Journal of Al-Nahrain University Vol.14 (4), December, 2011, pp.166-170 Science

Prime-Extending Module and S-Prime M odule.

Tamadher A. Ibrahiem
Department of Mathematics, College of Science for Women, University of Baghdad, Irag.

Abstract

In this paper, the notation of prime-extending module, is introduced and studied where an R-
module M is Prime-extending if every nonzero proper submodule of M is essential in prime direct
summand .Beside these, the notation of S-prime is given, where an R module is called S-prime if
every proper direct summand is prime for this notation we proved: 1.Under the condition of S-prime
module, M is Prime-extending if and only if M is extending .2. If M is semisimple module, then M
is Prime-extending if and only if M is S-prime.

Keywords: Extending module, Prime —Extending module, Prime direct summand, Prime
submodule, uniform submodule

1.Introduction Remarks and Examples (2.2)

Throughout this paper, R is an associative 1. It is clear that every Prime-extending
ring with identity and all modules are unitary module is extending module but not
left R-modules. Following [1], an R-module M conversely in general .\Where each of Q, Z
is extending if every submodule of M is and Zp” are extending module which is not
essential in a direct summand of M. This class Prime-extending module where the only
of modules have been extensively studied in prime submodule of the Z-module Q is
recent years in particular [1].In section one of <0>[2]. Hence, all submodules 0# N<Q, N
this article we turn our attention to study iSs not essential in prime direct summand.
prime-extending module. A proper submodule Also for the Z module Z we can show that
P of M is called prime if for any rl R and the submodule < 3> is essential in Z but Z is
xI M Such that r xI P, then either xI P or not prime submodule of Z. Finaly Zs” has
r 1 [P: M]. A nonzero submodule N of an no prime submodule[2].

R-module M is called essential in M (N <* M), 2. Z1, as Z-module is not Prime-extending
if N NL # (0) for every nonzero submodule L since <2><%<2> and <2>is prime
of M [1].

submodule[3], but <2 >is not direct
summand in Z1, .Also <2><°Z3, and Z15 is
not prime submodule of Z;, since Z;, is not
proper submodule of Z;».

3. Zg as Z-module is Prime-extending module
Since <2>, <3> are the only nonzero

In section two of this paper, as a link
between extending modules and prime -
extending modules, we introduce and study the
concept S-prime module. several properties of
S-prime modules are given.

2.Prime- Extending modules proper submodules .Also <2><%<2><" Zg
In this section we introduce the definition and <3><*<3><” Zg with <2> and< 3> is

of prime-extending modules and give prime.

examples, some basic properties and 4. A ring R is fully prime if and only if every

characterizations of this concept .An R-module R-module is prime [4].

module M is called prime if <0> is prime 5. Every uniform module is not Prime-

submodule of M.A submodule N of an R- extending module. To show this:

module M is called essential if NNW=#<0>, for Let 0AN<M .Since M is uniform then the

each nonzero submodule W of M only direct summand are <0> and M [1]

Hence there is no r}{ime submodule P of M
such that0AN<® P<* M. So M is not Prime-
extending module.

Definition (2.1):

An R-module M is called Prime-extending
module if for every nonzero proper submodule
N of M is essential in a Prime direct summand
of M.




6. The uniform and Prime-extending concepts
are independent. (See example (3)).

The following result gives a relationship
between semisimple module and Prime-
Extending modules.

Lemma(2.3):
Let M be an R-module and be a R is fully

primering .Then every submodule N of M, isa
prime submodule.

Proof:
Let N be a submodule of M .Since R is

fully prime ring, so % is a prime R-module.

Let rl R, xI M, such that rxI N. Then rx +
N=N. So r(x +N)
=N. It follows that either x +N=N or r

I [N:%].Hence either x I Norr % <N.

That isrM <N .That isr I [N: M].ThusN isa
prime submodule of M.o

Proposition (2.4):

Let R be a fully prime ring. Then each
semi-simple R-module M is Prime-extending
module.

Proof:

Let M be a semisimple R-module. Let N
be a submodule of M .Then N is a direct
summand of M [1] .But R is fully prime ring.
Then N is prime submodule (Lemma2.3).Then
N is essential in a prime direct summand of M
Therefore M is Prime —Extending module.

Proposition (2.5):

Let M be a Prime-extending module and N
be a direct summand of M .Then N is a
uniform submodule.

Proof:

Let U be a nonzero proper submodule of a
direct summand N of M. So there exists a
prime direct summand P of M such that U
essential in P. Since N is direct summand of
M and P is direct summand of M, then
NA W=M and PA L=M for some W<M and
L<M. But MNM=M. So (NAW) N (PAL)
=M. Hence M= (PNN) A (LNW).Now let
XI Nsoxl M .Thusx =a+ bwhereal PNN,
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bl LONW. Since x-a =b .Thus x-
al NNLNW=0. Hence x=a | PNN .Therefore
N<PNN. Thus N=NNP .that gives N<P. Now
to prove U<® N .Let 0#K<N, so K<P. Hence
UNK=£0 (where U<® P). .Thus U<® N .Thus N
isuniform.o

Remark (2.6):

From proposition (2.5) and remark (2.2-5)
we can note that a direct summand of a Prime-
extending is not necessarily Prime-extending.

Recall that a submodule N of M is closed
if it has no proper essential extension in M(i.e.
whenever N is a submodule of M such that L
is essential extension of N then N=L)[1][5]. In
[1], we have an R-module M is extending if
and only if every closed submodule is a direct
summand .We have the following proposition
for Prime-extending module.

Proposition (2.5):

An R-module M is Prime-extending if and
only if every closed submodule of M is prime
direct summand.

Proof:

—) Let N be a closed submodule of Prime-
extending module M .Then N is essential in a
prime direct summand L of M. But N is closed
submodule of M .Hence N=L .i.e. N is prime
direct summand.

«) Since every closed submodule is prime
direct summand, then M is an extending
module[1]. Let A be a nonzero proper
submodule of M .Then A is essential in U,
where U isadirect summand of M. Hence U is
closed, and so that U is prime direct summand
of M. Thus A is essential in prime direct
summand of M .Therefore M is Prime
extending R-module. o

The following theorem gives us many
characterizations of Prime-Extending module.

Theorem (2.6):
Let M be an R-module .Then the following

statements are equivalent:

1. M isaPrime-extending R-module.

2. Every closed submodule of M is a prime
direct summand.

3. If N is a direct summand of the injective
envelope of M(denote by E (M)), then NNM
isaprime direct summand.
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Proof:
(2)— (2) By proposition (2.5).
(2= (3) Let N be adirect summand of E(M),
E(M)=NA L, for submodule L of E(M) .We
clam that NNM is closed in M .Suppose that
NNM is an essential in K, where K is a
submodule of M, and let kI K .Thus k=n
+¢,wheren | N and €I L .Now consider that
kI N ,s0 (£0 . But M is essential in E (M) and
O£l L< E (M).Therefore, there exist rl R
suchthat O£ 1 M .rk=rntrfandrn=rk
— 1 NNM <K .Thusr ¢=r k-r n | LNK.
But NNM is essential in K, so 0= (NNM) NL
is essential in KNL and hence KNL=0 .Then
re= 0 which is a contradiction. So NNM is
closed in M and hence by (2) NNM is prime
direct summand of M.
(3— (1) Let N be a submodule of M Then
NA L is essential in M, where L is a relative
complement of N [6] .Since M is essential in
E(M),thus NA L is essential in E(M) [6,p.209]
and so E(M) =E(NAL)=E(N) A E(L).Since
E(N) is a summand of E(M), then by (3)
E(N)NM is prime direct summand of M .Now,
N=NNM is essential in E(N)NM, where N is
essential in E(N).Thus N is essential in aprime
direct summand of M. So, M is a prime-
extending module. o

The following result gives a decomposition
theorem by Prime-extending modules.

Theorem (2.7):

An R-module M is Prime-extending
module if and only if for each submodule N of
M, there is a direct decomposition M=M; A
M, such that N <M; where M; is prime
submodule of M and N + M; is essentia
submodule of M.

Proof:

—) Suppose that M is Prime-extending
module .Let N be a submodule of M. Then N
is essential in prime direct summand K of M.
HenceM = K A K; where K3 is a submodule
of M. Now, since N is essential in K and Kj is
essential in Ky, then N+K; is essential in
K+K;=M [6].That is N+K; is essentia
submodule of M .

<) Let N be a submodule of M .By
hypothesis, there is a direct decomposition M
=M;A M, such that N < M;, where M; is
prime submodule of M and N + M, is essential
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in M. We claim that N is essential in My .Let
K be anonzero submodule of M3, henceK isa
submodule of M, and since N + M, is essential
in M. Then (N + M3) NK#0. Let O£ k =n + my,
wherek | K, nl N and npl My, thus m, = k-n
| M1 N Mz = (0) .Thereforek =n | K NN #
(0). So N isessential in M1 .That meansM isa
Prime-extending module. o

Proposition (2.9):

Let M be faithful multiplication and
finitely generated module. Then M is Prime -
Extending if and only if R is Prime-extending
R-module.

Proof:

—) Let | be an ideal in R .Since M is
multiplication module ,then N=IM , where N
is a submodule of M .But M is Prime-
extending module, so there exists a prime
direct summand W of M such that N is
essential in W .But W= PM for some prime
ideal P of R [2, proposition 4.6 ].That is IM is
essential in PM and PM is prime summand of
M .Then | is a submodule of P .Now ,there
exists a submodule Z of M such that M= PM
A Z=PMA TM where T isan ideal in R .But
M=PM A TM =(PA T)M=RM. Hence
PAT=R[7] .i.e P is prime summand of R.
Now, it is enough to show that | is essential in
P .Let A #0 be a subideal of P .Suppose (INA)
M=0.But (INA) M=IMNAM =0 [7] .But AM
is submodule of PM, and IM is essentia in
PM, so AM=0 .That gives A <aann M =0
(where M s faithful) and hence A=0 which is
a contradiction .Thus | is essential in a prime
direct summand P of R .Therefore R is Prime-
extending R-module.

<) Suppose that R is Prime-extending R-
module. Let N submodule of M .since M is
multiplication, then N=IM, where | is an ideal
of R .But R is Prime-extending R-module .So,
there exists a prime ideal which is direct
summand of R(say P) such that | is essential in
P. Hence PA T=R, where T is an ideal of R.
Thus IM is essential in PM[5]. Now PA T=R,
thenM =RM = (PAT)M =PMA TM. But M
is multiplication and P is prime in R.
Therefore PM is prime in M [4,
propositiond.6] .Also, PM is a summand of M
.Hence N=IM is essential in prime direct
summand PM of M. o



By remarks and examples (1.2-1) we
observed that every prime-extending module is
extending module, but not conversely in
general .The following proposition gives the
sufficient condition under which the converse
is true. Also, this condition will be study
extensively in the next section.

Proposition (2.10):

Let M be an R module such that every
direct summand of M is prime .Then M is
Prime-extending if and only if M is extending.

Proof:
It is straightforward.

3. Sprime module

In this section we observed that the
concepts of Prime-extending modules and
extending modules are equivalent under the
condition (every direct summand is prime).
This leads as to introduce and study this
condition under the class of semisimple
uniform and others types of modules.

Definition (3.1):

An R- module M is called S-prime module
if every proper direct summand of M is a
prime. Also, we call aring R is S prime ring
if RisS- prime module as R- module.

Examples (3.2).

1. The Z3 as Z-module is S-prime, where Z3
has no nonzero proper direct summand N.

2. The Z;, as Z-module is not S-prime module
.To show that : B

Let N= <4>S0 N+<3>=<4>A <3> =7,

Hence N=<4>is a direct summand which is

not prime, 2. 2 | <Zsbut 2| <2> and

2l [<4>:21,] = 42. Thus Zyis not S-prime

Proposition (3.3):

Let M be an R- module where R is fully
prime ring, then every module is S-prime
module.

Proof:

Since R is fully prime ring, and then by
lemma (2.3) every submodule of M isaprime.
ThusM is S-prime.o
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Proposition(3.4).:

Let M be S-prime module .Then M is
Prime-extending module if and only if M is
extending.

Proof:

Let M be extending module .and N is a
nonzero proper submodule of M. So N is
essential in a direct summand W of M .But M
is S-prime .Hence W is prime direct summand
.Therefore M is Prime-extending module.

The converse is obvious. o

Proposition(3.5):
An R-module M is Prime-extending if and
only if M isextending and S-prime module.

Proof:
Obvious.o

The following proposition gives a
characterization between the Prime-extending
and S-prime concepts.

Proposition (3.6):

Let M be a semisimple R-module. Then M
is a Prime-extending module if and only if M
is S-prime module.

Proof:

—) suppose that M is Prime-extending
module .Let N be a proper direct summand of
M .Then N is closed submodule of M. Now,
since M is a Prime-extending, then N is prime
(proposition, 2.6).That is M is S-prime
module.

<) Let N be a proper submodule of M
.Then N isadirect summand of M (where M is
a semisimple module). But M is S-prime
module, so N is prime in M .Thus N is prime
direct summand of M, and N is essential in N.
Therefore M is a Prime-extending module.o

The following Proposition shows that the
direct summands of S-prime module inherit
Property. Before that we give the following
lemma:

Lemma (3.7):

Let M be an R-module with submodules K
and N where K <N <M. If K isprimein M
and N isprimein M then K isprimein N.
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Proof:

Let xI N, rI R such that r xI K. To show
that K isprime in N, we must prove that either
xlI Korrl [K:N].sinceKisprimeinM ,then
either x | Korr | [K:M].Supposethat r | [K:
M].i.,e rM < K. But N <M, sorN < K. Hence
rl [K: N].Thus K is prime in N .If xI K then
nothing to prove. o

Preposition (3.8):
Every direct summand of S-prime Module
is S-prime module.

Proof:

Let M be S-prime module and N be a
summand of M. Then N is prime direct
summand .Now let K be summand of N ,then
K isasummand of M [2].Hence, K is Primein
M, so K is prime direct summand of N (lemma
3.7). Therefore N is S-prime module.o
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