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Abstract

In this paper, we defi ne another types of Compactness on bitopological spaces, namely
“N-C-Compactness”, “S-C-Compactness” and “pair-wise C-Compactness”, and we review some
remarks, propositions and examples are also reviewed about these types.

Also, we discussed the relationships among them.

1-Introduction and preliminaries

In 1963, the term of “bitopological space”
was used for the first time by Kelly[1].A set
equipped with two topologies is called a”

bitopological space” and is denoted by
(X, ¢, ()where (X, 1), (X,T) ae two
topological spaces.

In 2005,A.I.Nasir[2] introduced N-open,
S-open sets, A subset A of a bitopological
space (¥, 7, T) is said to be an “N-open set” if

and only if it is open in the space (X, 7 v 1),
where T V T is the supremum topology on X
contains T and T, and A is said to be “S-open
set” if and only if it is T —open or T-open.
The complement of an N-open(S-open,

respectively) set in a bitopological spaces
(x,7,t) Iis caled “N-closed”(S-closed,
respectively) set.

Obviously each Sopen st in a
bitopological space(X, t,7) is N-open. But
the converse is not true,[2].

A bitopological spaces (x,r,7) is called
“N-compact”, (S-compact, respectively), space
if and only if every N-open(S-open,
respectively) cover of X has a finite subcover.
[21,[3]. _

In 1996, Mrsevic and |.L.Reilly[3]
introduced the concept of “pair-wise open
cover”. An S-open cover of a subset A of a
space (X, T,7) is caled a “pair-wise open
cover” if it is contains at least one non-empty
element from T and at least one non-empty

element fromT.

A bitopological space (X, 1, 1) is caled a

“pair-wise compact space” if every pair-wise
open cover of x has afinite subcover, [3].

N-compactness, C-compactness and pair-
wise compactness are discussed in[2], and the
following diagram shows the relations among
these different types of compactness
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A topological spaces (X,t) is said to be

“C-compact space” if for each closed set
A € X, each open cover of A contains a finite

subfamily W such that {cI V:V € W} covers

A, 4], [5].

Clearly, every compact space is
C-compact, but the converse is not truef4].

The main goal of this paper is to
give types of compactness on a
bitopological ~ space  (X,t,7), hamely

N-C-compactness, S-C-compactness  and
pair-wise c-compactness. We have studied the
properties of such spaces and the relationships
among them. We also gave many counter
examples to improve the ones which are
invalid and put conditions to the invalid
direction true.

Definition (1.1):

A bitopological space (X, i) is
said to be “N-C-compact space” if for each
N-closed set 4 € X, each N-open cover for




A has a finite subfamily W such that
(N —clU:U € W} coversA.

N — ¢l U = the N-closure of gy (the smallest
N-closed set contain UJ).

In proposition (1.2) and remark (1.3) below we
discuss the relationship between N-compact
and N-C-compact spaces.

Proposition (1.2):

Every N-compact space is N-C-compact.
Proof: Clear

The opposite direction of Proposition (1.2)
may be false, for example:

In the bitopological spaces (N, ;1)

where Tj is the indescrete topology on N
andt = {U,|U, ={1,2,---,n},n € N}
U {N, 0}
Then (N, t;,7) is not N-compact space

Snce’ {U‘H|U‘H = {1,2,"*,H],TLEN] IS an
N-open cover for N which has no finite
subcover. But (N, 1;,7) is N-C-compact
gpace since the N-closure of any non-empty
set in any N-open cover isN.

In proposition (1.3) and remark (1.4) below
we discuss the relationship between the space
(X,7,7) is N-C-compact and the two spaces
(X, 1) and (x,7)are C-compact.

Proposition (1.3):
If a space (X,7,t) is N-C-compact then
both (X, 7) and (X, ) are C-compact spaces.

Proof:
Let A be aclosed subset of aspace (X, 1)

and {i/,:0cC A} be a T- open cover for A,
implies, A is N- closed subset of » and
{U,:€ A} be an N- open cover for A, which
has a finite subfamily W such that
ACU[N —clw:ueW}and by virtue of
(N—cluSt—clu, then (xq1) s

C-compact space. m
Similarity, one can prove that (X,t) is

C-compact space.
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Remark (1.4):

The converse of propostion (1.3) is not
true in general, for example: A space (N, 7, 1)
where, r = p(0*)u Ny and ¢ = P(ET) U {N}
Then both (N,7) and (N,t) are compact
gpaces, so they are C-compact spaces. But
(N,,{) is not N-C-compact space, since
{(n}In & N] isan N- open cover for N which
has no finite subfamily W such that
NCU{N—-clugu, e W}. m

In the following proposition we add some
condition to make the opposite direction of
proposition (1.3) hold.

Proposition (1.5):

If T is a subfamily of T then (x,7,7) is
N-C-compact if and only if both (x,7) and
(x,t) are C-compact.

Proof: clear. m

If (X, 1, ) isan N-C-compact space and Y
be a subset of X, then (v, 1y,7,) need not to
be N-C-compact space, where ¢, is the

induced topology on Y with respect to T, and
Ty is the induced topology on Y with respect

to T . Asthe following remark shows:

Remark (1.6):

N-C-compactness is not a hereditary
property. For example :

Let X = Nu {0}, T; be the indescret
topology on X. And

T=PWW)U{HCSX|I0EHAX —

H is finite }

Then (X, t, t) is N-C-compact space, but
(N, t,;,ty)isnot N-C-compact. m

In the following Proposition we shall
explain that N-C-compactness is weakly
hereditary property.

Proposition (1.7):

The N-closed subset of an N-C-compact
space is N-C-compact.
Proof: clear. m
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Definition (1.8),[2]:

A function £ (x,¢,7) - (v,T,T) issad to
be “N-continuous function” if and only if the
inverse image of each N-open subset of Y is
an N-open subset of X.

Proposition (1.9):

The N-continuous image
N-C-compact space is N-C-compact.
Proof: clear. m

of an

2. SC-Compactness
Definition (2.1):

A bitopological space (x, 1, ) is said to be
“S-C-compact space” if for each S-closed set
A c x and each S-open cover W for A, thereis

a finite subcover {u;:i = 1,2,---,n} such that
A< U, s — clu; where
S-c | U=the S-closure of U.
= the smallest S-closed set that contains U.
In proposition (2.2) and remark (2.3) below
we discuss the relationship  between
S-compactness and S-C-compactness.

Proposition (2.2):

Every S-compact space is S-C-compact.
Proof: Follows from (the S-closed subset of an
S-compact space is S-compact [2] ) m

Remark (2.3):
The opposite direction of Proposition (2.2)

may be un true.

See the example of proposition
(1.2), (N, 1;,1) i1s S-C-compact space which is
not S-compact. m

In proposition (2.4) and remark (2.5)
below we discuss the relationship between the
space (X,1,t) is S-C-compact and both (x, 1)

and (X, t) are C-compact.

Proposition (2.4):

If (X,7,%) isan S-C-compact space, then
both (X,+) and (X, ) are C-compact spaces.
Proof: clear. m

Remark (2.5):
The opposite direction of Proposition (2.4)

is not truein general, for example:
Let x = [0,1]

1= {x,0,{0}}u 0, )ne N} and

Vol.14 (3), September, 2011, pp.129-134

131

Science

= {X,0,(01} U{C.1]In € N}
Then both (X,7) and (X,f) are compact
spaces, so C-compact spaces. but (X, t, ) is

not S-C-compact, since the S open cover
{(E,l]h’l € N} of an S-closed set 4 = (0,1] has

no finite subfamily W such that
AcUu{S —clucu, € W}

The opposite direction of Proposition (2.4)
becomes valid in a special case, as the
following proposition shows:

Proposition (2.6):

If T is a subfamily of %, then (x,t,7) is
S-C-compact if and only if both (x,7) and
(X, 1) ae C-compact spaces.

Proof: clear. m

Remark (2.7):
A subset of an S-C-compact space need

not to be S-C-compact. For example: see the
example of remark (1.6).
Then (x,1,7) is an S-C-compact space

But N is a subset of X which is not an
S-C-compact set, since {{n}ln € N} is an

S-open cover for N which has no finite
subfamily W such that {S — el u,:u, € W}

covers N.
Remark (2.7) shows that the S-C-compactness
is not a hereditary property, but it is weakly
hereditary  property, as the following
proposition shows:
Proposition (2.8):

An S-closed subset of an S-C-compact
gpace is an S-C-compact

Proof: clear. m

Now, we will discuss the image of
S-C-compact spaces under a bicontinuous
functions.
Definition (2.9),[6]:

Let  fF:(X,1.1) > (Y, T,T) be a
function,then f is said to be a “bicontinuous
functions” if and only if 7w et for each

u€T,and f~1(v) € 1, foreach v c 7.

Proposition (2.10):

A bicontinuous image of an S-C-compact
spaces is S-C-compact.
Proof: clear. m




Proposition (2.11):

If A and B are two S-C-compact subsets of
(X, t, ), then 4 U 1t is S-C-compact.
Proof: clear. m
Remark (2.12):

If A and B are two S-C-compact subsets of
a bitopological space (X, 7,T), then An B
need not to be S-C-compact.

For example: let X = N U {0, -1}

T=P(N)U{HCSX|0EHAX —
H is finite }
and
t=PWN)U{HSX|-1€HA
X — H s finite }
let A= NU{0} and B=NuU{-1)}, then
both A and B are S-C-compact sets, but
ANB=N

Which is not S-C-compact set since, the
S-open cover {{n}|n € N1 for N has no finite
subfamily W such that {§ —cl u,:u, € W}
coversN, since (S — ¢l {n} = {n} vn € N).

3.Pair-wiseC-compactness
Definition (3.1):

A bitopological spaces (x,,7) is said to
be” Pair-wise C-compact space” if for each
T-closed st A © X, every Par-wise open
cover for A has a finite subfamily W such that
{t — cluy:u, € W} COVersA.

Proposition (3.2):

Every Pair-wise compact space is Pair-
wise C-compact.
Proof: clear. m

Remark (3.3):

The implication in proposition (3.2) is not
revisable.

For example: (N, tp, 1), whereT — Tp
the desecrate topology on N and
t={u,={12-,n}neN}u
N, 0}

then (N,t,7) is Pair-wise C-compact
space. Since every Pair-wise open cover for
any T- closed set 4 S N, has at least one

non- empty element y e rand ¥ ¢l U =N,
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but (N, 7,7) is not Pair-wise compact space
since W = {{1,2},{3},{4},{5},} is a

Pair-wise open cover for N which has no finite
subcover.

Remark (3.4):
i. If both (X, r),(X,T) are C-compact spaces

then (X, ¢, 1) be not
C-compact space. For example:
Let X =NU{0,-1), r = P(N)U
{MTEX|0e AKX —ITis finite set }U
HEX|0EH A —1€ H}
T=FE(N)uU

may Pair-wise

and
{HEX|-1EEnX —Hisfinite set -V
[HEX[0EHA 1€ H}

Both (x,1).,(X,f) are compact spaces so
they are C-compact.but (X, t, 7) is not Pair-
wise C-compact space since the Pair-wise
open cover {{n} {0} {—1}|n € N} for X
has no finite sub family W such that
T —clu.u € W}coversX.

ii.  Both (X,1),(x,7) ae not C-compact
spaces whenever (X, t,f) is Pair-wise
C-compact. For example:

See the example of remark (3.3), (X, 1p) is
not C-compact.

In remark (3.5) and proposition (3.6) below
we will explan tha a Par-wise

C-compactness is not hereditary property
but it isweakly hereditary property.

Remark (3.5):

A Pair-wise C-compactness
hereditary property. For example:

X=Nu{0},r=P(N)u {X}and
T=FE(N)u

fUCX|02UAX—Uis finite }, then
(X,t,1) isaPair-wise C-compact space.

is not

Since for every T- closed set 4 € X, then
0 e A and every Pair-wise open cover for A

has at least one element U and (0 € . So
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X — U isfiniteset and ¢ — ¢l (U) = U and U

with a finite member of that is cover will be
coversA.
Now le¢ B=N, then 7, =P(N) and

g = B(N). SO0 (B, 15,7Tg) is not Par-wise
C-compact.

Proposition (3.6):

A T- closed subset of a Par-wise
C-compact space (X, r,f) is Pair-wise
C-compact.

Proof: clear. m

In the following proposition we will
discuss the image of a Pair-wise C-compact
spaces under the bicontinuous functions.

Proposition (3.7):

The bicontinuous image of a Pair-wise
C-compact spaces is Pair-wise C-compact.
Proof: clear. m

Proposition (3.9):

If A and B are two Pair-wise C-compact
subset of (X, 7,7), then AU B is Pair-wise
C-compact
Proof: clear. m

Remark (3.9):

If A and B are two Pair-wise C-compact
subset of (X, T, ), then 4 1 B need not to be.

For example:
Lt X =NU {0, -1}, T =F(N)U

{H € X|0,—1 € HAX — H is finite set} and,
t={HE X[0,-1eH}V{1},d} L«

A=Nu{0} ad B — N u {—1] then both
(A,t4,ts) and (D,7p,Tp) ae Par-wise

C-compact spaces. since for every T4-closed
set ¢ = 4, each Pair-wise open cover for

from T4 and T4 must contain a least one
element U such tha 0eU ad
Tg—cl Il — A.

Similarly, B is Pair-wise C-compact.

But An B =N which is not Par-wise
C-compact since cyy — P(N) — Ty .

Now we will discuss the relationships
among the concepts N-C-,S-C- and Pair-wise
C-compactness.
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Lemma (3.10):
Let (X,7,7) be a bitopological space and
A € X.then
1) N-closur 4 € § — closur 4.

2) N-closur A<+ —closur 4. and
N-closur /1 © 7 — closur A.
Proof:

(D) Let x & S—cl(A), then there is an
S-closed set B such that A € B and
x & B and since every s-closed set is
N-closed, impliesx ¢ N — ¢l (4).

(2 Let ¢ 17—l (A), then there is a
closed set B suchthat A € Band x € B
and since every closed set is N-closed,
impliesx & N — cl (A).

Similarity, one can prove that
N—cl(A)ct—cl(4)

Proposition (3.11):
Every N-C-
S-C- compact.

compact  space s

Proof :

Since every S-open set is an N-open set
and in virtue of Lemma (3.10), the proof is
over. m

Remark (3.12):
The implication in proposition (3.11) is
not reversible. For example:

The bitopological space (N,t,7) where,
t=P(EY)U{N} ad ¢=P(O")U{N}
then, the family of all closed sets in a space
(X,7) is F={Bc N|0* cB}u{@) ad
the family of all closed sets in a space (x,+) is
F={B<S NIE* < B}u {0}

Now, (N,T,T) is SC- compact space.
Since for each an S-closed set A € X, then

there are three probabilities:
()If A= E , then every S-open cover W

for A must contain an element U such that
there exist nelnkt. o

EYcS—clU since §S—rci{n} —F*
foreachn € E*.




if Aepl, then
o s — 0. when U is an element in
any Sopen cover for A and
ImeUno™.

(i) If Anot=@ and ANEY =0.
Then for every S-open cover W for A

must contain at least two elements U and
V such tha UnEt =¢ and

Vnot=@. So EYcCS—c¢lUand
0t € §— clV, therefore
ACS—clUUuS—clV=N

But, (N, t, £) is not N-C- compact space.
sincet vt'=F(WN).

(i)  Similarly

Proposition (3.13):
Every N-C-compact space is Pair-wise
C-compact.

Proof:

Since, every Pair-wise open cover is an
N-open cover and in virtue of lemma (3.10)
the proof isover. m

Remark (3.14):

The implication in Proposition (3.13) is
not reversible. For example:

The bitopological space (N, tp, ;) isPair-
wise C-compact space which is not
N-C-compact.

Remark (3.15):

The concepts S-C- compactness and Pair-
wise C-compactness are independent. For
examples:

i. The example of remark (3.14) is not
SC- compact The example of remark
(3.12) is not Pair-wise C-compact. Since
the Pair-wise open cover of the T -closed
set N {{n}|n € N} has no finite subfamily
W such that (# — clu:u € w} covers N,

because

, _) ETif neE*
i clin) = c*u{n} ifneo”
4- Conclusion and Recommendations

Our conclusions in this paper, that an N -
compact space is N-C-, S-C- and pair-wise
C-Compact. But any one of them is not
reversible. So we have to give the relationships
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among N-C-,S-C- and
C-compactness.

For future works, we shall study N-o-C-
compactness, S-a- C-compactness and pair-

wise a-C-compactness.

pair-wise
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