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Abstract 

The Nucleon Momentum Distributions (NMD) and elastic electron scattering form factors of the 
ground state for 1p-shell nuclei with Z=N (such as 6Li, 10B, 12C and 14N nuclei ) have been 
calculated in the framework of the Coherent Density Fluctuation Model (CDFM) and expressed in 
terms of the weight function 2)( xf . The weight function has been expressed in terms of the 
Nucleon Density Distributions (NDD) of the nuclei and determined from theory and experiment. 
The feature of the long-tail behavior at high momentum region of the NMD’s has been obtained by 
both the theoretical and experimental weight functions. The experimental form factors )(qF  of all 
considered nuclei are very well reproduced by the present calculations throughout all values of 
momentum transfer q . It is found that the contributions of the quadrupole form factors )(2 qFC  in 
10B and 14N nuclei, which are described by the undeformed p-shell model, are essential in obtaining 
a remarkable agreement between the theoretical and experimental form factors. 
 
Introduction  

High-energy elastic electron scattering is a 
clear and precise tool for probing nuclear 
structure, in particular, cross sections, form 
factors and nucleon densities [1,2]. It has been 
about half a century since the pioneering study 
of electron scattering on atomic nuclei by 
Hofstadter et al. [3,4]. Since then, a lot of 
work in this area has been done, and many 
valuable and precise data on the nuclear 
electromagnetic properties have been 
accumulated [5,6]. Electrons interact with 
nuclei basically through the electromagnetic 
force. If the energy of the electrons is high 
enough, they become a relatively clean probe 
to explore precisely the internal structure of 
nuclei [7]. There are many reasons why 
inclusive electron scattering provides a 
powerful tool for studying the structure of 
nuclei and nucleons. First, the interaction is 
known and second, the interaction is relatively 
weak, thus one can make measurements 
without greatly disturbing the structure of the 
target[8]. Several theoretical methods used to 
study elastic electron-nucleus scattering, such 
as the plan-wave Born approximation 
(PWBA), the eikonal approximation and the 
phase-shift analysis method. The PWBA 
method can give qualitative results and has 
been used widely for its simplicity. To include 
the Coulomb distortion effect, which is 
neglected in PWBA, the other two methods 

may be used [9]. For light nuclei where Zα<<1 
(α is the fine-structure constant), one can use, 
to a good approximation, the PWBA to 
describe the scattering process [10]. In the 
PWBA, the incident and scattered electron 
waves are considered as plane waves. The 
elastic electron scattering form factors from 
spin zero nuclei can be determined purely by 
the ground  state density distribution, where 
the form factor is Fourier transform of the 
density distribution and vice versa [11]. In the 
past few years, some theoretical studies of 
elastic and inelastic electron scattering form 
factors of 1p-shell nuclei have been performed 
[12-17]. 

There is no method for directly measuring 
the nuclear momentum distribution (NMD) in 
nuclei. The quantities that are measured by 
particle-nucleus and nucleus-nucleus collisions 
are the cross sections of different reactions, 
and these contain information on the NMD of 
target nucleons. The experimental evidence 
obtained from inclusive and exclusive electron 
scattering on nuclei established the existence 
of long-tail behavior of NMD at high 
momentum region ( k ≥ 2 fm-1 ) [18-21]. In 
principle, the mean field theories cannot 
describe correctly NMD and form factors 

)(qF simultaneously [22] and they exhibit a 
steep-slope behavior of NMD at high 
momentum region. In fact, NMD depends a 
little on the effective mean field considered 
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due to its sensitivity to short range and tensor 
nucleon-nucleon correlations [22,23] which 
are not included in the mean field theories. 

In coherent density fluctuations model 
(CDFM), which is exemplified by the work of 
Antonov et al. [18,24,25], the local density 
distribution and NMD are simply related and 
expressed in terms of experimentally 
obtainable fluctuation function (weight 
function) 2)(xf . They [18,24,25] studied the 
NMD of (4He and 16O), 12C and (39K, 40Ca and 
48Ca) nuclei using weight functions 2)(xf  
expressed in terms of, respectively, the 
experimental NDD of 2PF [26], the 
experimental data of Ref. [27] and the 
experimental NDD of model-independent [26]. 
It is important to point out that all above 
calculations obtained in the framework of 
CDFM proved a high momentum tail in the 
NMD. Elastic electron scattering from 40Ca 
nucleus was also investigated in [18], where 
the calculated elastic differential cross sections 

Ωd
d σ  are in good agreement with those of 

experimental data. 
The aim of the present study is to derive an 

analytical form for the NDD, applicable 
throughout all p-shell nuclei, based on the use 
of the single particle harmonic oscillator wave 
functions and the occupation numbers of the 
states. The derived form of the NDD is 
employed in determination the theoretical 
weight function 2)(xf  which is used in the 
CDFM to study the NMD and elastic )(qF  for 
some 1p-shell nuclei with Z=N, such as, 6Li, 
10B, 12C and 14N nuclei. We shall see later that 
the theoretical 2)(xf , based on the derived 
form of the NDD, is capable to give 
information about the NMD and elastic )(qF  
as do those of the experimental two parameter 
Fermi (2PF), three parameter Fermi (3PF) and 
harmonic oscillator (HO) densities[26]. 
 
Theory 

The nucleon density distribution NDD  of 
one body operator can be written as [29,30]: 

2)()12(4
4
1)( rRlr nl

nl
nl∑ += η

π
ρ  ...................... (1) 

Where nlη is the nucleon occupation 
probability of the state nl  ( 0=nlη or 1 for 

closed shell nuclei and 10 << lnη  for open 
shell nuclei) and )(rRnl  is the radial part of the 
single particle harmonic oscillator wave 
function. To derive an explicit form for the 
NDD of 1p-shell nuclei, we assume that there 
is a core of filled 1s-shell and the nucleon 
occupation numbers in 1p, 2s1/2 and 1f7/2 orbits 
are equal to, respectively, (A-4-α), α1 and α2, 
and not to (A-4), 0 and 0 as in the simple shell 
model. Using this assumption in eq. (1), an 
analytical form for the ground state NDD of 
1p-shell nuclei is obtained as: 
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where A is the nuclear mass number, b is the 
harmonic oscillator size parameter and α 
(α=α1+α2) is the deviation of the nucleon 
occupation numbers from the prediction of the 
simple shell model (α=0). It is important to 
remark that for Z=N nuclei (Z and N are the 
proton and neutron numbers), the ground state 
charge density distribution CDD, )(rchρ , is 
related to the ground state NDD by 

2
)()( rrch

ρ
ρ = [31]. 

The normalization condition of the NDD is 
given by [18,26]: 

∫
∞

=
0

2)(4 drrrA ρπ  ..................................... (3) 

and the mean square radii (MSR) of considered 
1p-shell nuclei is given by [18,26]: 
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The central NDD, ρ(r=0), is obtained from eq. 
(2) as: 
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Then α1 is obtained from eq. (5) as: 
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Substituting eq. (2) into eq. (4) and after 
simplification gives : 
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The parameter α is obtained by substituting eq. 
(6) into eq. (7) as: 
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The parameter α2 is then obtained by  
α2 = α - α1. In eq’s (6) and (8), the values of 
ρ(0) and 2r  are taken from the experiments 
while the parameter b is chosen in such a way 
as to reproduce the experimental root mean 
square radii of  nuclei. 

The nucleon momentum distributions 
NMD, )(kn , for 1p-shell nuclei is studied in 
two distinct methods. In the first, it is 
determined by the shell model using the single 
particle harmonic oscillator wave functions in 
momentum representation and is given by 
[31]: 

( ) ( ) 
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In the second method, the NMD is 
determined by the CDFM , where the mixed 
density is given by [18,24] : 

∫
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is the density matrix for A-nucleons uniformly 
distributed in the sphere with radius x  and 
fixed mean density )(0 xρ  where : 
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The step function θ ,in eq. (11), is define by: 
1)( =yθ  , for  0≥y  
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and the Fermi momentum is defined by: 
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According to the density matrix definition of 
equation (10), one-particle density )(rρ  is 
given by it’s diagonal elements as : 

∫
∞
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=′=

0
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In eq. (15), )(xxρ  and 2)(xf  have the forms 
[18,24]: 
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It is important to point out that the weight 
function 2)(xf  of eq. (17), determined in 
terms of the ground state NDD, satisfies the 
normalization condition: 

∫
∞

=
0

2 1)( dxxf  .......................................... (18) 

and holds only for monotonically decreasing 
NDD, i.e. 0)(

<







dr
rdρ   [18,24].  

On the basis of eq. (15), the NMD is expressed 
as [18,24]: 
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is the Fermi-momentum distribution of a 
system with density )(0 xρ . By means of eq’s 
(17), (19) and (20), an explicit form for the 
NMD is expressed in terms of )(rρ as: 
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The normalization condition of eq’s (9) and 
(21) is given by [24] : 

( )
Akdkn CDFM =∫ 3

3

2
)(

π
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The elastic monopole form factors )(0 qFC  of 
the target nucleus is also expressed in the 
CDFM as [18,24] : 
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Where the form factor of uniform nucleon 
density distribution is given by [24]: 
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Inclusion the corrections of the nucleon finite 
size )(qf fs  and the center of mass corrections 

)(qfcm  in the calculations requires multiplying 
the form factor of equation (23) by these 
corrections. Here, )(qf fs

 is considered as free 
nucleon form factor and assumed to be the 
same for protons and neutrons. This correction 
takes the form [32] : 
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The correction )(qfcm

 removes the spurious 
state arising from the motion of the center of 
mass when shell model wave function is used 
and given by [32] : 
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It is important to point out that all physical 
quantities studied in the frame work of the 
CDFM such as the NMD and form factors are 
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expressed in terms of the weight function 
2)(xf . In Refs [18,24], the weight function 

was obtained from the two parameter Fermi 
NDD, )(2 rPFρ , extracted from the analysis of 
elastic electron-nuclei scattering experiments. 
In the present study , the weight function 

2)( xf  is obtained from theoretical 
consideration, using the derived NDD of eq. 
(2) in eq. (17), and given by: 
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In this study, the quadrupole form factors, 
which is important in 10B and 14N nuclei, is 
described by the undeformed p-shell model as 
[33]:  

∫







= drrrqrj
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where )(2 qrj  is the spherical Bessel functions, 
Q  is the quadrupole moment and considered 
as a free parameter to fit the theoretical form 
factors with the experimental data , )(2 rchρ is 
the quadrupole charge density distributions, 
according to the undeformed p-shell model, 
we assume that the dependence of the 
quadrupole charge density distributions )(2 rchρ  
is the same as that of ground state charge 
density distributions )(rchρ   and JP  is a 
quadrupole projection factor given by 

)32)(1/()12( ++−= JJJJPJ , where J  is the 
ground state angular momentum ( J = 3 and 1 
for 10B and 14N, respectively). 
 
Results and Discussion  

The nucleon momentum distribution 
)(kn and elastic electron scattering form 

factors )(qF for some 1p-shell nuclei which 
are carried out using the CDFM. The 
distribution )(kn  of eq. (21) is calculated by 
means of the NDD obtained firstly from 
theoretical consideration as in eq. (2) and 
secondly from experiments, such as, 2PF, 3PF 
and HO [26]. The harmonic oscillator size 
parameters b are chosen in such a way as to 
reproduce the experimental root mean square 
radii (rms) of nuclei. The parameters 1α and α  
are determined by eq’s (6) and (8), 

respectively. Then the parameter 2α  is 
determined by 12 ααα −= . In table (1), we 
present the values of the parameters 

1,, ααb , 2α  and Q  together with the 
experimental values of c, a, z, t, )0(expρ  and 

21

exp

2r employed in the present calculations for 
6Li, 10B, 12C and 14N nuclei. 

The dependence of the NDD (in fm-3) on r 
(in fm) for 6Li, 10B, 12C and 14N nuclei  
are displayed in Fig.(1). The long-dashed  
and solid distributions are the calculated  
NDD, using eq. (2), with 021 === ααα  and 

021 ≠≠≠ ααα , respectively. These 
distributions are compared with those of 
experimental data [26], denoted by the dotted 
symbols. It is clear that the long-dashed 
distributions are in poor agreement with the 
experimental data, especially for small r. 
Considering the higher orbits 2s1/2 and 1f7/2 
due to introducing the parameters 1α and 2α  
into the calculations leads to a good agreement 
with the experimental data as shown by the 
solid curves. 

The dependence of the )(kn (in fm3) on k 
(in fm-1) for 6Li, 10B, 12C and 14N nuclei is 
shown in Fig.(2). The dash-dotted distributions 
are the calculated NMD of eq. (9) obtained by 
the shell model calculation using the single 
particle harmonic oscillator wave functions in 
momentum representation. The dotted symbols 
and solid distributions are the NMD obtained 
by the CDFM of eq. (21) using the 
experimental and theoretical NDD, 
respectively. It is obvious that the behavior of 
the dash-dotted distributions obtained by the 
shell model calculations in contrast with those 
of the dotted and solid distributions 
reproduced by the CDFM. The main feature of 
the dash-dotted distributions is the steep slope 
behavior when k increases. This behavior is in 
disagreement with other studies [18,21,22,23] 
and it is attributed to the fact that the ground 
state shell model wave function given in terms 
of a Slater determinant does not take into 
account the important effect of the short range 
dynamical correlation functions. Hence, the 
short-range repulsive features of the nucleon-
nucleon forces are responsible for the high 
momentum behavior of the NMD [21,22]. It is 
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seen that the general structure of the dotted 
and solid distributions at the region of high 
momentum components is almost the same for 
6Li, 10B, 12C and 14N nuclei, where these 
distributions have the feature of the long-tail 
behavior at momentum region k ≥ 2 fm-1. The 
feature of the long-tail behavior obtained by 
the CDFM is related to the existence of high 
densities )(rxρ in the decomposition of eq. 
(15), though their weight functions 2)( xf are 
small. 

The dependence of the )(qF on q (in fm-1) 
for 6Li and 12C nuclei is shown in Fig.(3). The 
solid curves are the calculated )(qF ’s 
obtained by the framework of the CDFM using 
the theoretical weight function of eq. (27). The 
symbols, in this figure, represent the 
experimental data. In 6Li nucleus, the 
calculated form factors are in very good 
agreement with the experimental data of Ref. 
[10] (open circles) and Ref. [36] (triangles) 
throughout all values of momentum transfer q. 
In the 12C nucleus, the calculated form factors 
agree quite well with those of experimental 
data of  Ref. [37] (open circles), Ref.[38] 
(rhombs) and Ref.[39](triangles) up to 
momentum transfer q ≈ 1.85 fm-1 and 
underestimate these data at q > 1.85 fm-1. It is 
evident from this figure that the calculated 
results of 12C are very well predicated the 
location of the observed first diffraction 
minimum. 

The dependence of the )(qF  on q (in fm-1) 
for 10B and 14N nuclei is shown in Fig.(4). The 
dashed and dash-dotted curves represent the 
contributions of the monopole form factors 

)(0 qFC  and quadrupole form factors )(2 qFC , 
respectively, while the solid curves represent 
the total contribution )(qF , which is obtained 
as the sum of )(0 qFC  and )(2 qFC . Here, the 
experimental data are represented by the 
symbols. In 10B nucleus, the calculated )(0 qFC  
is not able to give a satisfactory description 
with the experimental data of  Ref. [40] (open 
circles) and Ref. [33] (triangles) for the region 
of momentum transfer q > 1.4, but once the 
contribution of the )(2 qFC  is added to the 

)(0 qFC , the obtained results for the form 

factors )(qF  become in excellent agreement 
with the experimental data as shown by the 
solid curve. In 14N nucleus, the experimental 
data of  Ref. [28] (open circles) are very  
well described by the calculated )(0 qFC  up  
to momentum transfer q ≈ 1.6 fm-1, whereas  
for q > 1.6 fm-1 the calculated )(0 qFC  
underestimate these experimental data. It is 
very clear that the contribution of the )(2 qFC  
gives a strong modification to the )(0 qFC  and 
bring the calculated values very close to the 
experimental data. Besides, the location of the 
first diffraction minimum is located in the 
correct place when the contribution of the 

)(2 qFC  are included in the calculations. 
 
Summary and Conclusions 

The NMD and elastic electron scattering 
form factors calculated by means of the 
CDFM are expressed in terms of the weight 
function 2)( xf . The weight function, which is 
related with the local density )(rρ , is obtained 
from theory and experiment. The feature of the 
long-tail behavior of the NMD is reproduced 
by both of the theoretical and experimental 
weight functions and is related to the existence 
of high densities )(rxρ  in the decomposition 
of eq. (15), though their weight functions are 
small. The experimental form factors for 
elastic electron scattering from 6Li and 12C 
nuclei are well reproduced by the monopole 
form factors. It is found that the contribution 
of the quadrupole form factors in 10B and 14N 
nuclei, which are described by the undeformed 
p-shell model, are essential in obtaining a 
remarkable agreement between the theoretical 
and experimental form factors. It is concluded 
that the derived form of NDD of eq. (2) 
employed in the determination of theoretical 
weight function of eq. (27) is capable to 
reproduce information about the NMD and 
elastic form factors as do those of the 
experimental data. 
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Table ( 1 )  
 Parameters to the NDD of 1p-shell nuclei. 

Q  2α  1α  α  b  
( fm ) 

2/1

exp

2r  

(fm) 
 

[26] 

)0(expρ  
(fm-3) 

 
[26] 

Parameters of the 
experimental NDD [26] 

Nucleus 
w z or t 

(fm) 
c or a 
(fm) model 

 0.916 0.143 1.059 1.7 2.5 0.154  0.61 1.447 2PF Li6  

1.6 0.583 0.278 0.861 1.63 2.442 0.1831  0.837 1.63 HO B10  

 0.435 0.149 0.585 1.65 2.476 0.1688  0.5 2.24 2PF C12  

18.8 0.382 0.489 0.871 1.68 2.55 0.1792 -0.19 0.515 2.57 3PF N14  
 

The values are given for the parameters c and z if the 2PF or  3PF model has been used, for the parameters a and t 
if the HO model has been used and the parameter w of  the 3PF model. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

r(fm)                                                               r(fm) 
 

Fig.(1) Dependence of NDD on r for 6Li, 10B, 12C and 14N nuclei. The long-dashed and solid 
curves are the calculated NDD of eq. (2) when 021 === ααα  and 021 ≠≠≠ ααα  , respectively. 

The dotted symbols are the experimental data of Ref. [26]. 
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                                                     k(fm-1)                                            k(fm-1) 
Fig.(2) Dependence of NMD on k for 6Li, 10B, 12C and 14N nuclei. The solid curves and dotted 

symbols are the calculated NMD obtained in terms of the CDFM of eq. (21) using the theoretical 
NDD of eq. (2) and the experimental data [26], respectively. The dash-dotted curves are the 
calculated NMD of eq. (9) obtained by the shell model calculations using the single particle 

harmonic oscillator wave functions in momentum representation. 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
                                       q(fm-1)                                                                     q(fm-1) 
Fig.(3) Dependence of the form factors on q for 6Li and 12C nuclei. The solid curves are the form 

factors calculated by means of eq. (23). The experimental data for 6Li are taken from Ref. [10] 
(open circles) and Ref.[36](triangles) while the experimental data for 12C are taken from 

Ref.[37](open circles), Ref.[38] (rhombs) and Ref.[39](triangles). 
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Fig. (4) Dependence of the form factors on q for 10B and 14N nuclei. The dashed and dash-dotted 
curves represent the contribution of the monopole form factors 2

0 )(qFC
 and the quadrupole form 

factors 2
2 )(qFC

 , respectively. The solid curves represent the form factors of both contributions. 

The experimental data for 10B are taken from Ref. [40] (open circles) and Ref. [33] (triangles) 
while the experimental data for 14N are taken from Ref. [28] (open circles). 
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  الخلاصة
د  تم استخدام أنموذج تموج الكثافة المتشـاكه فـي حسـاب لق

للحالة الأرضـیة  (NMD) تكل من توزیعات زخوم النیوكلیونا
للاســـتطارة الكترونیـــة المرنـــة لـــبعض  qF)(وعوامـــل التشـــكل 

وقـد تـم . 1pالواقعة ضـمن القشـرة )  Z=Nیكون فیها ( النوى 
ـــة التمـــوج  qF)(و  NMDالتعبیـــر عـــن كـــل مـــن  ـــة دال بدلال

2)(xf  التــي تحســـب بواســـطة توزیعـــات كثافـــة النیوكلیونـــات
)(NDD . فـي هــذه الدراســة تـم حســاب دالــة التمـوج مــن خــلال

. استخدام النتائج النظریة والعملیة لتوزیعات كثافة النیوكلیونـات
المســتندة علــى (لقــد تمیــزت نتــائج توزیعــات زخــوم النیوكلیونــات 

علـى صــفة الـذیل الطویــل عنــد ) دالـة التمــوج النظریـة والعملیــة 
 .منطقة الزخم العالي

ة بـأن النتـائج النظریـة لعوامـل التشـكل أظهرت هذه الدراس 
المرنـــة المستحصــــلة مـــن الحســــابات الحالیـــة تتفــــق تمامـــاً مــــع 

فـــي النـــوى قیــــد  qالنتـــائج العملیـــة ولكـــل قـــیم الــــزخم المنتقـــل 
ــــــل التشــــــكل الرباعیــــــة . الدراســــــة ــــــأن عوام وأظهــــــرت ایضــــــاً ب

)(2 qFC  )مـــــوذج القشـــــرة المحســـــوبة بواســـــطة أن(p)  ـــــر الغی
مهمـة جـداً وأساسـیة للحصــول علـى توافـق بـین النتــائج ) مشـوه 

  .14Nو   10Bالنظریة والعملیة لعوامل التشكل في النوى 

 
 
 
 
 
 
 
 
 
 
 
 
 
 


