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Abstract

In this paper we introduce the notion of weakly prime (weakly semiprime) fuzzy ideals of fuzzy
ring as a generalization of weakly prime (weakly semiprime) ideals. We investiagate several

characterizations and properties of these concepts.

Introduction

The notion of fuzzy subset of aset St f is
a function from a set S into [0,1], was first
developed by Zadeh [1]. Liu in [2] introduced
the concept of a fuzzy ring, Martines [3]
introduced the notion of a fuzzy ideal of fuzzy
ring.

D.D.Anderson and Eric Smith [4]
introduced and studied the concept of weakly
prime ideals, where a proper ideal P of aring
R is called weakly prime if Ot abl P implies
alP or bl P[4 and P is caled weskly
semiprime ideal if for each 0t x*1 R implies
Xl P.

In this paper we introduce the notion of
weakly prime (weakly semiprime) fuzzy ideals
of fuzzy ring. We investigate some basic
results about weakly prime and weakly
semiprime fuzzy ideal of a fuzzy ring.

Throughout this paper we assume R to be
commutative ring with identity 1 and for any
fuzzy ring X over R, X(0)= 1.

S.1Preliminaries

This section contains some definitions and
properties of fuzzy subset, fuzzy ideals and
fuzzy rings, which will be used in the next
sections.

Let R be a commutative ring with identity.
A fuzzy subset of R is a function from R into
[0,1]. Let A and B be fuzzy subsets of R we
write A | B if A(X) £ B(x), for all xT R, [1].
The set {xI R, A(X) 3 t} is called a level
subset of R, [5]and denoted by A:. If A and B
arefuzzy subsets of R, then" t1 [0,1]
A =B iff At = Bt, [1]
A- denoted the set {x T R;A(X) = A(0)}, [1],
let x:R¥® [0,1] be afuzzy subset of R where
xI R, t1 [0,1] defined by:
x(y) =tif x=yand x(y) =0if x* vy, for each
yl R. x is called the fuzzy singleton. Let f be

amapping fromaset M into aset N, let A and
B be fuzzy subsets of M and N respectively.
The image of A denotes by f (A) is the fuzzy
subset of N defined by:

N RTAEE B 2 e 1
f(A)(y)::'S'p{A(Z)‘ zl f-(y) fiff ()t f fordlyl N},
70 athawise
and the inverse image of B, denoted by f *(B)
isthe fuzzy subset of M, defined by:
f4(B)(X) = B(f (x)), for al xT M, [1].

Let f be a function from a set M into a set
N. A fuzzy subset of M is called f —invariant if
A(X) = A(y), whenever f (x) = f (y), where
x,yl M,]6].

If Aisafuzzy subset of M and B is a fuzzy
subset of N, then
1. f1(f (A)=A, whenever A isf —invariant, [6]
2.f(f(B)) =B, [6].

Moreover the following definitions and
properties are needed later

Definition 1.1 [2] :

Let X be afuzzy subset of aring R, X is
called fuzzy ring of R if X *f and for each
xyI R

1. X(0) =1,
2. X(x=y) * min {X(x), X(y)},
3. X(xy) ® max {X(x), X(y)}-

Definition 1.2 [3] :
Let X be a fuzzy ring of aring R, a fuzzy
subset A of Riscalled afuzzy ideal of X if
Al X
1. AXX-Y) 3 min{AX), AY)}," xyl R,
2. A(xy) 3min{ max {A(xX),A(Y)} " xyT R.

Proposition 1.3 [3]:
Let A and B be fuzzy ideals of a ring R,
then (AB)t = AB;




Proposition 1.4 [3]:

A fuzzy subset X:R%® [0,1] is a fuzzy
ring iff Xy isasubring of R, for eacht1 [0,1].

Given a fuzzy ring X and a fuzzy set A:
R%® [0,1] with A * Oy, then A is a fuzzy
ideal of X iff Ay isanideal of Xi, " t1 [0,1],
[3].
Definition 1.5 [7]:

A fuzzy ideal A of afuzzy ring X is called
a prime if A * |r (where | g denotes the
characteristic function of R such that | r(X)=1,
"xI R) and it satisfiessmin{A(xy), X(x),
X(y)} Emax{ A(x),A(y)}, for al x,yl R.

Proposition 1.6 [7] :

Let A be a fuzzy ideal of fuzzy ring X,
then A is a prime fuzzy ideal of X iff A;is a
prime ideal of Xi," t1 [0,1].

Remark 1.7 [8]:

Let a and by be two fuzzy singletons of a
set S If a = by, thena = b and t = k, where
t, kT [0,1].

Definition 1.8 [9]:
Let A be afuzzy idea of aring R is called
maximal ideal if:
1- A is not constant
2-For any fuzzy ideal B of Rif Al B then
gither A =B-orB=1rR.

S.2 Weakly Prime Fuzzy Ideals

In this section, we introduce the notion of
weakly prime fuzzy ideal of fuzzy ring as a
generalization of (ordinary) notion weakly
prime ideal of aring, where an idea | of aring
R is called weakly prime if for each a, bT R
suchthat 01 ahl I, thenal | or bl | [4]. We
shall give some properties of this concept.

Definition 2.1

Let X be afuzzy ring of aring R. Let A be
afuzzy ideal of X, A is called a weakly prime
fuzzy ideal of X if for each a, bs | X,
t,s1 (0,1], such that O;t & xbs | X then a; | A
orbsi A, where

O(x)—ll x=1
70 x11

Proposition 2.2:
Let A be a fuzzy ideal of a fuzzy ring X
of aring R. If A is weakly prime fuzzy
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ideal of X, then A; is a weakly prime ideal of
Xo" tT (0,1].

Proof:

Leta, bl X;suchthat 0t axbl A hence
Ot (@bl A, 00t aki A" tT (01].
But A is weakly prime, a I A or by [ A.
Hence a T A; or b T A.. Thus A; is weakly
primeidea of X;, " tT (0, 1].

Remark 2.3:

The converse of the proposition 2.2 is not
true in genera as the following example
shows:

Example:

Let X : Z, %® [0,1] defined by: X(a) = 1,
" aT Za,
Let A:Z,%® [0,1] defined by:

1 C s
= x14{0,2},
AX)=1 2 0.3
fo otherwise

It is clear that A is a fuzzy ided of fuzzy
ring X and A; ={0,2}," tT (0,1] isaprime
ideal and hence is weakly prime. But A is not
weakly prime fuzzy ideal since 2,1 A since

A(z)=1:1an 2, 10, since 21 0.
2 2 2 2

On the other hand,
20643, =(2%3), .

=),

1
| =min{ =
mir{ 2,0.6}

But 2,1 A since AQ) :l/y 0.6,
2
1_%1 I A since A(é):ay%
Proposition 2.4:
Let A be a weakly prime fuzzy ideal of a
fuzzy ring X such that A is not a prime fuzzy
ideal, then A% = O.

Proof:

Since A is weakly prime fuzzy ideal, then
A: is weakly prime ideal, " t 1 (0,1]. Hence
(A)? = (0) by [4,Th.1]. But (A)? = (A%, o

(A)? = (0) foraltl (0,1]. ThusA?=0.
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Remark 2.5:
The converse of proposition 2.4 is not true
in genera asthe following example illustrate:

Example:

Consider the same example of remark 2.3
A;={0,2} and (A)* = 0, hence A® = O,. But
A is not weakly prime fuzzy ideal.

Recall that for a fuzzy ring X, then
Jo=C{P:P is a prime fuzzy ideal of X}
(*/61)1 =C{P:P is a prime fuzzy ideal of X},

[4].

Corallary 2.6:
If A is weakly prime fuzzy ideal, then

Al \/Slor\/al'A.

Definition 2.7 [10]:

Let A, B be two fuzzy submodule of fuzzy
module X of an R-module M. The residua
quotient of A and B denoted by (A:B) it is the
fuzzy subset of R defined by:

(A:B)={rer, fuzzy singleton of R s.t.rBi A}.
(A:B)(r)=sup{tl (0,1]: rBI A}, if B=(by), then
(A:b)={rere b I A, ryis fuzzy singlton of R}
and < by >={rsby rd X}.

We next give characterizations of weakly
prime fuzzy ideals.

Theorem 2.8:

Let A be afuzzy idedl of afuzzy ring X of
R. Then the following are equivalent:
1- A isweakly prime fuzzy ideal of X.
2-Foreacha i X —A; (A:xx)=AE (0:x)
3-Forx | X—A;(A:x)=Aor (A:x) = (0:x)
4-For fuzzy ideals B and C of X with

O;1 BCi A, étherBi AorCi A.

Proof:

(1b 2) LetysT (A:x), where x 1 X —A.
Then vs x x | A. If yo% = O, then
Vs T (O %). IfO1t ysx | A, then yd A,
snce A is weakly prime fuzzy idea (i.e.)
ysi A, s0(A:x) 1 AE (O:x). Onthe other
hand, A T (A:x). Hence A E(Oux) I (A:xy).

(2b 3)itisclear, so it omitted

(3P 1) clear

(Lb 4)1f Oyt BCI A, then for all

tl (0,1] (O (BC): I A:. Hence

O:1B(Ci A, foral tT (0,1].

Vol.14 (3), September, 2011, pp.119-124

Science

But A is weakly prime fuzzy ideal, so A: is
weakly prime idea (by prop. 2.1). Hence
Bd Ator Ci A. ThusBi AorCi A,
(4b 1) Suppose x, Ys| X

suchthat Oy 1 X xys | A, then O; 1 < x
>ys > A, soby (4 <x>1 A or
<ys>1 A.Hencex | Aorysi A. ThusA
is weakly prime fuzzy ideal.

Proposition 2.9:
Let A be a weskly prime fuzzy ideal of X
such that is not prime, then A JO, =0

Proof:

Since A is weakly prime fuzzy ideal, then
A is weakly prime ideal of X, for al tT (0,1].
Hence A; /O = O by [4,Th.4], which implies

At (O),=(AJO) = (O = O. Thus
A\/a:Ol.
Corollary 2.10:

If A and B are weakly prime fuzzy ideal of
X such that are not prime, then AB = O;.

Proof:

Since A and B are weakly prime, then A;
and B, are weakly, for al t T (0,1]. Hence
A; xB; = O by [4,Th.4], so (A B)= O. Thus
AB = Ol.

For the following result, we need the
following lemma.

Lemma 2.11:

Let X be a fuzzy ring of R such that
X(@) =1, for al al R. If X is a fuzzy local
ring (with unique fuzzy maximal ideal) then
X« isalocal ring.

Proof:

Let A; and A, be two maximal ideals
of X+, now define B; : R %® [0,1] and
B,:R%® [0,1] by:

il if xT A

B,(X) =i and
1(x) 10 otherwise
il if xT A,
B,(X) =i .
10 otherwise

It is clear that B; and B, are fuzzy ideals of
X and (B1)» = Ay and (B2)« = Az. To prove B;
and B, are fuzzy maxima idedls of X. If
Bil CI X.Hence(By):i C:i X, whereC
is a fuzzy ideal of X, which implies (B;)+ = C-



or C I X«. But C- [ X« impossible, hence
(B1)« = C+. Thus B; = C. Thus B; is a fuzzy
maximal ideal of X.

Similarly, B, is a fuzzy maximal ideal of
X. But X isfuzzy local ring, so B; = B,. Thus
X« isalocal ring.

Theorem 2.12:

Let X be a fuzzy local ring (with unique
maximal fuzzy ideal B) such that B? = Oy, then
every proper ideal of X+ isweakly prime.

Proof:

Since X is loca fuzzy ring so X has
a unique maximal ideal say B, then X is local
ring with uniqgue maximal ideal say |I. Hence
| = B-. Since B? = Oy, then (B?)- = (Oy)- = O.
Hence (B+)? = O. Thus every proper ideal of
X« isweskly prime ideal by [4, Th.§].

Recall the following definition.

Definition 2.13 [11]:

Let X be a fuzzy ring of a ring R, let
a1 X a is caled an irreducible of X, if
a = bk cs for some by,cs T X implies either
<a>=<bi>or<a>=<cs>.

Lemma 2.14:

Let X be afuzzy ring, let a, I X, if a;isan
irreducible, then a is an irreducible in X, for
al tT (0,1].

Proof:

Suppose a = bc such that b, ¢ T X;, so
a; = (bc), for al tT [0,1], let k, sT [0,1] such
that t = min{k,s} and by I X, cs | X. Hence
a = bx c, but & is an irreducible, then
<a>=<Dbi>or<a>=<c > suppose
<a>=<by> sincea=bc, then<a>1 <b>,
letyT <b> Thusy=rb, rl R. yx= (rb)x =
ndx i <bx>=<a > Henceyk = a ds = (ad),
where| = min{t,s}, ds| X. Hencek =1 and
y = ad. This implies y 1 < a >. Thus
<a>=<b>. Similarly, if <a >=<c¢s>.

Recall that x is caled weakly prime
element of aring R if < x > is weakly prime
ideal, [4].

We fuzziy this definition aslet a; T X, a is
weakly prime element of X if < a > is weakly
prime fuzzy ideal of X, where X is a fuzzy
ring of R.

Inaam M.A.Hadi

Definition 2.15 [11]:

Let R be a ring with unity 1 and A be a
fuzzy subring of R. If 1, I A with r T [0,1].
Then xI A, x is a non-zero fuzzy singleton
with tl [0,1] is said to be left (right) unit fuzzy
singleton in A if there exists yd A with
s [0,1] such that ysx%=1, (x¥<=1) where
r = min{t,s}. If x is aleft and right unit, then
X 1S caled a unit in A. In the commutative
fuzzy subring ys%= X¥s=1;, where r=min{t,s}.

Proposition 2.16:

Let x be a nonzero nonunit of X, then x is
prime P X is weakly prime P X is
irreducible.

Proof:

X IS prime if < x > is a prime fuzzy idedl,
hence < x; > is weakly prime fuzzy ideal, 0 X
is weakly element. Now, if x; is weakly prime,
to prove X is irreducible element. Suppose
O1! x=hkcsT <x > since<x > isweakly
prime fuzzy ideal, so by T <x >orcsl <x >,
if be T <x > then<b.>1 < x > But
<x%>1 <by>, thus< by > =< x> Similarly,
ifcs1 <x> Thus<cs>1 <x > Thusx is
an irreducible element.

Now, we can give the following result.

Theorem 2.17:

Let A be a proper fuzzy ided of a fuzzy
ring X. If every nonzero element of A is an
irreducible, then A is weakly prime.

Proof:

To prove A is weakly prime, let a, b | X
such that O; * a xbx | A, so a by is an
irreducible. Hence < & be>=< a> or <a b>
=< by >, henceal <a;b>1 A orbd <a b >
i A.Thenai Aorbgi A.ThusA isweakly
prime fuzzy ideal.

S.3 Weakly Semiprime Fuzzy Ideals

In this section, we introduce the notion of
weakly semiprime ideal of fuzzy ring as a
generalization of (ordinary) notion weakly
semiprime ideal, where an ideal | is called
weakly semiprime ideal of R if for any xI R
suchthat 01 X | implies x1 A.

We gshall give main properties of this
concept.
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Definition 3.1:

Let A be a non constant fuzzy idea of
fuzzy irng X of R, A is cdled a weakly
semiprime fuzzy idea of X if for any fuzzy

singleton x of R, O; * X1 A implies x T A.

Remark 3.2:

Every weakly prime fuzzy ideal is weakly
semiprime, but the converse is not true in
general for the following example shows:

Example:
Let X : Z % ® [0,1] defined by: X(a) =1
foralal Z, let A : Z%® [0,1] defined by
i1 x1 6z,
A(X) =i .
i0 otherwise
It is easy to show A is a fuzzy idea of
fuzzy ring X, A; = 6Z is semiprime ideal since
\J(6) = (6), hence A is weakly semiprime. But
A is not weakly prime because if A is weakly
prime, then A; is weakly prime, however
A=6Z is not weakly prime since 0t 2x3=61 A,

Proposition 3.3

Let X be afuzzy ring of R and A is a fuzzy
ideal of X, then A is weakly semiprime of X
iff A;is weakly semiprime ideal of X; for all
tT (0,1].

Proof:

Let O a®1 A, al X, hence Ot % A.
But A is wesakly semiprime of X, so Ot ad A.
Hence a 1 A:. Thus A; is weakly semiprime
ideal.

Conversely, to prove A is a weakly
semiprime fuzzy ideal of X, let Oyt a%i A,
hence Ot a®1 A. Thusa 1 A since A; is

weakly semiprime. So a | A. Thus A is
weakly semiprime fuzzy ideal.

Proposition 3.4:
If A is weakly semiprime fuzzy ideal of

fuzzy ring X, then A = /A or A i Jo,

Proof: Since A is weakly semiprime, then A;
is weakly semiprime ideal of X; for all
t1 (01], by prop.3.3. Hence A = [A or

A; = Jo. It is clear that A; = (\/X) , Which

t

implies A = Ja. If At = J(O)= L(R). Thus

A= O,
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Proposition 3.5:

Let A be a fuzzy ideal of fuzzy ring X.
Then A is weakly semiprime fuzzy ideal iff
A(GP) > 0implies A(x) = AP, xT R.

Proof:

To prove A(X) = A(X), let AGA) =1, t> 0,
hence x* T A:. Since A is weakly semiprime
fuzzy ideal, then x T A Thus A(X) 3 t, but
t = A(®) = A(X). Hence A(x)=t, S0 A(C)=A(X).

Converserly, to prove A is weakly
semiprime, let Oy * X7 [ A, t > 0, hence
AP 3 t. But AG®) = A(X) 3 t, 50 A(X) 3 t,
hence Oy ¢ x 1 A. Thus A is weaklt
semiprime fuzzy ideal.

Now, we shal study the behaviour of
weakly semiprime fuzzy idea under
homomorphisms.

Proposition 3.6:
Let :R;3%® R, be aring epimorphism, let
X and Y be two fuzzy rings of Ry, Ry
respectively and let A, B be fuzzy ideals of X,
Y respectively, then
1-1f A is weakly semiprime of X, then f (A) is
weakly semiprime of Y. A isinvariant .
2-1f B is weakly semiprime fuzzy ideal of Y,
then f (B) is weakly semiprime of X.

Proof (1):
If (f (A))(y") >0, for eachyi Ry, y =" (x),
for somex1 R since f isonto.
Moreovery! 0,s0x?! 0.
f(A) (f (X))21= f(A) (f (<)
=f 1 (f (A)()
=A(P) , since A is f-invariant
= A(x),since A weakly semiprime
=f 7 (f(A)
=f (A) f (X).
Thusf (A) is weakly semiprime fuzzy ideal
of Y.

Proof (2):
Toprovef 1(B)(®) =f *(B(X), x1 R, if
f (B)(>x®) > 0, hence
f(B)(xX°) = B( fZ(XZ)_)
=B(f (x))*, sincefhomo.
=B( f (X)), since B isweakly semiprime
=f 1(B(x)).
Thus f ' (B) is weakly semiprime fuzzy
ideal of X.
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