Journal of Al-Nahrain University

Vol.14 (4), December, 2011, pp.153-157

Science

On Some Properties of Maximal M-Open Sets

Murtadha Jaber Shnawa
Department of Mathematics, College of Science, Al-Mustansiriayah University.

Abstract

In this work we introduce maximal m-open set in minimal structure spaces and study some of

their basic properties in these spaces.

1. Introduction

Recall that a subset U of a topological
gpace X is said to be maximal open set if any
open set which contains U is X or U. This
concept is introduced by Nakaoka F. and Oda
N. in [1]. Then they gave other eguivalence
definition for the maximal open set by lemma
2.2.1 [a subset U of a topological space X is
maximal open set if any open set W, then
UEW =X or Wi U].Alsoif X isanon empty
set, then by minimal structure space (X, my)
(or my-space) means a collection my of
subsets of X such that X, ££1 my, members of
my caled m-open and their complements
called m-closed and the m-closure (m-interior)
of a subset A of X denoted by m-CI(A)
(m-Int(A)) is defined as: m-CI(A) = C{U: U 1
mx, A I Ul(mInt(A) = U{U: U T nmy,
Ui A})[2]. The aim this work is to give the
concept of maxima m-open set. Some
theorems and properties relative to this
concept are introduced.

2. Maximal m-Open Sets

In this section we give the definition of
maximal m-open subset of minimal structure
gpace (X, my). Throughout this section, we
assume (X, my) to be minimal structure space.

Definition 2.1:

A proper nonempty m- open subset U of X
is said to be a maximal m- open set if for any
m-open subset W of X, then U E W = X or
Wi Uu.

Lemma 2.2:

(i) If a subset U of X is maximal m-open,
then any m-open set which contains U is
X or U.

(i) 1f U and V are maximal m-open sets, then
githee U=V orUE V =X.

Proof:
(i) Suppose that there is an m-open set W of

X such that UsW&X, then UEW=W but
U is maximal m-open, then UEW=X s0
W=X which is a contradiction. Therefore
any m-open which contains U is X or U.

(i) It follows directly from the Definition
21m

Remark:

The converse of lemma 2.2.(i), is not true
in general. For example if X={1,2,3,4,5} and
mx={ X,/A{1,2,3} {45} {4}}, then any
m-open set which contains {1,2,3} is X or
{1,2,3}. But {1,2,3} is not maxima m-open
Set.

Definition 2.3:

Let (X, mx) be a minima structure. A
subset W of X is said to be an m-neighborhood
of xI X, if there exists UT my and xI Ui W.

Remark:
In above definition if also WI my, then W
is called m-open neighborhood.

Proposition 2.4:

Let U be a maximal m-open set. If x is
an element of U, then for any m-open
neighborhood W of x, WE U=X or Wi U.
Proof:

It follows from the fact that any m-open
neighborhood is m-open.m

Theorem 2.5:

Let U, V, and W be maximal m-open sets
such that Ut V. If UCVI W, then U = W or
V=W.

Proof:

Suppose neither that U * W nor V 1 W.
Since W is maximal m-open set then X-U
and X-V ae subsets of W and <o



(X-U)E(X-V)= X-(UCV) S W but UCV
sets, weW. Then we have W=X is a
contradiction. Therefore U=W or V=W. =

Theorem 2.6:

Let U, V, and W be maximal m-open
which are different from each other. Then,
UCVZUCW. m
Proof:

The proof follows directly from Theorem
25. m

Proposition 2.7:

Let U be a maximal m-open set and x an
glement of U. Then, U = E{W |W is an
m-open neighborhood of x such that
WuuU t X}.

Proof:

It is follows from the fact that U is an
m-open neighborhood of x, we have
Ui E{WW is an m-open neighborhood of x
such that W uU * X}.Since U is maximal
m-open then E{W | W is an m-open
neighborhood of x such that WEU * X} | U.
Therefore, we have the result.m

3. m-Closure, m-Interior, and M aximal m-
Open Sets
In this section we computation the closure
of maximal m-open sets and the m-closure, the
m-interior of other sets.

Theorem 3.1:

Let U be a maximal m-open set and X
be an element of X—U. Then, X—UI W for any
m-open neighborhood W of x.

Proof:

Suppose that X—UZW, for some m-open
neighborhood W of x. Then WEU! X which
contradicts that U is maximal m-open.
Therefore X—Ui W.m

Corollary 3.2:
Let U be a maximal m-open set. Then,

following (i) or (i) of the following holds:

(i) For each xI X-U and each m-open
neighborhood W of x, W=X;

(if) There exists an m-open set W such that

X-Ul W and WEX.
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Proof:
If (i) does not hold, then there exists an
element x of X —U and an m- neighborhood W

of x such that W&X. By Theorem 3.1, we
have X-Ul W. m

Corollary 3.3
Let U be a maximal m-open set. Then,

following (i) or (i) of the following holds:
(i) For each xI X-U and each m-open
neighborhood W of x, we have X-UEW.
(if) There exists an m-open set W such that
X-U=W1 X.
Proof:
Assume that (ii) does not hold. Assume
that xI X-U, then, by Theorem 3.1, we have

X-U&W each m-open neighborhood W of x.m

Theorem 3.4:

Let U be a maximal m-open set. Then,
m-Cl(U) =X or m-CI(U) = U.
Proof:

Since U is a maximal m-open set, then
either one of the following cases (i) and (ii)
occur by Corollary 3.3: (i) for each xI X-U
and each m-open neighborhood W of x, we

have X—-UZW. In this case let x be any
element of X-U and W any m-open
neighborhood of x. Since X-U*W, we have
WCU? A& for any m-open neighborhood W of
x. Hence, X—Ui m-CI(U).Since X=UE (X-U)
i UEm-CI(U) = mCI(U) | X, we have
m-Cl(U)=X; (ii) If there exists an m-open set
W such that X-U=W:X. X-U =W is an
m-open set, then U is an m-closed sat.
Therefore, U=m-Cl(U).m

Theorem 3.5:

Let U be a maximal m-open set. Then
m-Int(X —U) = X —U or m-Int(X-U) = A&
Proof:

By Corollary 3.3, we have either (i)
m-Int(X —U) = Aor (i) m- Int(X-U) = X-U.m

Theorem 3.6:

Let U be a maximal m-open set and S a
nonempty subset of X-U. Then m-CI(S) =
X-U.
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Proof:

Since £S1 X-U, we have WCS* / for
any element x of X-U and any m-open
neighborhood W of x by Theorem 3.1. Then
X-U T mCI(S). Since X —-U is an m-closed
st and ST X —U, then m-CI(S) I m-CI(X
-U)=X-U.m

Corollary 3.7
Let U be a maximal m-open set and M a

subset of X with U&M. Then, m-CI(M)=X.
Proof:

SinceU ¢ M 1 X, there exists a nonempty
subset S of X —U such that M = UES. Hence,
we have m-CI(M) = m-CI(SE U)=m-CI(S)E m-
Cl(U) E (X-U)EU = X by Theorem 3.6.
Therefore, m-Cl(M)=X.m

Corollary 3.8:
Let U be a maxima m-open set and

assume that the subset X—U has at least two
elements. Then, m-Cl(X—{a}) = X for any
element aof X-U.

Proof:

Since U ¢ X—{a} by our assumption, we
have the result by Corollary 3.7.m

Theorem 3.9:

Let U be a maxima m-open set and
N a proper subset of X with U i N. Then
m-Int(N) = U.

Proof:

If N = U, then m-Int(N) = m- Int(U) = U.
Otherwise N * U, and hence U < N. It follows
that U I m-Int(N). Since U is a maximal
m-open set, we also m-Int(N) I U. Therefore,
m-Int(N) =U.m

Theorem 3.10:

Let U be a maximal m-open set and S a
nonempty subset of X—U. Then X—-m-CI(S) =
m-Int(X-S) = U.

Proof:

Since Ul X—S&X by our assumption, we
have the result by Theorems 3.6 and Theorem
39.m
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Definition 3.11:
A subset M of a space (X, my) is called an
m-preopen set if M 1 m-Int (m-CI(M)).

Theorem 3.12:

Let U be a maximal m-open set and M any
subset of X with U T M. Then, M is a
m-preopen set.

Proof:

If M = U, then M is an m-open set.
Therefore, M is an m-preopen set. Otherwise,
U&M, then m-Int((im-CI(M)) = m-Int(X) =
XEM by Corollary 3.7. Therefore, M is an
m-preopen set.m

Corollary 3.13:

Let U be a maxima m-open set. Then, X—
{a is an m-preopen set for any element a of
X-U.

Proof:

SinceU 1 X — {a} by our assumption, we

have the result by Theorem 3.12.m

4. Fundamental Properties of Radicals

In this section, we introduce the concept of
radicals of maximal m-open sets and some of
its properties.

Definition 4.1

Let U, be a maximal m-open set for any
glement A of A. Let p = {U, | A T A},
Cu=C{U,: Al A} is called the radical of p.
The intersection of al maximal ideals of a ring

is caled the (Jacobson) radical of p [3].
Following this terminology in the theory of
rings, we use the terminology “radical” for the
intersection of maximal m-open sets. The
symbol A\I' means difference of index sets;
namely, A\I' = A-T, and the cardindity of a
set A is denoted by |A| in the following
arguments.

Theorem 4.2:

Assume that |A]| 3 2. Let U, be a maximal
m-open set for any element A of A and Ut U,
for any elements A and p of A with At p. (i)
Let p be any eement of A. Then,
X=Cai ayupUil U, (i) Let p be any element of
A. Then, Cyi aqUn t £



Proof:

Let u be any element of A. (i) Since
X-U, 1 U, for any element A of A with 1 p.
Then, X —U, 1 Cyj ayyUs Therefore, we have
X—C)j A\{H}Uxi UH' (II) If C)j A\{p}UX = AEwe
have X = U, by (i). This contradicts our
assumption that U, is maxima m-open set.

Therefore, we have Cjj ayyUst A£m

Corollary 4.3:
Let U, be a maxima m-open set

for any element A of A and U, * U, for any
elements A and p of A with At p. If [A] 3 3,
then U,CU, * A for any elementsA and p of A
withAt p.
Proof:

By Theorem 4.2(ii), we have the result.m

Corollary 4.4.
(a decomposition theorem for maximal m-

open set). Assume that |A| 3 2. Let U, be a
maximal m-open set for any element A of A
and U, ! U, for any elements A and p of A
with A ¥ u. Then, for any element p of
A, Uy = (M AU C(X=Cai ayy Un).
Proof:

Let u be an element of A. By Theorem 4.2
(2), we have:
(Ci1 AUDE (X=Cii auy Un=((Ca1 v Un)CGU,)
E (X=Cai aguy U)=((Cai avuy UE (X=Cai ayu
UG (ULE (X—Cit apa Un))=ULE (X=Cai sy
U,)=U,. Therefore, we have U,=(Ci AU)E
(X=Cai ayyyUn).m

Theorem 4.5:

Let U, be a maximal open set for any
element A of A and U, * U, for any elements A
and p of AwithA* p. Assumethat [A|3 2. Let

n be any element of A. Then, CyagyUs E

ULECii au Us.
Proof:

Let p be any eement of A. |If
Cai aquw Un | U,, then we see that X=(X—
Cii A U)ECai aqwUs 1 Uy by Theorem
4.2(1). This contradicts our assumption. If
Ud M aggUs, then we have Ul U,, and
hence U,=U,, for any element A of A\{p}. This
contradicts our assumption that U,! U, when
Aum
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Corollary 4.6:
Let U, be a maximal m-open set for any

element A of A and U, * U, for any elements A
and p of A with A * p. If ' is a proper
nonempty subset of A, then Cy1 arUE G, rU,
ECui arUs.

Proof:

Let v be any element of I We see
Cii arUi=Cii (anemn Un E Uy by Theorem
4.5. Therefore we see Cyi arUx EC,irU,. On
the other hand, since C,irU, = C,i avanU,E
Cii arUs, we have C,i rU, ECoi arUs.m

Theorem 4.7:

Let U, be a maximal m-open set for any
element A of A and U, * U, for any elements A
and p of A with A * p. If T is a proper

nonempty subset of A, then Cyi AU, & Cyi rU,.
Proof:

By Corollary 4.6, we have N;e U, =
(ﬂﬁ A\TUX) N (ﬂyT FUy) i ﬂyi FUy-.

Theorem 4.8:

Assume that |A]| 3 2. Let U, be a maximal
m-open set for any element A of A and U, * U,
for any elements A and p of A with A * p. If
Ci AUy = & then {U, | AT A} isthe set of all
maximal m-open sets of X.

Proof:

If there exists another maximal m-open set
U, of X, which is not equa to U, for any
element L of A, then £ = CyuaU, =
C)j (Ai{\,})\{\,}Ux. By Theorem 4.2(ii), we see
Cu i gywUn A This contradicts our
assumption.m

Proposition 4.9:

Let U, be a set for any element A of A. If
mM-Cl(C1i AU,) = X, then m-Cl(U,) = X for any
element A of A.

Proof:

We see that X = m—CI(Qm AUx) I m
CI(Uy). It follows that m-Cl(U,) = X for any
element A of A.m
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