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Abstract

The aim of this paper is to give a generalization of the theorem that, for n 3 5, every even
permutation defined on n symbols is commutator a b a* b* of even permutations a and b. In
particular, [3n/4] £ L £ nis shown to be the necessary and sufficient condition on L, in order that
every even permutation defined on n 3 5 symbols can be expressed as a product of two cycles, each
of length L. Results follow, including every odd permutation is a product of a cycle of length L and

acycle of length L + 1.

Introduction

In!, Oystein Ore showed that in the finite
symmetric group Sym(n) each element of the
aternating subgroup Alt(n) is commutator.
Thus a given permutation P Alt(n) can be
expressed as a product Re (SPR™ °S™) of two
permutations belonging to the same conjugacy
class to which R belongs depends upon the
conjugacy class of P. Ore also announced, and
Zvi Arad published a proof @ | that for n3 5
each Pl Alt(n) can be expressed as a
commutator of permutations in Alt(n). Again
the conjugacy class of R depends upon that of
P, in the proof.

In®!, J. L. Brenner proposed a problem
equivalent to the question whether there exists
a conugacy class D, in Alt (n),
n3 5, such that Alt (n) = D, © Dy*. Zvi Arad
exhibited such a class in? |, the class is
composed of permutations with two non —
trivial cycles, asfollows:
i.1fn=2m+ 1, m?3 2, take D,to bethe class

of all permutations conjugateto (12)(345 ...
n—2n-1)(n).

i. Ifn=2m, m3 2, take D, equal to the class
of all permutations conjugate to (12)(345 ...
n—1n).

It is well known that a conjugacy class in
Sym (n) isin fact a conjugaacy class in.

Alt (n) if and only if a representative
permutation is even and does not correspond
to a partition of n into distinct odd parts. Thus
Dhisaclassin Alt (n).

For L <n, let C_ denote the (sdlf inverse)
conjugacy class in Sym (n) of al permutations
conjugate to (1 2 3 ... L), i. e the class
consisting of each permutation with exactly

one cycle of length L and n — L cycles of
length one (using standard decomposition into
digoint cycles). Our main purpose here will be
to characterize those L for which Alt (n) = C_
CL.

Let [M (P)| denote the number of symbols
moved by PT Sym (n) and |c” (P)| the number
of non — trivial digoint cycles (length 3 2) in
the standard decomposition of P. Our results
rest upon constructions which show that given
PT Alt(n), Pt C_o C." thereexist two L —
cycles A, B such that P =B-°A, whenever
IM(P) +[c" (P) .
L3L(P)® — foral P1 Alt (n),
max L(P) = [3n/4], and L(P) is shown to be the
minimum possible L for such a decomposition
of P.

Let [c(S) denoted the total number of
cycles, including 1-cycles, in the standard

decomposition of SI Sym(n). All products of
permutations are executed from right to left.

Lemmal1? :
Let S be any permutation in Sym(n), n3 2,
and T a transposition. Then

Ic(SoT)| =[c(T 0 S)| =|c(S)| +1 if the two
symbols moved by T belong to the same cycle
of S, and [I(SoT)| =[I(S)|- 1 if the two

symbols moved by T belong to different cycles
of S.

Lemma 2 12
Suppose A = (aw & ... &) and B =(b; b,
...bs) belong to sym(n). Then

‘{31};:1 Q{bj}jzl =m?3 1p [c(BoA) £m




Theorem 11 :

For nt4, let L(n) denote the smallest
positive integer such that every permutation in
Alt(n) can be expressed as a product of two
L-cycles. Then L(n) 3 [3n/4].
Lemma 3 :

_ . M(P) +[c' (P

Given Pl Alt(n), L(P)° —

. é3n
max L(P) = a~— -
is an integer, and ox (P) &2 K

Theorem 2:
Lee L>0 by any

IM(P) +[c" (P)

integer  satisfying
£L £n, with PI Alt(n). Then

IM(P)[+|c"(P) _
————there exist L-cycles A, B such

that P=B-A.

Proof:

Assume that P is not identity. The proof
will proceed by constructing the appropriate L-
cycles, where initidly we show that

+
L= M isadmissible.

The redtrictions of A, and of B, to the
symbols of each odd length cycle of P, and to
the symbols of each pair of even length cycles
of P, are first defined. These restrictions are
then (pieced together) to form cycles A, and B,
which we show (are non-digoint) and have the
required length. Note that we need only
construct the factorization for one member of
each conjugacy class.

Suppose that P, in its dandered
decomposition, has d® 1 non-trivial odd length
cycles:

Xi = (Xi,l Xi2 «oer Xil @) ---+ XiL() ), i = 1, 2,
...... dwhereL(i) =2l (i) - 13 3.

Define A on the set {x;; , j * | (i)}, and B on
theset { xij,]* 1}asinFig.(1a).

Where the edges of the directed graph
representation of A designated by solid arrows
and the edges for B are given by broken
arrows. Let Yi = (Vi1 Vi2 ... Vi) ---- Yi,m(i)) ,
i=1, 2, ....e, where e denote the even number
of digoint even length cycles of P; here m(i) =
2(mi)-1)34,i=1,2,....v,and m(i) = (i) =
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2for v+1 £1i £ e (i.e. the transpositions are
listed last). For the symbols of each par Y,
Yisawith m(i), m(i + 1) 3 4 define A on the set
{yi}E{Yixsj,jt mi+ 1) -1} and B onthe set
{yij . J* i)} E{yin;} asin Fig.(2a).

Again P = BecA wherever A has been
defined. For each pair of transpositions Yi,
Yk+1 define A on {Yk1 , Yk2, Yk+1, 2 @d B on
{Yk1, Yk+12 » Vi1, 2} asin figure 3a. In case P
has an odd number of transpositions (v is odd),
define A and B on the symbols of the v-th
cycle (even length 3 4 ) and on those of the
first transposition by piecing together the first
half of Fig.(2a) and the last half of Fig.(3a) in
the obvious way.
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Fig.(1) Therelation between A and B. Define A on theset {xi; ,j* | (i)},
andBontheset {x;,j* 1}.
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yirrM( i+1)

(i o~
bbb :: S - yi+1,rr(i+l) Q‘~ <

Fig.(2) Therelation between A and B.
define A on the set {yi }E {yi+1j,j * (i +1) -1}, Bon theset {y;,j* n(i)} E {yirs;}-
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Fig.(2) Therelation between A and B. define A on the set {yi}E {yi+1;,j t (i + 1) — 1},
Bontheset {yi;,]* ni)} E{yi+1}-



Yk,1

Fig.(3) Therelation between A and B.
define A on {yk,1, Y2, Yk+1,2} and B on {yk1 ,
Yk+1,2 5 Yk+1, 2}-

Finally, we piece together the restrictions
in such a way that both A and B become
cycles of the same length. For this, define A
and B on the remaining symbols of M(P) as
follows:

Xi (i) ¥#i® Xi+1,1 ¥a® Xi a(i)+1
forl1<i<d1 (d>2),

]
|

X d,\(d) ?/4#4® i -
TXl,l 3/@/%@ Xd,?»(d)+l’ if e=0

YH® X g, if €FO

l,p(l)

Yi1 Y#h® Yis11 Yi® Yios
i=1,3,5,.,e-1,

Yi -1 Z4) Yittui+) Y3#4® YiuG):
i=2,4,6,..,e-2
by, Y2A® Xgyq,if d° 0

X en©-1 ?/4#4® .|. -
TXl,H(l) 3/@21@ Xe,p(e) ,|f d=0

v
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Note that A and B each move x;; and
Vi), P= B°A on &l n symbols, and A and B
each contain exactly one nontrivial cycle in
their standard decompositions.

The cycle of A is seen to have length

1)+ B 0010 +2)+ § 001 *

j=1
(jodd)

Qoo

j=1

(jeven)

Since m(j)+2 = 2n{(j) and L(j) + 1 = 2A(j),
then * isequal to
15(IM(P) +|c (P)]) Here we have used

d
o]

4 L()+8 m() =[M(P)

d+e=|c’(P).

In the same way, the cycle length of B is
also found to be
(M (P) [+[c (P))

We have thus shown that, given P, the
minimum possible vaue for L is aso
admissible. The result will finally be proved
for all integers L with (M (P) [+|c (P)) <L <
n, if we show that we may increase this initial
value of L by one unit at a time, at each step
preserving P =B © A, until L reachesn.

Referring to the appropriate directed
graphs, we see that this step by step increase
may indeed be carried out for A and B
restricted to the symbols of

i. each non-trivial odd length cycle of P
(Figures 1b, c, d),

ii. each pair of even length cycles (Figs. (2b,
c, d, 3b)).

In case P has an odd number of
transpositions, it should be clear from the
figures how we may define A and B on the
symbols of the v-th cycle (of even length 3 4)
and on those of the first transpostion. For
example, the last step, with each symbol
moved, is found by piecing together the first
half of Fig.(2d) and the last half of Fig.(3b).

Let p1, p2,..., pr be the symbols fixed by P.
If P contains a pair of even length cycles (yi11
Y22 ) and (y2,1 Y22 ) note that the
following sequences occur within the cycles of
A and B, when
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L= %(M (P) +lc(P)]) , A=(...
B:( Y21 V1,2 )

Y11 Y21 ),

Then the j-th step of the cycle length

increases on the set {pi}; is defined by
inserting p1, P2, ..., pj asfollows:

A=(..yL1pipz2... P Y21-..),
B=(. Y21PP1 - PrY12---):

If there are no even length cycles for P,

replace y11 by Xdaa@) » Y21 by X11, and y12 by
Xda(d) +1 , theresult is the same.

Corallary 2.1:
Let k (n) denote the smallest postive

integer such that every permutation in Alt (n)
can be expressed as a product of four k —
cycles. Thenk (n) <[3n/8] + 1.

Proof:

By corollary in'¥ (In sym(n), n* 4, let C_
denote the conjugacy class of all L-cycles.
Then Alt (n) = C_ > C. ™" if and only if [3n/4] <
L <n. if niseven, then n - k > [3n/4] if and
only if n>4k — 2. If nis odd, then n — k >
[3r/4] if and only if n> 4k — 3).

If [3n/4] is odd, we factor each even
permutation into the product of two [3n/4] —
cycles,

If [3n/4] is even we factor each even
permutation into the product of two [3n/4] + 1
cycles,

Each even permutation is thus factored into
the product of two cycles of odd length.

Now note that each cycle of odd length q
can be factored into the product of two cycles
of lengthm=" (q+ 1), since (12 ... g) = (m+
Im+2..91)°(12...m.

For [3n/4] even, we may thus express
every even permutation as the product of four
cycles, each of length

e3nu 4o
84H _eﬂgﬂ
2 g4H

For [3n/4] is odd, we can factor every even
permutation into the product of four cycles,
each of length
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842H = E%§+l
Corollary 2.2:

If L is an even integer satisfying [3n/4] — 1
<L <n, then every odd permutation in sym(n)
can be expressed as a product of three L —
cycles.

Proof:

Suppose first that [3n/4] — 1 <L <n, and
let Pbean L — cycles.

If Q is any odd permutation in sym (n), P °
QT Alt (n).

ThusP°Q=S-T,whereSand T are L —
cycles.

snceR=P'isasoanL —cycles Q=R -
S T isthe product of three L — cycles.

If [3n/4] — 1 is even, we choose symbols a,
b (via the constructions of Theorem 2) in such
away that (ab) - Q=B - A, where B and A
are (3n/4) —cycles,and B =(... ba...). Then

Q=((ab) - A, where (ab) - Bisa([3n/4]
—1) — cycle.

Furthermore, the [3n/4] — cycle A may be
expressed as the product of two ([3n/4] — 1) —
cycles; for g odd,

123...09)=(A+1A+2A-1A+31A-2

..0-13921)°(1q29-139g-2...1A+3
A-2X+2A-1))

where A = (g + 1) / 2 and the latter two

cycles are each of length g — 1.

Theorem 3:
Let Q be an odd permutation in Sym (n).
Thenif L is any integer satisfying

M@ +[c" (@] - 1
5 £ELEn-1

Q may be expressed as a product Be A of
anL —cycleBandan (L + 1) —cycle A.

Proof:

Case 1. Q containsacycle(... abc...) of
length > 3.

Then Q- (ab) T Alt (n) and contains

(b) (... ac...).

From the constructions given in the proof
of Theorem 2 it is evident that Q - (ab) can be
represented as a product B - C of two cycles of
length L, whenever L satisfies



(M@ ;)J'C @ ., wheeal M(
C)andbl M(C). Thus

Q=(Q-(ah)-(ab)=B-(C-(ah)

may be expressed as a product B - A,
where B is acycle of length L and

A =C- (ab)isacycleof length L + 1.

Case 2. Q contans an odd number of
transpositions and possibly 1 — cycle.

If Q is a transpogtion, the result
immediate.

OtherwiseQ = (ab) (cd) ...,then Q- (bc)
is even and contains ... (abdc) ... . Again,
the constructions of theorem 2 show that Q °
(b ¢) may be represented as a product B - C of
two cycles of length L, for each L satisfying

M(Q)’f(;: Q-1 cLen. 1 WithbT M(C)
andcl M(C).

ThenQ=(Q- (bc)) > (bc)=(B-(C- (b
c)) may be expressed as a product B - A, B a
cycle of length L and A = C » (b c) a cycle of
length L + 1.
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