with the initial condition v,(x,0) =0

one can get v,(x,t). In a similar manner one
can get v.(x,t), i=34,... By substituting
v.(x,t), 1=0, 1,... into equation (11) one can

get the approximated solution of the nonlocal
problem given by equations (8).

4. Solutions of the One-Dimensional Heat
Equation with Non-Homogeneous
NonLocal Conditions:

Consider the nonlocal problem that
consisting of the one-dimensional non-
homogeneous heat equation (1.a) together with
the initial condition, the non-homogeneous
Neumann condition and the nonhomogeneous
nonlocal condition given by equations (1.b)-
(1.d).



To solve this nonlocal problem by the
homotopy perturbation method, we first
transform this nonlocal problem into another
nonlocal problem, but with homogeneous
Neumann condition and homogeneous
nonlocal condition. To do this we use the
transformation that appeared in [1]:
w(x,t) =u(x,t)—z(x,t), xt)eQ (13)
where z(x,t)=oc(t){x 2} B(®) . Then

ou(x,t) _ ow (X, 1) N 6z(x,t)

ot ot ot
and
o’u(x,t) _ o°w(x,t)
ox* x>

Therefore the nonlocal problem given by
equations (1) is transformed to the one-
dimensional non-homogeneous heat equation:

ow(x,t) _ e o°w(x, t)
o P~ +g9(x,t), (Xte
............................. (14.a)
Together with the initial condition:
W(X,0)=q(X), 0<X <l i, (14.b)

The homogeneous Neumann condition:

WO 0,120 v (14.c)
X |yo

and the homogeneous nonlocal condition:

j WOGEAX =0, 20 o, (14.d)

where g(x,t) =f(x,t) - azgtx, Y and

q(x) =r(x)—z(x,0).
To solve this nonlocal problem by the
homotopy perturbation method, we can

construct a homotopy Vv:Qx[0,1]]——R
which satisfies

H(v,p) = aV()é} tp) &N(gtx, v, 0 oW, 8(tx, ),
P{ZQX%%Q mk§ko
............................... (15)

where pe[0,1] is an embedding parameter
and w, is the initial approximation to the

solution of equation (14.a) which satisfies the
initial condition, the Neumann condition and
the nonlocal condition given by equations
(14.b)-(14.d).
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Next, we assume that the solution of equation
(15) can be expressed as in equation (10).
Therefore the approximated solution of the
nonlocal problem given by equations (14) can
be obtained as follows:

w(x,t) = |pILT1] v(X,t,p) = ivi (x,1)

By substituting the approximated solution
given by equation (10) into equation (15) one
can get:

(16)

H(v,p) = ip 8v§(t) awa(t“) pa"'g(x’th

{ZZpvao—mﬁﬂ=o

Then by equating the terms with identical
powers of p one can have:

p°: a"og’t) - a‘NOa(tX’t) R (17.2)
2
pl . aVlé?:(’t) + 8WOa(txlt) _ 2 a Vao)iz(yt) g(X,t) :O
............................ (17.b)
2
j:<”>‘vj§<,t) ¢ 0 vja_)l((zx,t) 0, j=23,
............................. (17.c)

For simplicity, we take v, (Xx,t) =w,(X,t). In

this case equation (17.a) is automatically

satisfied. Let w,(X,t) =q(x) then

W, (X,0)=q(x), 0<x=</,

ow, (X, t ,

Mo _ g(g) =
OxX x=0

and

jwo (x,t)dx = j r(x)dx — j z(x,0)dx

=p(0)-p(0)=0, t=0.
Therefore w, satisfies the initial condition, the

Neumann condition and the nonlocal condition
given by equations (15.b)-(15.d). Therefore by
substituting t=0 in equation (16) one can have:

W(X,O)Zivi(X,O). But v,(x,0)=q(x) and
i=0

w(x,0)=q(x), hence v,(x,0)=0, i=1,2,....

By substituting v,(x,0) =w,(x,t) =q(x) into

equation (17.b) one can get:

206D _ g9+ gx.0)

F(0)—a(0) =0, t>0




Journal of Al-Nahrain University

By integrating both sides of the above
differential equation with respect to t and by
using the initial condition v,(x,0) =0 one can

obtain:
t
v, (X, 1) =c*q"(x)t +Ig(x, T)dt
0

By substituting j=2 and v, into equation (17.c)

and by solving the resulting first order
linear partial differential equation together
with the initial condition v,(x,0)=0 one
can get v,(x,t). In a similar manner one
can get v,(x,t), i=34,... By substituting
v,(x,t), i=0,1... into equation (16) one can
get the approximated solution w of the
nonlocal problem given by equations (14).

Therefore from equation (13):
u(x,t) =w(x,t)+z(x,t)

= ivi (x,t)+z(x, 1), xt) eQ

is the solution of the original nonlocal problem
given by equations (1).

5. Solutions of the Parabolic
differential Equations  with
homogeneous NonLocal Conditions:

Consider the nonlocal problem that
consists of the parabolic integro-differential
equation (2.a) together with initial condition,
the non-homogeneous Neumann condition and
the non-homogeneous nonlocal condition
given by equations (2.b)-(2.d). This nonlocal
problem is introduced in [1] with its solution
via the variational iteration method. Here we
use the homotopy perturbation method to solve
this nonlocal problem, we first transform
this nonlocal problem into another nonlocal
problem, but with homogeneous Neumann

Integro-
Non-

condition and  homogeneous  nonlocal
condition. To do this we use the
transformation given by equation (13).

Therefore the nonlocal problem given by
equations (19) is transformed to the parabolic
integro-differential equation:

ow(x,t)  o*w(x,t)
ot ox?

+pw(X,t) =

j K(t,s)w(x,s)ds+g(x,t), (Xt)eQ

YAY
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together with the initial condition:
W(X,0)=q(X), 0 X<l e, (18.b)
the homogeneous Neumann condition:
WD 0,120 o (18.c)

X |

and the homogeneous nonlocal condition:

/

Jw(x,t)dx =0, t>0
0

where

g(X,t) =f(X,t) -

and q(x) =r(x)—z(x,0)..
To solve this nonlocal problem by the
homotopy perturbation method, we construct

a homotopy Vv:Qx[0,]]——>R  which

satisfies
H(v,p) = YOLP)_ AWo(XD) |  Wo(X,T)
ot ot ot

p{— o*V(X,t,p)

az(x,t) 0z(x, 1) +jk(t,s)2(x,5)d5

0

6X2 +pV(X,t,p)—

j k(t,s)v(x,s,p)ds—g(Xx, t)}

(19)
where pe[0,1] is an embedding parameter
and w, is the initial approximation to the

solution of equation (18.a) which satisfies the
initial condition, the Neumann condition and
the nonlocal condition given by equations
(18.b)-(18.d).

Next, we assume that the solution of
equation (19) can be expressed as in equation
(10). Therefore the approximated solution of
the nonlocal problem given by equations (18)
is given by equation (16).

By substituting the approximated solution
given by equation (10) into equation (19) one
can get:

S ) AgxD)awy(x.t)
H(v.p) Zop 5 Tt

i=0 0

SOV @ t i
P20 PP k)~ [K(LS) L v, (1 s -0
i=0 i=0
=0
Then by equating the terms with identical
powers of p one can have:



o0 - Mo _ W (XY 4 (20.a)
Cot ot
ov,(x,t) ow,.(x,t) o>, (Xt

pl: 1ét )+ oa(t )_ 80)52 )+pV0(X,t)_

jk(t, S)V,(X,s)ds—g(x,t) =0

............................ (20.b)
;. 8vj§[<,t) ~ 82vja)l((2x,t) VA0
jk(t,s)vjl(x,s)ds =0, j=2,3,....
i (20.c)

Similar to the previous, we take
Vo (X, t) =w, (X, t) =q(x). In this case equation
(20.a) is automatically satisfied. By
substituting it into equation (20.b) one can get:

06D _ () - pa() + 400 [t ds +9(x,Y

By integrating both sides of the above
differential equation with respect to t and by
using the initial condition v,(x,0) =0 one can

obtain:

v,(x, 1) =[0"0) —pa(x)]t+a(x) | jk(r,s)dsdw
00 |

jg(x,r)dr

n a similar manner one can get
Vi(X,t), 1=23,.... By substituting
V.(x,t), 1=0,1,... into equation (16) one can
get the approximated solution w of the
nonlocal problem given by equations (18).
Therefore from equation (13):

u(x,t) =w(x,t)+z(x,t)

=3 (% ) 42(x, 1), (1) €Q

is the solution of the original nonlocal problem
given by equations (2).

6. Solutions of Some Real life Applications
of Nonlocal Problems Via the Homtopy
Perturbation Method Parabolic:

Consider the one-dimensional diffusion
equation:
au(x,t) o

ot

uoz,t) =f(x,1t), (x,t) € (0,1)x (0, T]
OX

YAS
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together with initial condition:
U(X,0)=r(X), 0SX<L, coviiiiiiieieee (21.b)

and the non-homogeneous nonlocal
conditions:

1

j ux, t)dx =o(t), 0St<T oo, (21.c)
0

and

1

[xu(x, )dx =B(t), 0<t<T (21.d)
0

where f is a known function of x and t and
r, a, B are defined similar to the previous.
This mathematical model, recently studied in
[3], described the quasistatic flexure of a
thermoelastic rod, where the nonlocal
conditions represent the average and weighted
average of the entropy u. To solve this
nonlocal problem by the homotopy
perturbation method, we first transform this
nonlocal problem into another nonlocal
problem, but with homogeneous nonlocal
conditions. To do this we wuse the
transformation that appeared in [8]:

w(x,t) =u(x,t)—z(x,t), Xt eQ ... (22)
where

z(x, t) =6[2B(t) —a(t) [ x —2[3B(t) — 2a(t)].
Then the nonlocal problem given by equations
(23) is transformed to the one-dimensional
non-homogeneous heat equation:

ow(x,t)  a°w(x,1)
ot ox?

=g(x,t), (xt)e(0,2)x(0,T]

together with the initial condition:
W(X,0)=q(X), 0<X<L i (23.b)
and the homogeneous nonlocal conditions:

1

Jwi dx =0, 0SEST i (23.0)
0

and

1

j XW(X, )X =0, 0<E<T v, (23.d)
0

where  g(x,t) =f(x,1) —% and

q(x) =r(x) —z(x,0).

To solve this nonlocal problem by the
homotopy perturbation method, we can
construct a homotopy

v:(0,1) x (0, T]x[0,1]]——*R which satisfies:
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g - SR SRS p RS
p{—%—g(x,t)}
X
=0
............................... (24)

where pe[0,1] is an embedding parameter
and w, is the initial approximation to the

solution of equation (23.a) which satisfies the
initial condition and the nonlocal conditions
given by equations (23.b)-(23.d).

Next, we assume that the solution of
equation (24) can be expressed as in equation
(10). Therefore the approximated solution of
the nonlocal problem given by equations (23)
is given by equation (16). By substituting the
approximated solution given by equation (10)
into equation (24) one can get:

H(v, p) = Z“’:p 8v((31<t) 8wa(txt) paw(’a(xx’t)+
[ip,av(x t)—g(x t)}
=0

Then by equating the terms with identical
powers of p one can obtain equations (17),

where c¢*=1. For simplicity, we take
V, (X, t) =w,(x,t). In this case equation (17.a)
is automatically satisfied. Let w,(x,t)=q(x)
then w,(x,0) =q(x), 0<x <1,

1 1 1

[y (.t = [r(x)x - [ 2(x, 0)dx

0 0 0

=a(0) - j [28(0) a(o]xdx+2j[35(o ~20(0)]dx
=0(0) - 3[2B(0) — (0) ] + 2[3B(0) — 2c.(0)]

=0

and

1

'[xwo(x,t)dx =

0

Xr(x)dx —j[xz(x, 0)dx

0

O C———y

=p(0) —.1[6[2[3(0) ~a(0)]x%dx + 2}[33(0) ~20/0)] xdx
=p(0) ~2[2B(0) - x(0)] +[3p(0) — 2c.(0)
=0.
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Therefore w, satisfies the initial condition and
the nonlocal conditions given by equations
(23.b)-(23.d).

By substituting v, (x,0) =w,(X,t) =
into equation (17.b) one can get:

206D ) +9(x,0)

By integrating both sides of the above
differential equation with respect to t and by
using the initial condition v,(x,0)=0 one can

obtain:

v,(X,t)=q"(X)t+ jg(x, 1)dt

q(x)

By substituting v, and c¢®=1 into equation
(17.c) and by solving the resulting first order
linear partial differential equation together
with the initial condition v,(x,0)=0 one can

get v,(x,t). In a similar manner one can get
Vi(X,t), 1=3/4,.... By substituting
V.(X,t), 1=0,1,... into equation (16) one can

get the approximated solution w of the
transformed nonlocal problem given by
equations (23). Therefore from equation (22):
u(x,t) =w(x,t)+z(x,t)

= ivi (x, 1) +z(x,t), (x.t) €(0,1)x(0,T]

is the solution of the original nonlocal problem
given by equations (21).

7. Numerical Examples

In this section we present four examples of
the nonlocal problems that are solved by the
homotopy perturbation method.

Example (1):
Consider the
homogeneous heat equation:

ou(x,t)  o%u(x,t)

ot X
together with initial condition:
u(x,0) =cos(2nx), 0 <x <1,
the homogeneous Neumann condition:
ou(x,t)

X o
and the homogeneous nonlocal condition:

one-dimensional

, 0O<x<1 t>0 ..(25.3)



ju(x,t)dx =0,t20 i, (25.d)

It is easy to check that the compatibility
conditions are satisfied for this nonlocal
problem. We use the homotopy perturbation
method to solve this example. To do this, let
V, (X, t) =u, (X, t) =u(x,0) =cos(2nx). From
equation (12.b) one can have:

2
M 0 cos(2nx)——4rc cos(2mx).
ot X
Therefore

v, (X, t) = —4r’t cos(2nx).

From equation (12.c) one can have:

v, (x,t) o

o o

=(4n? )2 t cos(27x).
Therefore

> | —4n’tcos(2nx) |

(4n2t)
Vv, (X, t) = T cos(2nx).

By continuing in this manner, one can deduce
that:

(—4112t)I )
V(X 1) = T cos(2nx), 1=0,1,....
Thus
ux, )=V, (x,1)

(1 An t+(472t) ---Jcos(an)

£ (—4Tczt)i
=» ~——=cos(2nx)
i—0 I

="' cos(2nx)
which is the exact solution of the nonlocal
problem given by equations (25).

Example (2):
Consider the one-dimensional

nonhomogeneous heat equation:

ou(x, t) 62u(x t)
ot

together with initial condition:

u(x,0)=0, 0<x<1,

the nonhomogeneous Neumann condition:

ou(x,t)
X |y

+(3t° -t*)e™, 0<x<1, t>0

=t} t>0
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and the nonhomogeneous nonlocal condition:
1

Juex dx=t°@-e™), t>0
0

We use the homotopy perturbation method
to solve this example. To do this, we transform
this nonlocal problem into one but with
homogeneous  Neumann  condition and
homogeneous nonlocal condition. Therefore,
consider the transformation given by equation
(13). In this case:

z(x,t) =t° [g—x—e‘l).

and the nonlocal problem given by equations
(14) consisting of the one-dimensional
nonhomogeneous heat equation:

ow(x, t) azw(x t)
ox?

+(3t2 —t3)e ™+
p ( )

3t2(x—g+e‘1j, 0<x<1 t0

............................. (26.a)
together with initial condition:
W(X,0) =0, 0<X <L i, (26.b)
the homogeneous Neumann condition:
WOSON 0 450 (26.0)
OX x=0

and the homogeneous nonlocal condition:

jw(x,t)dx =0,t20 i (26.d)

To solve this nonlocal problem by using the
homotopy perturbation method, let

Vo (X, 1) =w, (X, t) =w(x,0) =0.
From equation (17.b) one can have:

% =g(x,t) = (3t* —t*)e *+3t* (x —g+elj

Therefore

v, (x,t) = j.[(312 —1%)e " +31° (x - g +e‘1ﬂdr

= t3—1t4 e X +t? x—§+e’1 .
4 2

From equation (17.c) one can have:

2
NV, _ 82 t3—1t4 e +t? x—§+e‘l
ot OX 4 2
:(ts—lt“je
4

Therefore

VAR
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vz(x,t)=(%t4—2—10t5jex.

By continuing in this manner, one can deduce
that:

i+2

Vv, (X, 1) :(;
(4)(5)...(1+2)
;tje i=23,...
(4)(O)...(1+3)

Thus

w(x,t) = ivi(x,t)

:(ﬁ —%t“jex +t3 (x —g+e1j+

Lo L ler i Lo Lslers..
4 20 20 120

=t’e™* +1t° (x 3 +e1).
2
is the exact solution of the transformed
nonlocal problem given by equations (26).
Hence
u(x,t) =w(x,t)+z(x,t)

=t ™+t (x—§+e‘1J+t3 (E—x—e‘lj
2 2

:t3e—X
is the exact solution of the original nonlocal
problem.

Example (3):
Consider the parabolic
equation:

integro-differential

ou(x,t)  ou(xt) ‘ .
- 2u(x,t)=| (t=s)u(x,s)ds +3sin
p v +2u(x,t) !( Ju(X,s)ds+3sin X +

3+6t—%t3—%tzsinx, 0<x<1 t0

together with initial condition:
u(x,0)=sinx, 0<x <1,
the nonhomogeneous Neumann condition:
ou(x,t) _1 t>0
X |y
and the nonhomogeneous nonlocal condition:

1
ju(x,t)dx =1+3t—cosl, t>0
0
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We shall use the homotopy perturbation
method to solve this example. To do this, we
transform this nonlocal problem into one but
with homogeneous Neumann condition and
homogeneous nonlocal condition. Therefore,
consider the transformation given by equation
(13). In this case:

z(x,t) = x+%—cosl+3t.

and the nonlocal problem given by equations
(18) consisting of the parabolic integro-
differential equation:

ow(x,t)  d*w(x,t)
ot ox?

t
+2W(X,t):I (t—s)w(x,s)ds —
0
. 1., . 1,
35mx—2x—1+20031—5t smx+§t X+

1t2 —ltzcosl, O<x<1 t>0
4 2

............................. (27.a)
together with initial condition:
w(X,0) =sin x—x—%+cosl, 0<x<],
............................ (27.b)
the homogeneous Neumann condition:
WD 0,120 (27.)
X |y

and the homogeneous nonlocal condition:
1
jw(x,t)dx =0, t>0
0

To solve this nonlocal problem by using the
homotopy perturbation method, let

Vo (X, t) =w, (X, t) =w(x,0) :sinx—x—%+cosl.

From equation (20.b) one can have:
M:—i sinx—x—1+coslj+
ot OX 2

2

o

(sinx—x—%Jrcoslj—Z(sinx—x—%+coslj
1 t
—(sinx—x——+cosl)j(t—s)ds—
2 0

(—3sin X—2Xx -1+ Zcosl—%t2 sinx +
Et2x+£t2 —ltzcosl
2 4 2

After simple computations one can get:



v, (x,t)=0.
Hence

v,(x,t)=0, i=2,3,....
Thus

WX, ) = > v (1)
i=0
=V, (X, 1)
. 1
=sin X — X ——+cos1.

is the exact solution of the transformed
nonlocal problem given by equations (27).
Hence

u(x,t) =w(x,t) +z(x,t)

:sinx—x—%+cosl+x+%—cosl+3t

=sinx+3t

which is the exact solution of the original
nonlocal problem.

Example (4):
Consider the one-dimensional diffusion
equation:
ou(x, 1) _82u(x,t)+ 1
ot ot (x+1) (x+1)°
Together with initial condition:
u(x,0)=3, 0<x<1,
and the nonhomogeneous nonlocal conditions:

, 0<x<l, 0<t<1

1

Iu(x,t)dx =In(2)t+3, 0<t<1

0

and

I 3

Ixu(x,t)dx =2 +-In2)t, 0<t<1
0

We shall use the homotopy perturbation
method to solve this example. To do this, we
transform this nonlocal problem into one but
with homogeneous Neumann condition and
homogeneous nonlocal condition. Therefore,
consider the transformation given by equation
(22). In this case:

z(x,t) =(12-18In(2) ) tx +3—-6t +10In(2)t.
and the nonlocal problem given by equations

(23) consisting of the one-dimensional
nonhomogeneous heat equation:

YAA
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ow(x,t)  o°w(x,t) L1 2t

ot o (x+D) (x+1°
[12-18In(2)]x+6-10In(2), 0<x <1, 0<t<l
............................. (28.3)
together with initial condition:
W(X,0)=0, 0<X <L i (28.b)

and the homogeneous nonlocal conditions:

1

j WX, )AX =0, 0t <L oo, (28.0)
0

and

1

[xw(x,)dx =0, 0<t <l oo (28.d)
0

To solve this nonlocal problem by using the
homotopy perturbation method, let

Vy (X, t) =w, (X, t) =w(x,0) =0.
From equation (17.b) one can have:
2
x%l_(x:—l)?' _(12-18In(2)xt +
6t—10In(2)t.
From equation (17.c) one can have:
v, (X, t) =

v, (X, 1) =

¢ o T
j—{—mr—lom(z)r—
o OX“ | x+1

2
T

(X +1)°
_ 1 2 _ 4 3
T (x+1)? (x+D°

By continuing in this manner, one can deduce
that:

_(12-18 |n(2))Xr}dr

(x+D)7 (x+D)H (i +1)!
Thus

w(x,t) = ivi (x,1)

:_1_W_ (12-18In(2))xt+6t-10In(2)t +
x+1 (x+

i @i-21 @i
(XD (x+)P (i +1)!

=L —(12-18In(2))xt + 6t -10In(2)t
X+1

is the exact solution of the transformed
nonlocal problem given by equations (28).
Hence
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u(x,t) =w(x,t)+z(x,t)

b 12-18In(2))xt + 6t-10In(2)t +
X+1

(12-18In(2)) tx +3—-6t+10In(2)t

:L+3
X+1
which is the exact solution of the original

nonlocal problem.

8. Conclusions

In this paper, we deal with the
approximated solutions of the linear nonlocal
problems for the one-dimensional heat
equation, parabolic integro-differential
equations and some real life applications
arising in thermoelastic using the homotopy
perturbation method. This technique was
tested on some examples and were seen to
produce satisfactory results.
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