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Abstract

In this paper a preCartan G-space is our aim. Now we list the following some results that we
have gotten: (i) a Cartan G-space is preCartan. (ii) We introduced some results on a net with a
preopen set. (iii)We introduced this space (preCartan G-space) and give enough examples and
theorems about it, where we study its properties, subspace, product, and the
equivarianthomeomorphic image.
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Introduction Theorem 2.2 [3]:

The first step of studying preopen set was Let f be a function from a topological
done in 1984 [5]. The authors were defined a space X in to a topological space Y.
set A to be preopen if AQZO and that the Then f is continuous at xeX if and Only if
intersection of an open set and a preopen set whenever x,—x in X, then f(x,) —f(x)
IS preopen. Theorem 2.3 [9]:

The set of all preopen sets of a topological
space X is denoted by PO(X), the
complement of a preopen set is called
preclosed [5]. The intersection of all
preclosed sets containing A is called the Theorem 2.4 [12]:

preclosure of A, denoted by Zp, which is the For each xeX, the isotropy subgroup Gy

Let X be a topological space and Y <X.
Then Y is open if and only if no net in X-Y
can converge in a pointin'Y.

smallest preclosed set containing A [5], [11]. atxis closed.

Preneighborhood is introduced in [7]. Theorem 2.5 [6]:

Preopen function is introduced in [4], where Let (Xi )ici be a family of topological
strongly preopen function is introduced in [6]. spaces and = Aic X; for each iel. Then
By occasion, the definitions of a precluster [1;e1 4; is preopen in [];¢; X; if and only if A;
point of a net and a preconvergence net could is preopen in X; for each iel and A; is a non

be found in [8], [13]. The aim of this paper is dense for only finitely many i<l.
to introduce another type of a Cartan G-space
Theorem 2.6 [6]:

which we call apreCartan G-space.On the - i
other hand, a Cartan G-space is introduced by IT Uis a preopen subspace of a topological
Palais in [2].The space in the sense of Palais space X, and V isa preopen subset of
is assumed to be a completely regular and a (U, t/U), then V is preopen in X.

Hausdorff while G is a locally compact. Theorem 2.7 [10]:

Preliminaries: _ A subset A of a topological space X is
In this section, we recall the following preclosed set if and only if A= T

theorems that we need:

Theorem 2.1 [3]: Theorem 2.8 [13]: _

(i) A topological space X is T, if and only if Let X be a t_ozE)oIoglcaI space and A X,
every convergent net in X has a unique x € X. Then xeA if and only if there is a net
limit. (*a)aeq in A such that x, 5 x.

(if) A topological space X is compact if and

only if each net in X has a cluster point. PreCartan G-space: o

(iii) A net has y as cluster point if and only if A new G-space is introduced in this

it has a subnet which converges to v. section which we call a preCartan G-space,
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which is weaker than a Cartan G-space. But
first we state and prove the following
theorem.

Theorem 3.1:
Let (x4)q4eqbe a net ina topological space

X such that x, % x,x€X and let A€

PO(X) such that x € A. Then there exists a
subnet (Xa,) in A of the net(x,) such that

Xa, = X.
Proof:

LetU be an open subset of X. Then
U N Aisapreopenset suchthatx e UN A.
(X)) aeqls frequently in U N A.Let
M = {(a,U n A)|aeA, U is an open subset

of X, xeU,and x, € UN A}.
Suppose that M be ordered as follows:
(Otl, U1 ﬂA) < (Otz' U2 ﬂA) if and only if
a1 < op and Uy cUs.
Clear that < is reflexive and transitive
relations.
At the present time, let (o, U; NA) and
(o2, U2 NA) be in M.
(U1 NUL) NA e PO(X) and xe (UiNU,) NA
So (x ) is frequently in (U; NU,) NA.
Since A is a directed set and oy, ax€A, then
there exists az;eA such that oy <as and
a2 < as.
Therefore, there exists ozeA such that
Xq, €(U1 NU2) NA and a; < os.
ie. (a3 (U NUR) NA) € M such that
o<oas, opx<oz and U; NU,cU,;, U1NU, < Us.
Hence (o, U; NA) < (a3 (U1 NUz) NA) and
(OLQ, U, NA) < (Otgy (U1 NU,) NA)
So M is a directed set.
Define g:M—A such that g(a,, UNA) = a. To
prove that xog satisfying a subnet conditions.
Let (Otl, U; ﬂA) < (Otzl U, ﬂA) Then
o < ocg_i.e.g(oq, Ui NA) < g(a, U, NA).
Let aeA.

On the other hand, since X N A=A is a
preopen subset of X which contains x, then
there exists a'eA such that x,eX N A and
a<a.

So (o', X N A)e M, such that:

a<a =g(a,XNA)

Hence g defines a subnet of the net (x,, ).
Now, let U, be any open subset of X which
contains X.
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Then U, N A is a preopen subset of X which
contains X.

We could find o, A such that x, €U, NA.
So (a0, U NA) e M

Hence for each (o, U NA) € M and (o,
UoNA) < (a, U NA), we have a, < a and
U cU..

So x.eU cU.,.

This subnet is eventually
neighborhood which contains x.
Hence it is converges to xe A.

Definition 3.2:

A G-space X is called a preCartan
G-space if every point of X has a thin
preneighborhood.

Example 3.3:
(i) (R, +) with the usual topology is a locally

compact topological group, and the set:
D={(x, y)e R* \{(0, 0)} | x>0, y> 0 } with
the relative usual topology is a completely
regular T, space.Let R acts on D as follows:
n:RxD—D such that n(t, (X, y))=(xe, ye")
for each teR, (X, y)e D. Clear that D is an
R-space.

To show that D is a preCartan R-space.

Let (X, y)e D and U = (x-¢, x+& ) be a
preneighborhood of x in

L={(x, 0)eRA{(0, 0)} | x > 0},

where ¢ does not equal neither x nor —x. Let:
w={(0, y)eRA{(0, 0)} ly > 0}.

By theorem 2.5 we get that Ux W is a
preneighborhood of (X, y) in D.

Before we prove ((UxW, Ux W))=((U, U)),
we need to show that W is an R-space and
then we can continue solving the example.
(W, +) with the relative usual topology is a
topological group which is locally compact
but not compact and R with the usual
topology is a completely regular T, space.
Then R acts on W as follows:

1. Rx\W—W, such that m;(t, y) = ye ' for each
yeW, t € R. Clear that W is an R-space. Now
to prove ((UxW, UxW)) = ((U, U)).

ge ((U, U)) «gUNn U #Z«> (gUN U)x W
zDOxWegUx W n Ux W =J<«> since by [8]
W is invariant gUxgWn Ux WzJ<«> ge
((UxW, UxW)).

Hence ((Ux W, Ux W)) = ((U, U)).

Yet we have to show that ((U, U)) has a
compact closure.

in  every
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e 1(x-e)=x+em t = In ((x-g )(x+e))

e 2(x+g)=x-e= t=In ((x+e )/(x-¢))

If x >0, then t; = - t, and the set:

(U, U)) = {geG lgUn U #&} = (-t,, t, ) has
a compact closure.

Hence D is a preCartan R-space.

A

Fig. (1).

(i) (R0}, - ) with the usual topology is a
locally compact non-compact topological
group. Besides, R? with the usual topology is
a completely regular Hausdorff space.

Then R\{0} acts on R? as follows:

m: R{0} x RZ>R?

is defined by:

m (r, (X, y)) = (rx, ry)

for each re R\{0} and (x, y) eR%

Clear that R? is R\{0} -space.

But R? is not preCartan R\{0}-space, since
(0, 0) eR?has no thin preneighborhood since
for any preneighborhood U of (0, 0) the set
((U, U)) = R{0} is not relatively compact in
R\{0}.

Proposition 3.4:

A Cartan G-space is preCartan.
Proof:
Clear.

Proposition 3.5:

If X is a preCartan G-space, then:
a) Each orbit of X is preclosed.
b) For each xeX the isotropy subgroup G at

X is compact.

Proof:a)

Let X be a preCartan G-space to prove
that Gx is preclosed in X (i.e., Gx =Gx"), we
have to show that Gx” < Gx.

Let ye Gx". Then by 2.8, there is a net
(9eX) in Gx such that gox o’éy.

Since X is preCartan, then there exists U a
thin preneighborhood of y.
By 3.1, there is a subnet (g“p X) of the net

(9ox) in U such that g | x—y.
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Fixing o4, then (g, g;’o (9q, X =0a, X
To prove Qo g;’o e ((U, L)).

Because (gau X)isinU, thensois (g, X).
o

1

. - - _1
Hence (gu, 0g" )@, X) lies in (9o, 9, )
U.
H -1
ie, UnN (ga” gao) U=J .

Then go , 9" € (U, U)).
u o
Since ((U, U)) is relatively compact, then by
2.1(ii), (ga” g, ) has a cluster point say
(]

geG.
Hence by 2.1(iii), we get that (g‘*,u g;’ ) has
o
a subnet which converges to g.
—1
So ga” gao —(Q, then ga” _>99a0 :
By 2.2, wegetthatg, Xx—>gg, X
u Ao

Since X is T, , then by 2.1(i) we have
y:ggaOXEGx.

Hence Gx’ cGx .
But we have Gx c Gx” .

Therefore Gx =Gx". So by 2.7 we get that Gx
is preclosed in X.

b) Let xeX.

Since X preCartan, then there exists U a thin
preneighborhood of x.

The next step is to show that Gy ((U, U)).
Let geGx then gx = x which leads to
gun U =J.

Then ge((U, U)). Hence Gz ((U, U)) which
is relatively compact and by 2.4 we get that
Gyis closed in G. Then Gy is compact.

Proposition 3.6:
If X is a preCartan G-space and xeX,
then g—gx is a preopen map of G onto Gx.

Proof:

Let U be a preopen subset of G.

To prove that Ux is preopen in Gx. (i.e.
(G-U)x is preclosed in Gx).

Let ye (G—t)x P Then by 2.8, there is a
net (gox) in (G-U)x such that gox o y. Since

X is preCartan, then there exists V a thin
preneighborhood of y.



By 3.1, there is a subnet (g“u X) of the net
(9ox) in V such that g, , x—y.

Fixing a.,, , then (gq# g;’o )( O, x):ga” X.
As in the proof of 2.4(a), then g, g;’ €
u o

((V, V).
Since ((V, V)) is relatively compact, then by
2.1(i), (gq# g;’ ) has a cluster point say g.

o

Hence by 2.1(iii), (ga” g, ) has a subnet
o

which converges to g.

-1
So g‘*,u 9q, 9 then ga” —09, and by
2.2, we get ga” X—0 gao X.
Since U is open and gau ¢ U, then by 2.3, we
havegg, ¢U.

o

Soggao e G-U.

Since X is T, then by 2.1(i), we have y = gg
a, xe(G-U)x.

Hence (G-)x ¥ c (G -U)x.

But we have (G-U)x (G -U)x P.

Therefore (G-U)x=(G-U)x P.
Then by 2.7, we get that (G-U)x is preclosed.
Hence Ux is preopen in GxX.

Theorem 3.7:

Let X and Y be G-spaces and let L:X—>Y
be an onto, strongly preopen and equivariant
function. If X is a semi Cartan G-space, then
SoisY.

Proof:

Let yeY. Since A is onto, then there exists
xeX such that A(x) =y.

Since X is a preCartan G-space and xeX,
then x has U as a thin preneighborhood.

Since A is strongly preopen, then A(U) is a
preneighborhood of y. To show that A(U) is
thin we have to prove that (U, U)) = ((A(V),
AMU))).

ge ((U, U))>gUnN U zZxA (gUN U)
#J<«> since A is onto A (gU) mA (U) 20«
since A is equivariant gA(U)nA (U) #d<>ge
(((U), A(V))). Hence:

((U, U))= ((A(U), M(L))).

Because ((U, U)) is relatively compact, then
so is ((A(U), A(U))).Hence Y is a preCartan
G-space.
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Proposition 3.8:

If X is a preCartan G-space, H is a closed
subgroup of G and Y is an preopen subspace
of X which is an H-invariant subspace of X,
then Y is a preCartan H-space.

Proof:

By [1] (H)Y) is a topological
transformation group. Since Y is a subspace
of X and X is a completely regular Hausdorff
space, then so is Y. Since G is locally
compact and H is a closed subgroup of G,
then by [9] H is locally compact.

Hence Y is an H-space.

At the present time we are going to prove that
Y is preCartan. Let yeY. Then ye X.

Since X is a preCartan G-space then y has U
as a thin preneighborhood in X. Let U'=UNY.
Since Y is a preopen subspace of X, then by
2.6 we get that U' is a preneighborhood of
yinY.

So by [2] U' is a thin preneighborhood of y in
Y.

Hence Y is a preCartan H-space.

Proposition 3.9:

Let X and Y be G-spaces. Then X x Y is a
preCartan G-space if at least one of X or Y is
preCartan.

Proof:

At first we shall show that X x Y is a G-
space.

Since X is a G-space, then G acts on X by
11.GxX—X such that m; (g, X) = gx for
each geG and xeX. Since Y is a G-space,
then G acts on Y by m:GxY—Y such that
n2 (9, y) = gy foreach geG and yeY.
Define n: GxXxY — XxY such that:
(g, (X, ¥)) = 9(x, y) = (9x, gy) for each geG,
xeXand yeY.
a) mis continuous.
b) (e (x,y))=e(x,y)=(ex ey)=(xy)
C)n(91, 7(G2, (X, ¥)) = 7 (91, 92 (X, ¥))

= 0192(X, Y)

= (9102X, 9102Y)

= (0192, (X, Y))
Hence X x Y is a G-space.
Now to prove that X x Y is preCartan.
Let (x,y)e X x Y.
Since xeX and X is preCartan, then there
exists U a thin preneighborhood of x.
By 2.5 we get U x Y as a preneighborhood of
(X, y)in XxY.
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Because we have ((U, U)) = ((UxY, UxY)).
So, ((UxY, UxY)) is relatively compact,
which means that X x Y is a preCartan
G-space.

Theorem 3.10:

If a G-space X has a star thin preopen set
U, then X is a preCartan G-space.
Proof:

Letx eX.
Since U is a star set, then there is g €G such
that gxeU.
Hence x eg ' U.
Since my: X—X is strongly preopen for each
geG, then g *U is a preopen set of x.
Since U is thin, then by [2] we get that
((g U, gt U)) is relatively compact in G.
That is g * U is a thin preneighborhood of x
in X
Thus X is a preCartan G-space.
Theorem 3.11:

If X is a preCartan G-space, then:
(a) There is no fixed point.
(b) There is no periodic point.
Proof:
a)Let x eX such that x is a fixed point.
Since X is a preCartan G-space, then x has U
as a thin preneighborhood in X.
Because x is a fixed point, then gx= x for
each geG.
So guUnU = J for each geG.
That is ((U, U)) =G.
Since ((U, U)) is relatively compact in G,
then G is compact.
But G is not compact, which leads to a
contradiction.
Hence X has no fixed point.
(b) Let x eX such that x is a periodic point.
Then Gy is a syndetic subgroup in G.
That is there is a compact subset K of G such
that G =G4 K.
By 3.5(b) Gy is compact in G for each x e X.
Thus G is compact
But that leads to a contradiction since G is not
compact.
Hence X has no periodic point.
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