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Abstract

In this paper, we consider the distribution formulation of the productofk maxima of independent
uniformly distributed samples over the interval (0,1), where the random variables of the k samples
are arranged individually in ascending order of magnitude. Farthermore the distribution moments
about origin are constructed.
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1. Introduction (v Y=nlE (v )1 Y ) ¥ <y <¥
In recent years, order dtatistics come to Oi (i ) =NIF Qv )7 i) % <y 2-1)

play an important role in statistical inference . L e
theory partly because some of their properties .S'.n(ie tréefk ?{Emf are Ilndepeno!ent, :(hen \t(he
does not depend on the distribution from JO'an'_ T ot the k samples maxima Yn, Ynz,
which the random sample is obtained. -1 Yok IS. .

When a sat of random variables =5 a (v
(abbrevidte 85 TV'S) Xa, Xo, o Xo is aanged 0 meYn2o¥nid =0 61 V)

in increasing order of magnitude are ey NUER

represented by the r.v’sYi<Yo<..<Y,, where “EOF(yn)y OfF (Yn) ~¥ <y, <¥
Y; (i=1,2,...,n) is called the i order statistics. 8= u i=1

In most appllcatlons the unordered set {X} (2-2)

represent a random sample drown from a
single population in which they are statistically 3.Distribution of the Product of Two

independent and identically distributed [1]. A Maximum from Uniform Samples
survey of applications show that the most For r.vX~U(0,1), the p.d.f and c.d.f are
common use of order statistics are Y1 and Y. f(x)=1, 0<x<1
For example Yi=min(Xy, Xz, ..., Xp) isuseful (3-1
in statistical study of breaking strength of a =0 , ew.
chain which depends on the weakest line [2] and
and the life of multicomponent system where i 0 , x£0
the system terminated as soon as the first — i
failure occur [3], while Yo= max(Xe, Xo, ... X,) F(x)= 1x , 0<X <1 (3-2)
is of interest in statistical study of floods and 1, x21
other meteorological phenomena[4]. We note that if vi=yn: then by using (2-1), we
have the p.d.f of v; is

2. Joint Distribution of k Sample M aximum h(v,) = nvln-l , 0<v, <1

Consider that we have k independent &~ (3-3)
samples each of size n are drown from a =0 ew.
continuous  distribution having probability Now, let us consider the product of two

density function (p.d.f) f(x) and cumulative
distribution function (c.d.f) F(x). If the k
maximum values of the samples are denoted
by Yn1, Yn2, ...,Ynk. Then from order statistics
theory [5], the p.d.f of the maximum Y, for the
i" sample (i=1,2,...,n) is

maxima as Vo=Yn1.Yn2 and set Vi=Yn. Use of
(2-2) with k=2, we have the joint p.d.f of Yn
and Yn2 |S
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9(Yn1 Yn2) =N (YY) t,0<yy <1
i =12

=0 ,ew .
The functionsvi=yn1 and Vo=Yn1.Yn2 define one-
to-one transformation that maps the space
A={(Yn1,Yn2): 0<yn<1, i=1,2} onto the space
B={(v1,v2): O<w<vi<1}with inverses ym,=vi

and ynZ:\2 and the Jacobian of the
Vi

transformation is;

ﬂynl ﬂynl
_T(Yn1Yn2) _| Vi vy
vy,vyo) Wn2 Tyno
vy vy
1 0
1
i e
V12 V1 Vl

Then the joint p.d.f of V; and V; is.
%

h(vy,v,) =gy, —2)J|
Vi

_nagt

Vi

: O<v,<v;<1

=0 , ew.

and the marginal p.d.f of Vs is:
1

N L1
hp(v2) = (w2 g =n3 " vy
v v=vp 1

=n?vy 1Inv1|

=-n?vy 1Inv2 ,0<v, <1

=0 ,eW .
4. Distribution of the Product of k Maxima
from Uniform Samples
In this section, we shall consider the
generalization to the distribution of the product
of k sample maxima from uniform distribution
by formulating the following theorem.

Theorem (1):
Let Yni,Yn2,...,Ynk be k r.v’s representing

the maximum of k independent samples of
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same size n from uniform distribution. |f

Vi = an, , the Vy has p.d.f
i=1

hy v ) =

D"k, -1

Ak)

:O’
Proof:
Using (2-2) with p.d.f and c.d.f given by
(3-1) and (3-2), we have the joint p.d.f of
Yn1, Yn2, -, Yok IS

[Inv, J¢t o<y, <1

ew.

n-l
10<yni <l

Jd =12,k

=0, ew.
Wlth Vk - OY ni ﬁ V]_—Ynl, V2— Yn]_ Ynz, sy
=1

k~
1= _O Yni J
=1
so that the functions vi=Yni, Vo= Yn1.Yn2, .-
ko1 K .
1= 0O Y » Vk = O Yy define one-to-one
i=1 i=1
transformation that maps the space:

A={(Yn1,Yn2,--,Ymk) 1 0<Vyni<1,i=1.2,... .k}
onto the space:
B={(v1,v2,...,Vk) O<V<Via<...<vp<vi<l}
L _ Vo v3
with inverses ym=vi, Y =—2, Y3 =—, ...,
Vi v |
— Vi1 - W :
Ynk-1= v Yk = and the Jacobian of
Y- 2 V-1

this transformation is:
— ﬂ(ynla yn2’---’ ynk)

TV Vo V)
Wor MW Wen
™ vy Vi
Wn2 ~ MWn2 Wn2
™ vy Vi
S I I
HYnk- 1 ﬂynk- 1 ﬂynk- 1
v vy vk
W My Mok
v v, Vi
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1 0 0 0 L 0
Yl g 0o L o
0o 2 1 0 L o
_ v, V2
B ! o |
0o L o %1 I o
Viko -2
-ve 1
0 0 L 0 > —
Vicr Yk
_ 1
VsV
Then the joint p.d.f of V1,Va,...,Vkis
& V, V Y/ 0
h(V, Va2 oo Vi) SOV, -2 =2 . =L J
Q ViV Vo Vk13)|
1
e 0<V, <V q <..<V, <y <1
VUV ...V
=0 ,ew

The marginal p.d.f of Vkis
) = OO ) NV Var.on Vi) A A . A1

Vo Vi-1
1 1 1
:nkvllg'l (\) L (\) N w
Vk-17V% V2:V3 V=Vo V1V2---Vk_1
Since
1
5 M1 =ivf =~ Inv, = (- 1)1|nv2
V1=V Vi
also,
1
i‘) - Irdevz = (|”V2)2| :(Inv3)2
vovg V2 2 lvs 5
=(-)—— o
and
1
V3TVy 2 ;3 2 3 L/4 6
3(|I’]V4)
=(-1 3
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If successive integration are carried out in this
manner for V4,Vs,..., Vi1, we will have

i+l (InV ) dV i (an|+1)
(Y T

Vi Vi (i -

i =12,...k-
and since we have k-1 integrals, then

N (v k-l
hy (i) =n vt (- DX rlnv) ?:k)l)l

G(k)
=0

nKvPtinv )%t 0<v, <1

(4-1)
Note: when k=1,2equation (4-1) leads to (3-3)
and (3-4).

5. The Central Moments of the Distribution
The r™ central moment about origin
defined as

Elvi]= oV hy (v )dvy

n‘ G9!

(n+r)¥ o GK)

(+0) v nv )< dv,

.............................. (5-1)
The integral side of equation (5-1) is unity
with n replaced by n+r
K
Ev1=2" 0 r=123. 52
MI=grs =L (52)

For r=1,2, we have from equation (5-1)

k
m = Elv,] = gi_ and E[VZ] —g'i"

Q I

sy =var(v) =ENVZ]- nf

_a&n o aen o
8n+2g 8n+1g

(5 S] n2 Ok

“&n+2p g(n+1)2§

_[n(n +1)%* - [n*(n +2)]
[(n+1)%(n+2)]*

LK
_en o




Conclusions
1. The c.d.f of the p.d.f given by equation (4-1)
has the form:

HV)=Pr{v, £v) :\(/g)h(t)dt

k-1 v
Y GRO N & " (Int)< Lt
Gk) o

Unfortunately a close form expression for

the integral side does not exist. But

numerical approximations can be used for
tabulating the values of H(v) for some

specific values of n, k and x.

2. Generating r.v’s from the p.d.f of equation
(4-1) can be made easily by two methods of
Monte Carlo simulation as follows:

i) Generating k samples from U(0,1), and
the product of k maxima lead to a r.v
follow equation (4-1).

ii) Acceptance-rejection Monte  Carlo
method could be used by making use of
the inequality Inx<x for O<x<1.

3. The driven probability distribution might be
find applications in certain fields of
discipline.
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