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Abstract

In this paper, we study the approximation of continuous functions by using some types of
Szasz-Mirakjan operators (modified Szasz-Mirakjan operator and modified mulit Szasz-Mirakjan
operator) defined on some normed space.
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1-Introduction s (@) (k

Approximation theory represents an old S,(fix)=e an*Z#f[b—j,XG[o,oo) neN,
field of mathematical research. In the fifties, a o n
new breath over it has been brought by the where {a,}, {b,} are given increasing
studying of linear methods of approximation sequence of positive integer numbers such that
which are given by linear operators. ) a 1
Approximation problem for real valued Lmb—zoand b_n:1+o(b_)'
continuous function on a closed interval " " "

Also the following proposition give some

i idered i literat like [2]. .
[a,b]is considered in many literatures like [2] oroperties of the operator S,.

Ispir N. and Atakut C. in 2002, [3], studied the

best approximation of real valued continuous Proposition (2.2), [3]:
function fon [0,c0)such that a,.fis For any xe[0,0) and neN, the
uniformly continuous and bounded on[0,), following statements hold:

1 f;x)=1, wh =1.
where @, ()= (1+x“)a>1 and @, =1, B Sn(fx)=1where T()=1
Gadjive A. and Aral A. in 2007, [1] obtains a (2) S,(f;x) :ix, where f(x) = x.
Korovkin type approximation by positive b
linear operators result for the functions in

a’ a,
weight space L, (R). (3) S, (f;x) :b—zx2 +b—2x, where f(x) = x*.

In this paper, we will study the 3. Approximation of Functions of One
approximation of continuous functions of one Variable by Modified Szasz-Mirakjan
and mulitple variable by some types of Operator
positive linear operators as modified Szasz- Here, we approximate any continuous
Mirakjan operators and modified multi- Szasz- function defined on [0,00) by the modified

Mirakjan operators. Szasz-Mirakjan operator S, .

2-Definitions and Notations )
Here, we recall some basic definition and Lemma (3.1):

proposition that will needed in this paper.
Definition (2.1) [3]:
Let f :[0,00)— R be any function and the

function @, :[0,00)— R*is defined by JM
@, (X)

For each 1<p<oo, pra:{ f\f:[O,oo)—>R

is a continuous function such that

p
dX<oo} is a normed space where

0

o, (X) = e,a >1the modified Szasz-Mirakjan o, (X) =, is a positive real number.

operator S, :L,,——L,, is an operator
defined by:

\vy



Proof:
It is easy to check OelL,,

L,. # ¢ Define+and.on L , by

. Therefore

(F+9)(xX)=f(X)+g(x) V f,ge Lp,aand

(cf)x)=cf(x) Vfel,,, cea.
Let f and gel,, Then
p
I f(x) dx < oo and j 9 dx < oo,
@, (X) w, (X)
By using [4, p. 236] one can have:
© p
I 90 gy < r [ ) dmpj 90y <,
)@, 110, (0) 0,(x)
Thus f+gel,,. Moreover; since
0 p Y p
GRS (GLIC
0| @ (X) o| @,(X)
|c|j 0]y < o
@, (X)
So, Im dx<ow.Then c.fel,, . The
0 Coa(x) ’

other conditions for L, to be a vector space
is easy to be verified, thus we omitted them.

and Define |[.|  :L,,——R"U{0} by
K
p

o p
e dx} . We prove ||||pa

I, =

[I @, (¥)
isanormon L, . To do this, we must prove
the following conditions:

(1) If f=0 then ||f||p‘a =
o P P
[_[ L(XZ) de =0. Conversely if
0 a)a
p
i =0 then X _0 vxe[0,x)
p,a

and hence f(x)=0, Vxe€[0,). Therefore;
f =0.

(i) Let f,gelL,, then

\V¢
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1

||f+9||p,a:[j —f(>2+()?)(x) dx} and by

using [4, pp. 236], we get

It +4l,.

s( 2”_[ f(x) dx + 2"[ 90 dx jp also,
@, (X) @, (X)

by using Minkowski’s inequality, one can

have: If+ g||p’a
) [ [ (" ), jloe. 909 ["
2| @, (X) 2|@, (X)

So, It +4l,.

MR TR X TO1 ’
o J@.(®) 2 @, (X)

=[t,.. +lal,..
(iv)Let Aezand f el , then

1
© p p
» _(_([ —% dx}

(x)
_[T Wik pdep

@, (X)

1
R RGO
_(!‘)ﬂ"wa(x) dx}
1
Therefore; H/l fH —|ﬁ|ﬁ F(x) dxjp
P 0 a)a(x)
=|4| || .+ Therefore;

L, is a normed space.

Lemma (3.2), [1]:
Let L, be any a uniformly bounded
sequence of positive linear operators from

L,, into itself satisfying the condition

limfL, () f[,,

=0, where
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f(x)=1 x, x° then for every sl [P % 1

i — = = dx | lim o(—=)=0.
f = pra' rllm”Ln(f) f“p,a ( '([ a)a (X) J N—o ( n)

Theorem (3.3):

For felL,,, then S f——f as n—oo
Proof:
Since
© k
Sn(ocf+Bg;x):e‘anxzm(af+ﬁg) LS ,
k=0 kl bn

xe[0,0), neN

k K
E ]‘f‘ﬂg[a] j,XE[0,00) ,nE N

e @x) [ k
B ZO k' b_j

+ﬂe‘”z(a (b ]XE[ ) .neN
:aSn(f,x)+ﬂSn(g,x)

Sa

ﬂ‘”i%( a

k=0

Thus, S, linear operator. Also, since

{a,}, {b,} are increasing sequences of

positive integer numbers andn>1, so
S,(f;x)>0, then S, is positive operator ,

and by using [3], we can have S is uniformly

n

bounded. Let f(x)=1 Vxe[0,00). Then
from proposition (2 2) one can have:

lim|s, f — f|| Also, for
f(X)=x Vxe[0,), one can have:

P 1
ims, f - f], = Iim( [ RAKRR S ]"
nN—o n—o0 0 a)a (X)

1
a, x P P
=i I i dx
n—o0 0 a)a (X)

,Xe[0,0) neN.

\Vve

Moreover, for f (x) = x?,
have:
lim|S, f — f||

n—o

VX €[0,00), 0ne can

o |-

2 p

a a
n2 X2+ n2 X—X2
b b

n n

@, (X)

lim dx

n—o

Oy 8

Therefore;
lim|s, f - f|

N—o0

-
o |-

an
oo(bZ

=lim dx

2 [P \p 2 o
X d . a, J X
,(X) Ny 2 210, (X)

!

n—o b
n

Thus,

lim|s, f - f|| where

f(x) =x*.Then by using lemma (3.2), one
can get desired result.

4. Approximation of functions of multiple
variables by  multi-Szasz-Mirakjan
operator.

Here, we generalized the results that are
given in the pervious section to be valid for the
modified multi-Szasz-Mirakjan operator and
we approximate any continuous function of m

independent variables on [0,0)™ by these
operators. For any (X;,X,,...X,,) €[0,00)"
and n,n,,..n €N, we define the modified
multi-Szasz-Mirakjan operator

Snl,nl ..... Nm Lq,a Lq,a by
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Snl,nz ..... Ny (f;Xl,Xz,...,Xm)ze " Z Z ZH kl

(i) Let f,gelL,,then

where {a, }and {b, }are families of increasing 1

sequence of positive integer x: (1, X ) q
< VR o) dx,dx,..dx, | +
numbers  such  that I bizo and | fa ! { @, (X X ey X)
1
an_ l . 0 00 © a
M —14+0(-—) foreach i=12,...,m. II J‘ 0% Xy Xy) | ..y
b”i b”i 0 0 0 (X1! XZ' " Xm) >
Lemma (4.1):
m =[1],., +lel..
For each 1£q<oo, qua ={ f|f .[0,00) —R (|||) Let lea and f e I—q,a then
is a continuous function with that . O ﬁ
q
T : f Yoo X
Ijj 00X Xy). dxldxz...dxm<oo} is a Z " [!! -,[ a) Xg 1 Xpy) B dx]
00 0 a)a(xl’XZ"'“Xm)
normed space, where @_(X,,X )= eaix .
' a)a S EEAVELLRS] m = 1a ©  © © /I f X, . X q
is a positive real number. = J. I j |( )04 %1 ”‘)| dx, dx,...dx .
00 0 ‘a)a(xl’XZ' o X m)‘
Proof:
It is easy to check that L, is a vector !
Space — I J. ) /'LQ| f(XllX21" 1X
Define |. ||qa :L,, —>R" U{0} by: 00 0 1

1

q q
0 X%y | dxldxz...dxm} . (|/1|q); T 5
0

XX Xn)
@, (X, X100 X))

210

Il,. [I [

@, (X0s Xgreee X )| J “

Then we prove |. ||q’a isanormon L,,. To =4 ||f||q,a

m)|dxdx X q
210 m)‘

do this, we must prove the following

conditions: Therefore; L, , is a normed space.
(1 If f=0 then
) Lemma (4.2):
25T (kX ) q Let L,. . be a uniformly bounded
N et Pm/ m
= J ,[ ,[ (X XX, ) dx,dx,...dx,, | =0. sequence of positive linear operators from
0o v such that L, (Rm) into itself satisfying the
Conversely let | f ||qa =0 then 0
q n—o LSRR q,a e
| f O Xa) [ and hence -nﬁw
‘a)a(xl,xz,...,x ) My =20

f(X, X%, X,) =0 VX 20,i=12,...m
Therefore f =0.

v
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where f (X, X, Xp) =1, X;, DX for
i=1
some jefl2,.,m} thus for
every f eL,,(R"),
lim|L, . . nm(f)—qu =0,
The following proposition gives some

properties of the operator S,

Proposition (4.3):
For any xe[0,0)" and n,n,,..n, €N,
the following statements hold:

f (X, Xy, %) =1,

a, X,
(2) Snl,n2 ..... nm(f;xl’X27“"Xm)= bj '

nj

f (X, X;0-X,) = X; for some j e {L,2,..., m}

(3)

where

. 4 a”i2 2 ani
Snl,nZ ..... nm(flxl’le'"'xm):z zxi +_2Xi |
=1 bni bni

where  f (X, X,,.%,) =D X .

Proof:
(1) Since f(x,,X,,...X,,) =1, then
momeon (FiX0 XX )= 70 > " " (@, %)
kn=0 Kpy_1=0 k;=0 i=1 k;!
—ianix, m aniX
=e e
i=1
=1.
(2) Since  f(x,X,,..X;,)=X%; for some
jef2,.,m}, then
Therefore;
Sni,nz_“n (F5X, X0 X)) = €
! ko0 kp3=0
ST @) (ke K Ky
k=0 i=1 k|I bn1 ’bnz , ’bnm

\vy

Vol.15 (3), September, 2012, pp.173-178 Science
- anixi_ ki ki
= mo& (@, X)) &( A X, k.
e T2 ] |
i=l k=0 ki! k=0 ki! bj
L i#]
—ianix,
:ill m aAniX; an_ X]
= e e —
i=1 b”j
L i#]
a. X )
=L forsome jef{l2,...,m}
n.

]

(3) Since f (X, X,,...X,)

Now, the following theorem shows that the
operator S, converges to f.

..... n



Theorem (4.4):
Let f el

n,,N,,...n, —> 0.

Quae? T TN,

Proof:

Let f(X,X,,..X,)=1 V xe[0,00)"then
by using proposition (4.3) one can have:
lim|s, . . f—f| =0.Alsofor

n—>o0
N, —»o0

q,a

-

f (X, X Xy) =X, for some je{L,2,...,m}
one can have:

n (%% = X “ .
lim|s, , . f-f| = | ] dxdx,..dx
sl 1L = [ e
- an~
lim(—-1) =0.
nj—)oo bn_

]

Moreover, consider

f (X0 X0 X)) = D XF

one can have:
lim|S,, , f—f

n, —o 20+
Ny —00

Ny —>©0

o
=<
o
3
N
o
<
3
Ne—
=

Xi

q
— A | dxdx,..dx,
0, (4 Yorrr Xy
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Thus, lim(s, . f-f| =0.

n—w 10012000 m 0,

Ny —00

Ny 90
By wusing lemma (4.2), one can get
Snl,n ..... N f——f as n,n,,.n, — o
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