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Abstract

Let R be a commutative ring with identity and let M be a left R—module. A submoduleN of an
R-module M is said to be nearly pure of M (abbreviated by N- pure), if NNIM =IN +
J(IM)N(NNIM), for each ideal Iof R; where J(M) is the Jacobson radical of M. The main purpose
of this paper is to introduce the concept of modules with the Nearly Pure intersection property,
andwe show that if M = A @ B, has the NPIP and f: 4 — B is an R —homomorphism for any
N — pure submodules A and B, then kernel f is N-pure.
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Introduction

A submoduleN of an R- module M is said
to be pure submodule, if for every finitely
generated ideal Iof R, NNIM =IN, [2].
Also Al-Bahraany in [1] observed that an
R-module M has the pure intersection property
(abbreviated by PIP), if the intersection of any
two pure submodules is again pure.

In this paper we introduce the concept of
an R—module M has nearly- pure intersection
property (abbreviated by NPIP), i.e., the
intersection of any two nearly pure
submodules is nearly pure. We show that for

M = BM;. If A; is N- pure submodules of M;
for each i€l, then @;cA; is N-pure
submodule in M proposition (1.5).

This work consists of two sections. In
section one, we study some properties of
nearly pure submodules. In section two, we
give the definition of modules with the Nearly
Pure intersection property (NPIP) with some
properties. We prove that if M is an
R— module with the NPIP. Then for every
decomposition M =A@ B and for every
R- homomorphism f: A - B, Kerf is N- pure
in M, see cor. (2.8).

1- Properties of Nearly Pure Submodules:
Recall that a submodule N of an
R-module M is called Nearly Pure
(abbreviated byN- pure):
NNIM = IN + J(M)N(NNIM)
for each ideal I of R[3]. It is clear that each
pure submoduleis N — pure, but the converse

is not true. For example, it is easily checked
that {0, 2} in Z, is N- pure but not pure.

Remarks (1.1):

1- It is clear that each summand of an
R- module M is N- pure submodule of M.

2- Let M be an R -module and let N bea
pure submodule of M. If K isN-pure
submoduleof N, then K is N-pure
submodule of M.

To show this, let I be an ideal of a ring
R,since IK + J(M)N(KNIM) € KNIM, so
we have to show only KNIM < IK +
J(M)N(KNIM). Since N is pure in M and
K is N- pure inN, then NNIM = [Nand
KNIN = IK + J(N)N(KNIN).

Now since K € N, therefor KNIM <
NNIM = IN.ThenKNIM € INNK = IK +
J(N)N (KNIN), but J(N)N(KNIN) <
J(MN(KNIM). Thus KNIM C IK +
J(M)N(KNIM) Which implies that K is N-
pure in M.

Proposition (1.2):

Let M be an R-module and let N be
N- pure submodule of M. If K is a submodule
of M containing N and J(M)NK = J(K), then
N is N- pure submodule of K.

Proof:

Let I be an ideal of R, since N is N-pure
in M, then NNIM = IN + J(M)N(NNIM)
since K € M.Then NNIK € NNIM = IN +
J(M)N(NNIM). Thus NNIK <
[IN + J(M)N(NNIM)]NIK = IN +
JIM)N(NNIK) = IN + J(M)N(KNNNIK) =
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IN + J(M)NK)N(NNIK). Since J(M)NK =
J(K), then NNIK € IN + J(K)N(NNIK).
Also since +/(K)N(NNIK) € NNIK, then
NNIK = IN + J(K)N(NNIK). Hence N is
N-purein K.
Proposition (1.3):

Let M be an R- module and N be N- pure
submodule of M.If K is a submodule of
N nJ(M), then % is N- pure submodule of% .

Proof:
Let I be an ideal of R, we have to show

Ko ()< ()1 (E)nfrrn (2)
Since N is N- pure in M, thenNNIM = IN +
J(M)N(NNIM).

N M\ _ N ~IM+K _ (NNIM)+K _
Nowz NI (3) = 5028 = SRR
IN+J(M)N(NNIM)+K _ IN+K n JMNWNNIM)+K _

K K
N JM) ~ (NNIM)+K N
I((E))-i_ N _I(K)+
J(M N ~ IM+K
LN (n=E)
Since M c ]( )

oens (5 + 2500 (50 (2) 1)
Ji (%) N [(E) NI (;)] on the other hand,
1)+ () nlG)+1 ()] =0 (B)

Henceg NI (%)

1@+ GE)nlenr @)

thus is N- pure in i
K K

Proposition (1.4):
Let M be an R-module,Nand Kbe
submodules of Msuch thatKk € N nJ(M). If K

is N- pure submodule of M and E is N- pure

submodule of% ,and J (K) ](M) , then N is
N- pure submodule of M.

Proof:
Let I be an ideal of a ring R. We have to
showNNIM = IN + J(M)N(NNIM)

. N . . M N M
Since ~ is N- pure in —, then;ﬂ[ (;)

1)+ )[R0 @) sine 7 () =

%, Therefore, %ﬂl (ﬂ) =1 (ﬂ) +
[0 e En
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IN+K
+

K K
(1N+K)+](M)nNn(lM+K)

JIM)NNN(IM+K) _

, then (NNIM) +K =

(IN +](M)nNnIM) +K

Now, let x e NNIM € NN(IM + K) = IN +
JIM)N(NNIM) + K, then x=w+m+k,
where w € IN and m € J(M)N(NNIM) and
keK, hence k=x—-w—-meKnIM=
IK + J(M)N(KNIM) S IN +
J(IM)N(NNIM).

Proposition (1.5):

Let M =&, gM;. If A; is N- pure
submodules of M; for each i € I, then @;¢;4;
is N- pure submodule in M.

Proof:

Let K be anideal inaring R and let
X = ] 1TjXj € (®lEIA )nK(®lEIM) T; €K
and x; € @;e/M;. Then x; = Y, m;j;
m;; € M; foreach i € I. Hencex =
Z?:l T‘] ZlEI ml] ZlEI Z =1 7} ml]
Since}.7_, ym;; € M; and M = ®;¢M; thenx
can be written uniquely as Y;¢; X.7-; rym;;, but
x € B 4; , then X%, ymy; € A;Vi,sinced;
is N- pure in M;, thenZ] 1my; € AiNKM; =
KA +J(M)N(A;NKM;). Thus X7, 1ymy; =

Teamyai +wg;ag € Agfor each]and

w; € J(M;)N(A;NKM;), Hence x =
Yia(Choa i +wy) = X1 Yierag +
QielW; €
K(®e4) +
Diet] M)N[( DB, A)NK (B, M;)]. Since
J(M) =] (®ie/M;) = Bl (M), thusx =
Yi=1Tj Lier @ij + Xierw; € K(®i/4;) +
J(®:erM)N[(Die14:)NK (Bie;M;)], hence
@DiciA; 1S N-pure in @/ M;.
2-The Nearly Pure Intersection Property:

In this section we introduced the concept
of Nearly Pureintersection property (NPIP),
and we illustrated it by some examples and
some basic properties.

Definition (2.1):

An R-module has the Nearly Pure
intersection property (abbreviated byNPIP) if
the intersection of any two N- pure submodule
is again N-pure.

Examples and Remarks (2.2):
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1. If an R—modules M has the PIP, then it has

the (NPIP).

An R- modules M is said to have N- regular

if every submodule of M is N- pure, [3], so

every N- regular R- module has the NPIP.

In fact Q as Z - module has the NPIP.

If an R-modules M has the NPIP, then

every N-pure submodule of M has the

NPIP.

. Consider the module M = Z,&7Z, as a Z -
module, let A = Z,&0 and B = Z(1,1), the
submodule generated by (1,1). It is clear
that each of A and B is summand of M and
hence A and Bare N-pure of M. But
AN B ={(0,0),(2,0)}is not N-pure in M.

Proposition (2.3):
Let N be N-pure submodule of an
R-module M, such that N € J(M). M has the

NPIP if and only if % has the NPIP and
MY _ Jon
1) =5

N
Proof:
Suppose that M has the NPIP and let %,%

be two N - pure submodules of % .Since N is

N - pure submodules of M, then by prop.(1.4)
A and Bare N - pure submodules of M. But M

has the NPIP, then AN B is N - pure in M,
hence by prop.(1.3) % = %ﬂ% IS N- pure in
% , Which implies that % has the NPIP.

Conversely, let A and B be N - pure
submodules of M, let N be a submodule of A

and Brespectively, then by prop.(1.3) % and %

2.

are N - pure submodules of % Since %.has the

NPIP, then %ﬂ% = % is N- pure in % Thus
by prop.(1.4)ANB is N - pure submodule of
M.

The following theorem gives a another

property of modules have the NPIP.

Theorem (2.4):

Let Mbe an R- module, ifM has the NPIP,
thenI(ANB) + J(M)N[(ANB)NIM] =
(IANIB) + J(M)N[(ANB)NIM] for every
ideal I of R and for every N-pure submodule
Aand BofM.

Proof:
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Suppose that M has the NPIP and let A
and B be N-pure submodules of M, then An B
is N-pure in M. Let I be an ideal in R, then
(ANB)NIM =
I(ANB) + J(M)N[(ANB)NIM], hence
I(ANB) + J(M)N[(ANB)NIM] =
(IANIB) + J(M)N[(ANB)NIM],
and(IANIB) + J(M)N[(ANB)NIM] <
AN(BNIM) = (ANB)NIM = I(ANB) +
J(M)N[(ANB)NIM]. Thus (IANIB) +
J(M)N[(ANB)NIM] = I(ANB) +
J(M)N[(ANB)NIM].

Now, we have the following Theorem.

Theorem (2.5):

Let M be an R-module with the
NPIP, then for every N - pure submodules A
and B of M and for every R-homomorphism
f:ANB - Msuch that AnImf ={0} and
A+ Imfispurein M, ker f is N pure in M.

Proof:

Let A and B be N — pure submodule of M,
let T ={x+ f(x):x € ANB}. We claim that
T is N-pure submodule of M. Let
y=Xie,rym; ETNIM; r; €1 = (r;|i),m; €
M,i=1,..,n; then y=Y,rnm;, =x+
f(x),hencey € (ANB) + Imf € A + Imf.
But A+ Imf is pure in Mthus yE€
(A+ Imf)NIM = I(A + Imf). Hence
y =X ri(x; +y); x; €A, y; € Imf for all

i=1,..,n. Thus ‘l(l=1 T'i(xl' + yl) =x+
f(x). Then x—=YlL rix;=X1"Yi—
f(x) € (ANImf) = {0}, then X =

Y. rx; € (ANB)NIA € (ANB)NIM.  But
ANB is N — pure in M, hence(ANB)NIM =
I(ANB) + J(M)N[(ANB)NIM],thus

x € I(ANB) + J(M)N[(ANB)NIM]
Hence x = Y1z + w, where z; €
ANB,w € J(M)N[(ANB)NIM], thenf(x) =
21if (z;) + f(w),hencey = x + f(x) =
Z?zlri(zi + f(zi)) +w+ f(w) EIT +
J(IM)N(TNIM).Thus TNIM = IT +
J(M)N(TNIM) and T is N — pure in M.
We claim that: ker f = (ANB)NT:
Let xekerf, then x € (ANB)NT, let
x € (ANB)NT, then x =w+ f(w),x EAN
B, then x —w = f(w) € ANImf = {0}. Thus
f(x) =f(w) =0 and x € ker f.Since M has
the NPIP, then (ANB)NT = Kker f is N — pure
inM.

By the same argument one can prove.



Theorem (2.6):

LetM be an R- module. If M has the NPIP,
then for every N - pure submodulesA and B
of M and for every R
homomorphismf: ANB = C, where C is a
submodule of M such that ANC = {0} and
A+ Cispurein M, ker fis N - purein M.

The  following  corollaries
immediately from theorem (2.6).

Corollary (2.7):

Let M be an R—module with the NPIP. Let
A and B be N - pure submodules of M such
that ANB = {0} and A +B is N - pure in M.
Then for each R-homomorphismf:A - B,
ker f is N-pure in M.

follow

Corollary(2.8):

Let M be an R module with the NPIP.
Then for every decomposition M = A@®B and
for every R-homomorphism f: A — B, Ker fis
N - purein M.

Proof:

Since ANB={0} and A+B=M is
N-purein M and A = ANM, then by Theorem
(2.6), ker f is N - pure in M.

Proposition(2.9):

Let M be an R module, if MEB% has the
NPIP for every submoduleNof M, then M is N
- regular.

Proof:

Let N be a submodule of M. There is a
natural map m: M —>%. Since MEB% has the
NPIP, then by corollary.(2.8) kermt =N is
N - pure in M. Hence M is N — regular.

By the same argument of the previous
proof and by [3], we get:

Corollary(2.10):
Let M be an R module, if MEB% has the
NPIP, for every 0 #= m € M, then every cyclic

submodule of M is N — pure. In fact if M is
projective R - module, then M is N — regular.

Recall that a submoduleN of an
R - module M is called Fully invariant if for
every endomorphism f:M - M, f(N) SN,
[4].
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Proposition(2.11):

Let M = @;¢;M; where M; is a submodule
of M. If M has the NPIP, then each M; has the
NPIP. The converse is true if each N - pure
submodule of M is fully invariant and
J(IM)NM; = J(M;) foreachi € I.

Proof:

Suppose thatM has the NPIP. Since M; is
summand of M, then M; is N - pure in M, and
hence M; has the NPIP.

For the converse, let A be an N-pure
submodule of M and m;:M — M; be the
natural epimorphism on M;for each i € I. Let
a € A, thena = Y;;m;, m; € M. m(a) = m,.
Since A is N-pure inM, then A is fully
invariant and hence m;(4) € ANM;. Thus
T[i(a) =m; € ANM,;. Thus a € @iEI(AnMi).
Therefore A € (ANM;). But ®;¢;(ANM;) <
A. ThUS A - ®iEI(AnMi)'

Now, if A and B are N - pure submodulesof
M, then

ANB = (&1 (ANMN)N ((@1e:(BNMY)))
= @i (ANMIN(BNMY))

Since Ais N-pure inM, A<SM; and
J(M)NM; = J(M;) for each i €. Then by
proposition (1.2) A is N pure in M;. But M; has
the NPIP, thusANM; is N - pure in M;, also
BNM; IS N-pure in M;,
hence(ANM;)N(ANM;) is N-pure in M;. By
proposition (1.5),8;¢;((ANM)N(BNM,)) is
N-pure in @;,M; = M. ThereforeANB is
N-pure in M.
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