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Abstract 

In this paper we consider the most general nonlinear regression model, Y(𝑥) =

𝜓(𝜃(1))𝑔1(𝜃(2); 𝑥) + 휀 , prove of the almost sure convergence, and asymptotic normality of the 

estimators for the nonlinear parameters, using the most general optimal stochastic approximation 

procedure. A procedure for constructing the general confidence intervals for the vector of nonlinear 

parameters is also developed; the most generalized nonlinear regression model is introduced. We 

establish asymptotic properties for the most generalized model. 

 

1-Interduction 

Consider the following nonlinear 

regression model:𝑌(𝑥) = 𝑔(𝜃; 𝑥) + 휀where 

𝑔: 𝑅𝑝 × 𝑅𝑟 → 𝑅 , with 𝑅𝑝 𝑎𝑛𝑑 𝑅𝑟, being 

Euclidean spaces,휀 is an unobservable random 

error, with 𝐸(휀) = 0 , 𝑣𝑎𝑟(𝑥) = 𝜎2; 𝜎2 is a 

constant that may depend on x ; Y(x) is an 

observable random that can be observed  

at each level 𝑥 ∈ 𝑅𝑟; and 𝜃 ∈ 𝑅𝑝 is  

the parameter of interest. Based on 

observations𝑌1, 𝑌2, … . , 𝑌𝑛 , it has been known, 

[6],[10],via classical procedures, how to 

estimate 𝜃 = (𝜃1
~
, … . , 𝜃𝑝

~

)′. Now our problem 

is to estimate 𝜃 sequentially by using  

optimal stochastic approximation methods 

[1],[2],[3],[4]. We shall incorporate the 

approach of eliminating linear parameters 

proposed by [9] in an iterative manner together 

with optimal stochastic approximation 

procedures to estimate 𝜃 sequentially. We 

shall also consider the general model  

(𝑌(𝑥) = 𝑔(𝜃; 𝑥) + 휀  ) when the regression 

function ,as far as the parameters are 

concerned , is composed of linear and 

nonlinear regression functions, i.e., 

 𝑔(𝜃; 𝑥) = 𝜓((𝜃(1))𝑔1(𝜃(2); 𝑥), where 

𝑔1(𝜃(2); 𝑥) , is a nonlinear regression function 

and 𝑔1: 𝑅
𝑝−𝑞 × 𝑅𝑟 → 𝑅𝑚, with 𝜃(2) ∈ 𝑅

𝑝−𝑞 

and 𝜓((𝜃(1)) is a real valued linear  

function of (𝜃(1)). However 𝜓((𝜃(1)) may 

depend on x, and 𝜃(1) ∈ 𝑅
𝑞. The model: 

𝑌(
~
𝑥
~
) = 𝑔 (𝜃;

~
𝑥
~
) + 휀

~
 then takes the form 

𝑌(𝑥) = 𝜓((𝜃(1))𝑔1(𝜃(2); 𝑥) + 휀
~

 .We study the 

most general stochastic approximation 

procedure to estimate𝜃(2), given by: 

𝜃~́(2)
(𝑛+1)

= 𝜃(2)
(𝑛)
−

𝛼𝑛𝜓 (𝜃~́
)

(1)

(𝑛)

)𝐴𝑛ℎ𝑛    ,    𝑛 = 1,2, …. with 

𝜃~́(2)
(1)

 being an arbitrary random  

vector in 𝑅𝑝−𝑞 that will be independent  

of any future observations,𝛼𝑛 may be  

positive measurable functions of 

(𝜃~́(2)
(1)
; 𝑥1, 𝑥2… . 𝑥𝑛; ℎ1, ℎ2… , ℎ𝑛−1), 𝐴𝑛 are 

(p-q x m) matrix-valued measurable functions 

of (𝜃~́(2)
(1)
; 𝑥1, 𝑥2… . , 𝑥𝑛; ℎ1, ℎ2… . ℎ𝑛−1) and ℎ𝑛 

are design vectors in 𝑅𝑚 based on 

transforming the observations 𝑌𝑛 by a Borel 

measurable transformation,ℎ =

(ℎ(1), …… , ℎ(𝑛))′. We study the almost sure 

convergence as well as the asymptotic 

normality of the sequential estimating 

sequence 𝜃~́(2)
(𝑛)

)
 generated by (𝜃~́(2)

(𝑛+1)
=

𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓(𝜃~́(2)

(𝑛)
) 𝐴𝑛ℎ𝑛    ,    𝑛 = 1,2, ….  ) , 

under conditions on h  and on the conditional 

distribution of the error random vectors 𝑉𝑛 =

𝑌𝑛 − 𝐸 (𝑌𝑛|𝜃~́(2)
(1)
, 𝜃~́(2)

(2)
, … , 𝜃~́(2)

(𝑛)
) = 𝑌𝑛 −

𝐻𝑛(𝜃(2)
(𝑛)
), we prove the asymptotic normality 

of 𝑛𝛼/2(𝜃~́(2)
(𝑛)
− 𝜃(2)) for  

0 < 𝛼 ≤ 1, which is given as 

follows𝑛𝛼/2(𝜃~́(2)
(𝑛)
− 𝜃(2)) is normal with 

mean = 0 , and covariance matrix = 𝑎2𝑙2
2𝑃∑𝑃, 

where ∑(𝑖 𝑗) = (𝑃 𝐴∑°(ℎ, 𝑓)𝐴𝑃)
(𝑖 𝑗)(𝑎Λ

(𝑖𝑖) +

𝑎Λ
(𝑗𝑗) − 𝛽)−1. We construct general 
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confidence intervals for the vector of nonlinear 

parameters,𝜃(2) which is given by 

𝑛𝛼/2 (𝜃~́(2)
(𝑛)
− 𝜃(2)) (𝜃~́(2)

(𝑛)
− 𝜃(2)) ≤

𝑎𝑙2𝑍1−𝛼||√𝑃∑𝑃 || 
Consider the following nonlinear regression 

model: 
 

𝑌(𝑥) = 𝑔(𝜃; 𝑥) + 휀 .................................... (1.1) 
 

Where: 𝑅𝑃 × 𝑅𝑟 → 𝑅𝑚 , with 𝑅𝑃, 𝑅𝑟 , 𝑎𝑛𝑑 𝑅𝑚  

are Euclidean spaces, 휀 is an unobservable 

vector of random errors, with  𝐸(휀) = 0,  

𝑣𝑎𝑟(휀) = 𝐼 𝜎2; where I is an identity matrix , 

𝜎2 is a constant that may depend on x; Y(x) is 

an observable response random vector at each 

level 𝑥 ∈ 𝑅𝑟; 𝑎𝑛𝑑 𝜃 ∈ 𝑅𝑝  is the vector of 

parameters of concern. 

We shall consider the most general 

nonlinear regression model of (1.1), when the 

regressionfunction is composed of linear and 

nonlinear regression components, i.e. 

𝑔(𝜃; 𝑥) = 𝜓(𝜃(1))𝑔1(𝜃(2) ; 𝑥) . 

Where𝑔1(𝜃(2) ; 𝑥) is a nonlinear regression 

function in 𝜃(2), with𝜃(2) 𝜖𝑅
𝑝−𝑞  and  𝜓(𝜃(1)) 

is a real –valued linear function of 𝜃(1) . 

However 𝜓(𝜃(1)) may depend on 𝑥and 

𝜃(1)𝜖𝑅
𝑞. Let 휀 be distributed according to a 

distribution function F that admits a symmetric 

density function f whose gradient vector 

exists, and the information matrix, I(f), off is 

positive definite. The model (1.1) then takes 

the form: 

𝑌(𝑥) = 𝜓 (𝜃~́(1))𝑔1 (𝜃~́(2); 𝑥) + 휀,  ......... (1.2) 

where𝜓:𝑅𝑞 → 𝑅, 𝑎𝑛𝑑 𝑔1: 𝑅
𝑝−𝑞 × 𝑅𝑟 → 𝑅𝑚, 

with 𝑥=(𝑥1… , 𝑥𝑟), 

𝜃(1) = (𝜃1,1, 𝜃1,2, … 𝜃1,𝑞), and  

 𝜃(2) = (𝜃2,1, 𝜃2,2, … 𝜃2,𝑝−𝑞) . 

Let us first estimate 𝜃(1) estimated 

sequentially by applying an iterative least 

square procedure. [4] ,since 𝜃(1)  is assumed to 

appear linearly in the model (1.2), then 

substitute the initial guess 𝜃~́(2)
(1)

 of 𝜃(2) into 

(1.2). Therefore, the estimating sequence 

𝜃~́(1)
(𝑛)

  is given by  

𝜃~́(1)
(𝑛)

= 𝜃~́(1)
(𝑛−1)

+ [((𝐺
𝜃(2)
(𝑛)𝐺

𝜃(2)
(𝑛))−1𝐺

𝜃(2)
(𝑛)𝑌𝑛

− 𝜃(1)
(𝑛−1))], 𝑛 = 1,2, … 

Where 𝜃~́(1)
(1)
= [𝐺

𝜃(2)
(1)𝐺

𝜃(2)
(1)]−1𝐺

𝜃(2)
(1)𝑌1 , is an 

initial value for the sequence(𝜃~́(1)
(𝑛)
), and 𝜃~́(2)

(1)
  

is an arbitrary initial value for the  

sequence (𝜃~́(2)
(𝑛)
).Now substitute 𝜃~́(1) into 

(1.2). The vector of linear parameters  𝜃~́ (1)
,is 

automatically replaced by the best companion 

value 𝜃~́(1) which is a function of 𝜃~́(2) alone. 

One then obtains the reduced model given by: 

𝑌(𝑥) = 𝜓 (𝜃~́(1))𝑔1 (𝜃~́(2); 𝑥) + 휀
∗.......... (1.3) 

 

Consider the most general stochastic 

approximation procedures given by:  

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓(𝜃~́(1)

(𝑛)
) 𝐴𝑛ℎ𝑛, 

                       𝑛 = 1,2,….,  .............................. (1.4) 

Where  𝜃~́(2)
(1)

   is an arbitrary random vector in  

𝑅𝑝−𝑞 that will be independent of any future 

observations, 𝛼𝑛 be positive measurable 

functions of  

(𝜃~́(2)
(1)
, 𝑥1, 𝑥2… . . 𝑥𝑛; ℎ1, ℎ2… . ℎ𝑛−1) , 𝐴𝑛  

are (p-q x m) n matrix-valued  

measurable functions of 

(𝜃~́(2)
(1)
, 𝑥1, 𝑥2… . 𝑥𝑛; ℎ1, ℎ2… . ℎ𝑛−1), and ℎ𝑛 

are design vectors in 𝑅𝑚 based  

on transforming the observations 𝑌𝑛 by  

a Boral measurable transformation,  
ℎ = (ℎ(1), …… , ℎ(𝑚)) 

Our main objective is to study the almost 

sure convergence of 𝜃~́(2)
(𝑛)

 . weshall study the 

aasymptotic normality, of the sequential 

estimating sequence (𝜃~́(2)
(𝑛)
) generated by 

(1.4). Weshall construct confidence intervals 

for the vector of nonlinear parameters 𝜃~́(2). 
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2- Assumptions 

The following assumptions are stated in 

this section to be called upon later in the 

sequel [5] 
 

Assumption (2.1): 

𝜃~́(2)
(1)
, 𝜃~́(2)

(2)
, … .. Are (p-q)-dimensional 

random vectors. Let ℎ: 𝑅𝑚 → 𝑅𝑚 be a  

Boral measurable transformation such that  

for 𝑛 ∈ 𝑁, 𝐸(ℎ(𝑌𝑛 (𝜃~́(2)
(𝑛)
))) exists. Let 

𝑌1, 𝑌2, …… ;  𝑎𝑛𝑑 ℎ1, ℎ2, …. be-m-dimensional 

random vectors with 

𝐸 (ℎ𝑛|𝜃~́(2)
(1)
, 𝜃~́(2)

(2)
, … 𝜃~́(2)

(𝑛)
) =

𝐸 (ℎ(𝑌𝑛)|𝜃~́(2)
(1)
, … 𝜃~́(2)

(𝑛)
) =

𝐸 (ℎ(𝑌𝑛)|𝜃~́(2)
(𝑛)
) = 𝐸 (ℎ (𝑌𝑛 (𝜃~́(2)

(𝑛)
))), 

For all 𝑛 ∈ 𝑁.Moreover, let 𝛼𝑛 be  

positive measurable functions of 

(𝜃~́(2)
(1)
, 𝑥1, 𝑥2… . . 𝑥𝑛; ℎ1, ℎ2…ℎ𝑛−1), and 𝐴𝑛 

be (p-q x m) matrix-valued measurable 

functions in𝑅(𝑝−𝑞𝑥𝑚) . Let ψ(𝜃~́(1))be a linear 

function of𝜃~́(1); 𝜃~́(1) ∈ 𝑅
𝑞;ψ(.) may  depend 

on 𝑥 ∈ 𝑅𝑟 , 𝜓 (𝜃~́(1)
(𝑛)
)is an iterative least 

squares estimate ofψ(𝜃~́(1)), and, with an 

initial estimate 𝜃~́(2)
(1)

of 𝜃~́(2), let  

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓 (𝜃~́(1)

(𝑛)
) 𝐴𝑛ℎ𝑛  , 

                     𝑛 = 1,2…… .,  ........................ (2.1) 

Moreover, let 𝐻𝑛,ℎ(. ) and 𝐻𝑛(. ) be Boral 

measurable functions defined on 

𝑅𝑝−𝑞 𝑖𝑛𝑡𝑜 𝑅𝑚, 𝑎𝑛𝑑 𝜓(. ) be bounded Boral 

measurable function defined on 

𝑅𝑞 𝑖𝑛𝑡𝑜 𝑅 , 𝑤𝑖𝑡ℎ 𝐹1 = 𝜎(𝜃~́(2)
(1)
,    𝐹𝑛 =

𝜎 (𝜃~́(2)
(1)
, 𝑥1, 𝑥2, ……𝑥𝑛; ℎ1, ℎ2, … . ℎ𝑛−1; 𝐴1, ……𝐴𝑛), 

(The smallest-𝜎-field induced by the indicated 

functions), let 

𝐸𝐹𝑛(ℎ𝑛) = 𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
) .............................. (2.2) 

with 𝐻𝑛,ℎ = 𝐻𝑛 , where h = the identity. 
 

Assumption (2.2) 

The m-dimensional observations  

 𝑌1, 𝑌2, … satisfy 𝑌𝑛 = 𝐻𝑛 (𝜃~́(2)
(𝑛)
) + 𝑉𝑛 , 

 𝑛 = 1,2, … where  𝑉𝑛 = 𝑌𝑛 −

𝐸 (𝑌𝑛|𝜃~́(2)
(1)
, 𝜃~́(2)

(2)
, ……𝜃~́(2)

(𝑛)
) = 𝑌𝑛 −

𝐻𝑛 (𝜃~́(2)
(𝑛)
), are random vector errors. 𝑉𝑛, are 

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙𝑙𝑦 (𝑔𝑖𝑣𝑒𝑛 (𝜃~́(2)
(1)
, ……𝜃~́(2)

(𝑛)
)) 

distributed with a distribution function F that 

admits a symmetric density function f  whose 

gradient vector exists and the information 

matrix,  I(f) , of f is positive definite . 

 

Assumption (2.3) 

Let(𝑡) = (𝑢(1)(𝑡), …… . 𝑢(𝑚)(𝑡)) , 𝑡 ∈ 𝑅𝑚, 

be defined by 

(𝑈(𝑡)(𝑗) = 𝑢(𝑗)(𝑡))

= ∫ ℎ(𝑗)(𝑡 + 𝑣)𝑓(𝑣)𝑑𝑣, 𝑗
𝑅𝑚

= 1,2, … . ,𝑚 

Which exists for all t ∈ 𝑅𝑚. Moreover, 

suppose that 

∫ [
𝑅𝑚

ℎ(𝑖)(𝑡 + 𝑣) − 𝑢(𝑖)(𝑡)] [ℎ(𝑗)(𝑡 + 𝑣)

− 𝑢(𝑗)(𝑡)𝑓(𝑣)𝑑𝑣] 
Exists and is finite for all 𝑡 ∈ 𝑅𝑚 , and  i ,  

j = 1,2,….m. 
 

Assumption (2.4): 

The transformation h satisfies: 

∫ ℎ(𝑖)(𝑣)𝑓(𝑣)𝑑𝑣 =
𝑅𝑚

0       𝑎𝑛𝑑   ∫ ℎ(𝑖)(𝑣)ℎ(𝑗)(𝑣)𝑓(𝑣)𝑑𝑣 =
𝑅𝑚

{
0             𝑓𝑜𝑟 𝑖 ≠ 𝑗

𝜎𝑖
2(ℎ, 𝑓) 𝑓𝑜𝑟 𝑖 = 𝑗

 

Where  𝜎𝑖
2(ℎ, 𝑓) is positive constant that 

depends on h and f;i;j=1,2,….,m. This 

assumption actuallystates that the components 

of the vector ℎ(𝑉𝑛) are uncorrelated, i.e. 

𝑐𝑜𝑣(ℎ(𝑖), ℎ(𝑗)) = 0. 

3-Almost Sure Convergence of the Most 

General Stochastic Approximation 

Procedures 

To establish almost sure convergence of 

the most general stochastic approximation 

procedure in (Assumption2. 1), we shall refer 

to Almost Sure convergence Theorem [11] 
 

3.1-( almost sure Convergence Theorem)  

Let 𝜃(2) ∈ 𝑅
𝑝−𝑞 , 𝜃(2)

(𝑛)
∈ 𝑅𝑞,and assumption 

(2. 1) hold with 𝐴𝑛(𝑝 − 𝑞 𝑥 𝑚) matrix-valued 

𝐹𝑛-measurable functions of  

(𝜃~́(2)
(1)
, 𝑥1, 𝑥2, … . 𝑥𝑛; ℎ1, … . ℎ𝑛−1).Let 

𝜌𝑛. 𝑣𝑛, 𝑙𝑛, 𝑎𝑛𝑑 𝑡𝑛 be positive numbers. Then 
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suppose for every 𝜃~́(2)
(𝑛)

∈ 𝑅𝑝−𝑞 , and every 

𝑛 ≥ 1,(< 𝜃~́(2)
(𝑛)
− 𝜃~́(2),

𝜓(𝜃~́(1)
(𝑛)
)  𝐴𝑛𝐻𝑛,ℎ(𝜃~́(2)

(𝑛)
) >)  ≥ 0; ............. (3.1) 

If 0 < 𝛿1 < 𝛿2 < ∞, then, for every  

𝑛 ≥ 1 , 

𝑖𝑛𝑓
𝛿1≤‖𝜃(2)

(𝑛)
−𝜃(2)‖≤𝛿2

‖𝐻𝑛,ℎ(𝜃(2)
(𝑛))‖≥ 𝜌𝑛 ...... (3.2) 

𝑖𝑛𝑓
𝜃(2)
(𝑛) {< 𝜃(2)

(𝑛)
− 𝜃(2), 𝜓(𝜃(2)

(𝑛)
𝐴𝑛𝐻𝑛,ℎ(𝜃(2)

(𝑛)
) >

/(𝜓 (𝜃(1)
(𝑛)
) ||𝜃(2)

(𝑛)
− 𝜃(2)|| ×

||𝐻𝑛,ℎ (𝜃(2)
(𝑛)
)||)} ≥ 𝑣𝑛 ................................ (3.3) 

For each sequence (𝜃(2)
(𝑛)
) for 

which ||𝜃(2)
(𝑛)

𝑛
𝑠𝑢𝑝 || < ∞ . Suppose also that  

∑ 𝛼𝑛𝑣𝑛𝑙𝑛∞   𝑎𝑛𝑑  ∑ 𝛼𝑛𝑣𝑛𝑙𝑛𝜌𝑛 = ∞∞
𝑛=1

∞
𝑛=1  ,  

                         .................................. (3.4) 

For every sequence  𝜃~́(2)
(1)
, 𝑥1, … . . 𝑥𝑛, ℎ1, ℎ2, ….  

for which ||𝜃(2)
(𝑛)

𝑛
𝑠𝑢𝑝 || < ∞ ,  

||𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
)|| ≤ 𝜏𝑛 (||𝜃~́(2)

(𝑛)
− 𝜃~́(2)|| +

                       1) ;  𝜃~́(2)
(𝑛)

∈ 𝑅𝑝−𝑞, 𝑛 ≥ 1;........ (3.5) 

𝜓(𝜃~́(1)
(𝑛)
) ≥ 𝑙𝑛   ;   𝜃~́(1)

(𝑛)
∈ 𝑅𝑞  , 𝑛 ≥ 1 ........ (3.6) 

 

Furthermore, for every sequence 

 𝜃~́(2)
(1)
, 𝑥1, … . . , 𝑥𝑛, ℎ1, ℎ2,….., let 

∑ 𝑙𝑛
2𝛼𝑛

2∞
𝑛=1 𝜏𝑛

2( ||𝐴𝑛
(𝜃(2)

(1)
,𝑥1,….𝑥𝑛;ℎ1,….ℎ𝑛−1)

𝑠𝑢𝑝
||2)                             

< ∞  ....... (3.7) 

And ∑ 𝑙𝑛
2𝛼𝑛

2𝐸𝐹𝑛[||ℎ𝑛 −
∞
𝑛=1

𝐻𝑛,ℎ(𝜃~́(2)
(𝑛)
||2] ||𝐴𝑛||

2)
(𝜃(2)
(1)
,𝑥1,…𝑥𝑛;;ℎ1,….,ℎ𝑛−1)

𝑠𝑢𝑝
, 

< ∞ ….(3.8) 

Then 𝜃~́(2)
(𝑛)

→ 𝜃~́(2)  almost surely as → ∞. 

Before the proof we shall give some remarks 

on the above conditions. 
 

Remarks: 

(1) We use eq. (3.1), since (𝜃~́(2)
(𝑛)
− 𝜃~́(2))  

must be in the same direction of 

𝐴𝑛𝜓 (𝜃~́(1)
(𝑛)
)𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
) , so that the 

regression function is bounded between two 

lines, also to insure that the angle and  

its cosine must be positive between  

two vectors 𝜃~́(2)
(𝑛)
− 𝜃~́(2) and 

𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
). 

(2) Eq. (3.2) allows ||𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
)|| →

0  𝑎𝑠   | |𝜃~́(2)
(𝑛)
− 𝜃~́(2)| | → 0, and eq. (3.3) 

is Cauchy-Schwartz inequality, it is 

concerned with the cosine of the angle 

between two vectors, it requires that the 

smallest point must be greater or a positive 

number, such that | |𝜃~́(2)
(𝑛)
| | < ∞𝑛

𝑠𝑢𝑝
 . 

(3) Eq. (3.5) is bounded condition on 

𝐻𝑛,ℎ(𝜃~́(2)
(𝑛)
)  by using Lipschitz condition. 

Eq. (3.6) is a bounded condition on 

𝜓(𝜃~́(1)
(𝑛)
), from below. 

(4) Eq. (3.7) implies ||𝐴𝑛|| multiplied by 

𝛼𝑛
2, 𝑙𝑛

2 , 𝜏𝑛
2  is bounded, and eq. (3.8) mean 

that conditional variance of ℎ𝑛 multiplied 

by 𝛼𝑛
2, 𝑙𝑛

2 ,  and 

||𝐴𝑛||
2

(𝜃(2)
(1)
,𝑥1,…..𝑥𝑛;ℎ1,…ℎ𝑛−1)

𝑠𝑢𝑝
is bounded. 

 

Proof: 

Without loss of generality, let  𝜃~́(2) = 0 . 

By (2.1), we have  

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓(𝜃~́(1)

(𝑛)
𝐴𝑛ℎ𝑛 ,   𝑛 =

1,2,.and thus 

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓 (𝜃~́(1)

(𝑛)
)𝐴𝑛𝐻𝑛,ℎ(𝜃~́(2)

(𝑛)
+

                   𝛼𝑛𝜓 (𝜃~́(1)
(𝑛)
) 𝐴𝑛𝑍𝑛  ......................... (3.9) 

𝑤ℎ𝑒𝑟𝑒 𝑍𝑛 = −(ℎ𝑛 −

𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
))   𝑤𝑖𝑡ℎ  𝐸𝐹𝑛𝑍𝑛 = 0 . Thus, by using 

(3.5) and (3.6) , we get 

||𝜃~́(2)
(𝑛+1)

||2 = ||𝜃~́(2)
(𝑛)

− 𝛼𝑛𝜓 (𝜃~́(1)
(𝑛)
)𝐴𝑛𝐻𝑛.ℎ (𝜃~́(2)

(𝑛)
)

+ 𝛼𝑛𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝑍𝑛||

2 

≤ ||𝜃~́(2)
(𝑛)
||2 + 𝛼𝑛

2𝑙𝑛
2|| 𝐴𝑛||

2||𝑍𝑛||
2

+ 𝛼𝑛
2𝑙𝑛
2||𝐴𝑛||

2||𝐻𝑛,ℎ(𝜃~́(2)
(𝑛)
)||2 

−2𝛼𝑛 < 𝜃~́(1)
(𝑛)
  , 𝜓 (𝜃~́(1)

(𝑛)
) 𝐴𝑛𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
)

> +2

< 𝛼𝑛𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝑍𝑛, 𝜃~́(2)

(𝑛)
> 
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Using 𝐶𝑟-inequality  ||𝑎 + 𝑏||𝑟  ≤ 𝐶𝑟(||𝑎||
𝑟 +

 ||𝑏||𝑟), 

𝐶𝑟 = {
1        , 𝑖𝑓 𝑟 ≤ 1 ;

2𝑟−1 , 𝑖𝑓 𝑟 > 1 
 

We will have 

||𝜃~́(2)
(𝑛−1)

||2 ≤ ||𝜃~́(2)
(𝑛)
||2 +

𝛼𝑛
2𝑙𝑛
2|| 𝐴𝑛||

2|| 𝑍𝑛||
22𝛼𝑛

2𝑙𝑛
2𝜏𝑛

2||𝐴𝑛| |2(||𝜃(2)
(𝑛)| |2 +

1) − 2𝛼𝑛 < 𝜃(2)
(𝑛)
, 𝜓(𝜃(1)

(𝑛)
)𝐴𝑛𝐻𝑛,ℎ(𝜃(2)

(𝑛)
) >

+𝑊𝑛     ,  .................................................... (3.10) 

With𝐸𝐹𝑛𝑊𝑛 = 0 , since 𝛼𝑛, 𝐴𝑛, 𝜓 (𝜃~́(1)
(𝑛)
) and 

𝐻𝑛,ℎ are 𝐹𝑛 - measurable functions, then taking 

the conditional expectation of both sides of 

(3.10) with respect to 𝐹𝑛, we obtain  

𝐸𝐹𝑛||𝜃~́(2)
(𝑛+1)

||2 ≤ ||𝜃~́(2)
(𝑛)
||2(1 +

2𝛼𝑛
2𝑙𝑛
2𝜏𝑛

2||𝐴𝑛||
2) + 2𝛼𝑛

2𝑙𝑛
2||𝐴𝑛||

2 × 

(𝜏𝑛
2 + 1/2𝐸𝐹𝑛||𝑍𝑛||

2) − 2𝛼𝑛 <

𝜃~́(2)
(𝑛)
, 𝜓(𝜃~́(1)

(𝑛)
)𝐴𝑛𝐻𝑛,ℎ(𝜃~́(2)

(𝑛)
) >  ............. (3.11) 

Therefore, by applying (nonnegative 

almost sure supermartingales convergence 

theorem) [11] , with 𝐹𝑛 = 𝐹𝑛 , 𝑍𝑛 = ||𝜃~́(2)
(𝑛)
||2, 

𝛽𝑛 = 2𝛼𝑛
2𝑙𝑛
2𝜏𝑛

2||𝐴𝑛||
2, 

£𝑛 = 2𝛼𝑛 < 𝜃~́(2)
(𝑛)
, 𝜓(𝜃~́(1)

(𝑛)
)𝐴𝑛𝐻𝑛,ℎ(𝜃~́(2)

(𝑛)
) >, 

and  

£𝑛 = 2𝛼𝑛
2𝑙𝑛
2||𝐴𝑛||

2(𝜏𝑛
2 + 1/2𝐸𝐹𝑛||𝑍𝑛||

2), 

under (3.1),(3.7),and (3.8),satisfy the 

conditions of (nonnegative almost sure 

supermartingales convergence theorem )[11], 

we conclude that ‖𝜃~́(2)
(𝑛)
‖ converges and is 

finite and 

∑𝛼𝑛(< 𝜃~́(2)
(𝑛)
, 𝜓(𝜃~́(1)

(𝑛)
)𝐴𝑛𝐻𝑛,ℎ(𝜃~́(2)

(𝑛)
)

∞

𝑛=1

 

                    >) < ∞  ................................... (3.12) 

Now (3.12) implies, under (3.3), that  

∑ 𝛼𝑛𝑣𝑛𝑙𝑛 ||𝜃~́(2)
(𝑛)
|| | |𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
)| | < ∞∞

𝑛=1   

                                       ............................. (3.13) 

But (3.13) and (3.4) imply that  

lim
𝑛→∞

𝑖𝑛𝑓 ||𝜃~́(2)
(𝑛)
|| ||𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
)|| = 0  

                                      .............................. (3.14) 

It remains to establish𝜃~́(2)
(𝑛)

→ 0 , we do so 

by a contradiction. Suppose that here exists 

£ ≠ 0  such that𝑃( lim
𝑛→∞∞

| |𝜃~́(2)
(𝑛)
| | = £) > 0. 

Then choose 𝑜 < ∆1< ∆2< ∞ such 

that 𝑃(∆1< £ < ∆2) > 0 . Then for each, win 

the set  [| |𝜃~́(2)
(𝑛)
| | → £ with ∆1< £(𝑤) < ∆2 , 

we have , 

∆1≤ | |𝜃~́(2)
(𝑛)
(𝑤)| | ≤ ∆2   (3.15) 

For n sufficiently large so that  

(∆1≤ | |𝜃~́(2)
(𝑛)
| | ≤ ∆2) > 0 . Thus, from 

(3.15),(3.11), and , (3.2) for n sufficiently 

large , we have 

𝐸𝐹𝑛||𝜃~́(2)
(𝑛+1)

||2 ≤ ||𝜃~́(2)
(𝑛)
||2(1 +

2𝛼𝑛
2𝑙𝑛
2𝜏𝑛

2||𝐴𝑛||
2) + 2𝛼𝑛

2𝑙𝑛
2||𝐴𝑛||

2 × (𝜏𝑛
2 +

1/2𝐸𝐹𝑛||𝑍𝑛||
2) − 2𝛼𝑛𝑙𝑛∆1𝑣𝑛𝜌𝑛              

                       …………………………..(3.16) 
 

Apply (nonnegative almost sure 

supermartingales convergence theorem) 

[11]once more to (3.16) we conclude that 

∑ 𝛼𝑛𝑣𝑛𝑙𝑛 < ∞∞
𝑛=1    which contradicts (3.4). 

Thus 𝜃~́(2)
(𝑛)

→ 𝑜  𝑎𝑠 𝑛 → ∞    .∎ 
 

4- Asymptotic Normality of the Most 

General Stochastic Approximation 

Procedures 

We prove a general theorem on the 

asymptotic normality of the most general 

stochastic approximation procedure in (2.1), 

based on FabianTheorem [7] 

 

4.1-( Asymptotic Normality Theorem)  

Let 𝛼, 𝑙1, 𝑙2, 𝛽 be positive numbers and  

𝛼, 𝜇, 𝛾 be nonnegative numbers, Let 

Assumption (2.1) hold with  

= 𝑝 − 𝑞  , 𝛼𝑛 = 𝑎/𝑛
𝛼 , 

0 < 𝛼 ≤ 1    ;    𝛽 = 1   𝑖𝑓  𝛼 = 1, 𝛽 =
0 𝑖𝑓 𝛼 ≠ 1 ,   ............................................... (4.1) 

The symmetric nonsingular (𝑃 − 𝑞 × 𝑃 − 𝑞) 

matrices 𝐴𝑛 in 𝑅(𝑝−𝑞×𝑝−𝑞) converge to a 

positive definite symmetric matrix A in 

𝑅(𝑝−𝑞×𝑝−𝑞) and the eigenvalues of 𝐴𝑛(𝑤) lie 

in[𝑣𝑛, 𝜇𝑛] for all w in Ω, where  

𝑣𝑛 = (𝑙𝑜𝑔(𝑛 + 1))
−1, 𝜇𝑛 = 𝑛𝜇, 0 < 𝜇 < 𝛾 ,

0 < 𝛾 < 1/2 . Moreover, let assumptions 

(2.2), (2.3) and (2.4) hold, the function h be 

continuous a.e, (F) and ∪ be differentiable at  

0  in 𝑅(𝑝−𝑞)  with  

[𝐷𝑈(𝑡)]𝑡=0 = [
𝜕𝑈(𝑗)(𝑡)

𝜕𝑡(𝑖)
]
𝑡=0

= 𝐾(ℎ, 𝑓)  ....... (4.2) 
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Where K(h,f)  is a (p-qxp-q) positive definite 

symmetric matrix; 

(𝑘(ℎ, 𝑓))(𝑖𝑗) =

lim
𝑡(𝑖)→𝑜

(𝑡(𝑖))−1  ∫ ℎ(𝑗)(𝑣)𝑓(𝑡 − 𝑣)𝑑𝑣
𝑅𝑝−𝑞

  

                                       ............................... (4.3) 

Set for 𝑡 ∈ 𝑅𝑝−𝑞 

∑(𝑡) = [∫ [ℎ(𝑗)(𝑡 + 𝑣) − 𝑢(𝑗)(𝑡)][ℎ(𝑖)(𝑡 +
𝑅𝑝−𝑞

𝑣) − 𝑢(𝑖)(𝑡)]𝑓(𝑣)𝑑𝑣]𝑖,𝑗=1
𝑝−𝑞

    …………….(4.4) 

Which is a (p-q x p-q) symmetric matrix with 

∑(0) = ∑ (ℎ, 𝑓)0  a diagonal matrix with 

diagonal elements  

𝜎𝑗
2(ℎ. 𝑓) ;    𝑗 = 1,2, … . . , 𝑝 − 𝑞   ................. (4.5) 

Assume that ∑(𝑡) is bounded, and, is 

continuous at   

t=0  .............................................................  (4.6) 

Let𝑙1 ≤ 𝜓(𝜃~́(1)
(𝑛)
) ≤ 𝑙2  ..............................  (4.7) 

In addition; let 

𝐹𝑛 = 𝜎(𝜃~́(2)
(1)
, 𝑥1, … . . 𝑥𝑛 ;  ℎ1, … . ℎ𝑛−1 ; 

           𝐴1, ……𝐴𝑛) , and for n=1,2,…..; 𝑀𝑛  be  

𝑅(𝑝−𝑞 𝑥 𝑝−𝑞)𝐹𝑛 - measurable satisfying 

𝜓(𝜃~́(1)
(𝑛)
)𝐻𝑛 (𝜃~́(2)

(𝑛)
) = 𝑀𝑛 (𝜃~́(2)

(𝑛)
− 𝜃~́(2)) 

                                      ................................ (4.8) 

Assume that there ex𝑖𝑠ts  M  in 𝑅(𝑝−𝑞 𝑥 𝑝−𝑞) 
such that  

𝑀𝑛 → 𝑀 ...................................................... (4.9) 

And AK(h,f)M is positive definite (4.10) 

Set𝜎𝑟,𝑛
2 = 𝐸[ ||𝑍𝑛||

2 × {|||𝑍𝑛||
2 ≥ 𝑟𝑛𝛼}],

𝑓𝑜𝑟 𝑟 > 0 .................................................. (4.11) 

Where  𝑍𝑛 = −(ℎ (𝜃~́(2)
(𝑛)
) − 𝐻𝑛,ℎ (𝜃~́(2)

(𝑛)
)) , 

and 𝑍𝑛 is 𝐹𝑛-measurable random vector is  

𝑅𝑝−𝑞 , and  ℎ (𝜃~́(2)
(𝑛)
) = ℎ𝑛 , Furthermore, 

assume that for all 𝑟 > 0 
lim
𝑛→∞

𝜎𝑟,𝑛
2 = 0, 𝑜𝑟 𝛼 

                = 1  𝑎𝑛𝑑  lim
𝑛→∞

𝑛−1∑𝜎𝑟,𝑗
2 = 0

𝑛

𝑗=1

 

 .................................. (4.12) 
Since AK(h,f)M is a symmetric (p-q x p-q) 

matrix , then there exists an orthogonal matrix 

𝑝 ∈ 𝑅(𝑝−𝑞 𝑥 𝑝−𝑞)  such that p AK(h,f)M p = Λ  

is a diagonal matrix with the eigenvalues of 

AK(h,f)M  lie on the main diagonal of 𝛬  [8] . 

Assume that 

𝑎ℷ >
𝛽

2
          𝑖𝑓   𝛼 = 1 .............................. (4.13) 

Where ℷ = (𝛬(𝑖𝑖))(𝑖)
𝑚𝑖𝑛 . Then  

𝜃~́(2)
(𝑛)

→ 𝜃2  𝑎𝑠  𝑛 → ∞ , and the asymptotic 

distribution of 𝑛
𝛼
2⁄ (𝜃~́(2)

(𝑛)
− 𝜃~́(2)) is normal 

with mean=0 and  

Covariance matrix = 𝑎2𝑙2
2𝑝∑𝑝 , where  

∑(𝑖𝑗) = (𝑃 𝐴∑ 𝜊
(ℎ, 𝑓)𝐴𝑝)(𝑖𝑗)(𝑎𝛬(𝑖𝑖) +

𝑎𝛬(𝑗𝑗) − 𝛽)−1  . 
 

Proof: 

Without loss of generally, set𝜃~́(2) = 0 , we 

have 

𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
) =∪ (𝐻𝑛 (𝜃~́(2)

(𝑛)
)) =

(𝑢(1) (𝐻𝑛 (𝜃~́(2)
(𝑛)
)) ,…… , 𝑢(𝑝−𝑞) (𝐻𝑛 (𝜃~́(2)

(𝑛)
)))

 and since ∪  is differentiable at  o  , then , [7], 

we have for 𝑡 ∈ 𝑅𝑝−𝑞 ,  

∪ (𝑡) = 𝐷 ∪ (0)𝑡 +  𝜂(𝑡)||𝑡|| = 𝐾(ℎ. 𝑓)𝑡 +

𝜂(𝑡)||𝑡||With||𝜂(𝑡)|| → 𝑜 𝑎𝑠  𝑡 → 𝑜,  

(Note DU(0) is a (p-q x p-q) matrix) . 

Therefore 

𝑈 (𝐻𝑛 (𝜃~́(2)
(𝑛)
))

= 𝐾(ℎ, 𝑓)𝐻𝑛 (𝜃~́(2)
(𝑛)
)

+ 𝜂 (𝐻𝑛 (𝜃~́(2)
(𝑛)
)) | |𝐻𝑛 (𝜃~́(2)

(𝑛)
)| | 

With||𝜂 (𝐻𝑛 (𝜃~́(2)
(𝑛)
))|| →

0    𝑎𝑠  𝐻𝑛(𝜃~́(2)
(𝑛)
) → 0 , Define the following 

(p-q x p-q) matrix-valued measurable function; 
 

𝐾𝑛(ℎ, 𝑓)

=

{
 
 

 
 𝐾(ℎ, 𝑓)           𝑖𝑓 𝐻𝑛 (𝜃(2)

(𝑛)
) = 0 ;

𝐾(ℎ, 𝑓) + 𝜂 (𝐻𝑛(𝜃(2)
(𝑛)))

𝐻𝑛(𝜃(2)
(𝑛))

||𝐻𝑛 (𝜃(2)
(𝑛))||

     𝑖𝑓  𝐻𝑛(𝜃(2)
(𝑛)
) ≠ 0

 

 

And thus𝐻𝑛,ℎ (𝜃~́(2)
(𝑛)
) = 𝑈 (𝐻𝑛 (𝜃~́(2)

(𝑛)
)) =

𝐾𝑛(ℎ. 𝑓)𝐻𝑛(𝜃~́(2)
(𝑛)
)  ................................... (4.14) 

Hence, using eq.(4.14) and under the given 

conditions, it can be easily checked that 

conditions of theorem (3.1) are satisfied and 

conclude that 𝜃~́(2)
(𝑛)

→ 0 . Thus, under (4.8), 

we get 

𝐻𝑛 (𝜃~́(2)
(𝑛)
) → 0  𝑎𝑠  𝜃~́(2)

(𝑛)
→ 0, and, 

 𝐾𝑛(ℎ, 𝑓) → 𝐾(ℎ, 𝑓)   (𝑎𝑠  𝜃(2)
(𝑛)

→ 𝑜) ....... (4.15) 
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Now using eq. (4.14), we have  

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝑛−𝛼𝑎𝜓 (𝜃~́(1)

(𝑛)
)𝐴𝑛ℎ𝑛 ,

𝑛 = 1,2, … .. 

= 𝜃~́ (2)

(𝑛)
−

𝑛−𝛼𝑎𝜓 (𝜃~́(1)
(𝑛)
) 𝐴𝑛𝐾𝑛(ℎ, 𝑓)𝐻𝑛 (𝜃~́(2)

(𝑛)
) +

𝑛−𝛼𝑎𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝑍𝑛 .................................. (4.16) 

With𝑍𝑛 = −(ℎ𝑛 −

𝑈 (𝐻𝑛 (𝜃~́(2)
(𝑛)
)))    𝑎𝑛𝑑   𝐸𝐹𝑛𝑍𝑛 = 0  

Let 𝐼 be the (p-q x p-q) identity matrix, 

then eq. (4.16) by using eq. (4.8) , reduces to  

𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝑛−𝛼𝑎𝐴𝑛𝐾𝑛(ℎ, 𝑓)𝑀𝑛𝜃~́(2)

(𝑛)

+ 𝑛−𝛼𝑎𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝑍𝑛

= (𝐼 

− 𝑛−𝛼𝑎𝐴𝑛𝑘𝑛(ℎ, 𝑘)𝑀𝑛)𝜃~́(2)
(𝑛)

+ 𝑛−𝛼𝑎𝜓(𝜃~́(1)
(𝑛)
)𝐴𝑛𝑍𝑛 

Then applying (Fabian theorem)[7] ,we have 

satisfied the conditions, with 

𝑈𝑛 = 𝜃~́(2)
(𝑛)
  , 𝛽 = 𝛼 

Γ𝑛 = 𝑎 𝐴𝑛𝐾𝑛(ℎ, 𝑓)𝑀𝑛 → 𝑎 𝐴𝐾(ℎ, 𝑓)𝑀 =  Γ 

𝑇𝑛 = 0 = 𝑇 , 𝑉𝑛 = 𝑍 𝑛, Σ = Σ𝜊(ℎ, 𝑓) 

𝜙𝑛 = 𝑎𝜓 (𝜃~́(1)
(𝑛)
) 𝐴𝑛 ≤ 𝑎𝑙2𝐴𝑛 → 𝑎𝑙2𝐴 = 𝜙 

To satisfy the remaining condition of(Fabian 

theorem)[7],we have 

𝐸𝐹𝑛𝑉𝑛𝑉𝑛 = 𝐸𝐹𝑛𝑍𝑛𝑍𝑛 = Σ(𝐻𝑛 (𝜃~́(2)
(𝑛)
)) 

lim
𝑛→∞

𝐸𝐹𝑛 𝑉𝑛𝑉𝑛 = lim
𝑛→∞

Σ (𝐻𝑛 (𝜃~́(2)
(𝑛)
)) =

Σ𝜊(ℎ, 𝑓)(4.17) 

And for𝑡 ∈ 𝑅(𝑝−𝑞) ,  

𝐸 (𝑡 (𝐸𝐹𝑛𝑍𝑛𝑍𝑛 − ∑𝑜(ℎ, 𝑓)) 𝑡) =

𝑡 (𝐸𝐹𝑛𝑍𝑛𝑍𝑛 − ∑𝑜(ℎ, 𝑓)) 𝑡 → 0(4.18) 

Define for𝑟 > 0 , 

𝜌𝑟,𝑛
2 = 𝐸[||𝑉𝑛||

2  × {𝑉𝑛||
2 ≥ 𝑟𝑛𝛼}] 

= 𝐸[||𝑍𝑛||
2 × {||𝑍𝑛||

2 ≥ 𝑟𝑛𝛼}](4.19) 

By eq.(4.12),we have 

𝜌𝑟,𝑛
2 → 0  𝑎𝑠  𝑛 → ∞ , 𝑜𝑟  𝛼 =

1  𝑎𝑛𝑑   𝑛−1∑ 𝜌𝑟,𝑗
2 → 0𝑛

𝑗=1 (4.20) 

Then we conclude that the asymptotic 

distribution of  

𝑛
𝛼
2⁄ (𝜃~́(2)

(𝑛)
− 𝜃~́(2)) Is normal with  

𝑀𝑒𝑎𝑛 = (𝑎𝐴𝐾(ℎ, 𝑓)𝑀 − (
𝛽

2
) 𝐼)−10 = 0, 

And covariance matrix = 𝑎2𝑙2
2𝑃∑𝑃  , 

Where ∑(𝑖𝑗) = (𝑃𝐴∑𝜊(ℎ, 𝑓)𝐴𝑃)
(𝑖𝑗)(𝑎Λ

(𝑖𝑖) +

𝑎Λ
(𝑗𝑗) − 𝛽)−1∎ 

 

5- Confidence intervals For the Vector of 

Nonlinear Parameters 

To construct confidence intervals for the 

vector of nonlinear parameters, 𝜃~́(2), of the 

most generalized model (1.3) . Using the result 

of theorem (4.1),we have 

𝑛𝛼 2⁄ (𝜃~́(2)
(𝑛)
− 𝜃~́(2))

𝐿
→𝑁(0, 𝑎2𝑙2

2𝑃∑𝑃) 𝑎𝑠  𝑛 → ∞ , 

Where 𝜃~́(2)
(𝑛)

 is the nth iterative of the most 

general stochastic approximation procedure 

given by (1.4). Then the joint 100(1 − 𝛼)% 

confidence intervals for the vector of nonlinear 

parameters, 𝜃~́(2), is given 

by:
𝑛𝛼 2⁄ (𝜃(2)

(𝑛)
−𝜃(2))(𝜃(2)

(𝑛)
−𝜃(2))

𝑎 𝑙2||√𝑃∑𝑃||
≤ 𝑍1−𝛼 , i.e., 

𝑛𝛼 2⁄ (𝜃~́(2)
(𝑛)
− 𝜃~́(2)) (𝜃~́(2)

(𝑛)
− 𝜃~́(2)) ≤

𝑎 𝑙2𝑍1−𝛼||√𝑃∑𝑃||   ,  

Where∑(𝑖𝑗) = (𝑃 𝐴 ∑𝜊(ℎ, 𝑓)𝐴𝑃)
𝑖𝑗(𝑎Λ

(𝑖𝑖) +

𝑎Λ
(𝑗𝑗) − 𝛽)−1  ,  

And 𝑍1−𝛼 is the 1 − 𝛼  point ("upper α-point") 

of the normal distribution. 
 

6- Conclusion 

We consider the most general nonlinear 

regression model 

𝑌(𝑥) = 𝑔(𝜃; 𝑥) + 휀, when the regression 

function, as far as the parameters are 

concerned, is composed of linear and 

nonlinear regression function, i.e.,  

𝑔(𝜃; 𝑥) = 𝜓(𝜃(1))𝑔1(𝜃(2); 𝑥). We study the 

most general stochastic approximation 

procedure to estimate 𝜃~́(2), given 

by:𝜃~́(2)
(𝑛+1)

= 𝜃~́(2)
(𝑛)
− 𝛼𝑛𝜓 (𝜃~́(1)

(𝑛)
) 𝐴𝑛ℎ𝑛  ,

𝑛 = 1,2, …. 
We prove that almost sure convergence of 

𝜃~́(2)
(𝑛)

, i.e.,𝜃~́(2)
(𝑛)

→ 𝜃~́(2)  , 𝑎𝑠  𝑛 → ∞ and the 

asymptotic normality of  𝑛𝛼 2⁄ (𝜃~́(2)
(𝑛)
− 𝜃~́(2)), 

for 𝑜 < 𝛼 ≤ 1, which is given as 

follows𝑛𝛼 2⁄ (𝜃~́(2)
(𝑛)
− 𝜃~́(2)) is normal with 

mean=0, and covariance matrix= 𝑎2𝑙2
2𝑃∑𝑃, 
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where ∑(𝑖𝑗) = (𝑃 𝐴 ∑𝜊(ℎ, 𝑓)𝐴𝑃)
(𝑖𝑗)(𝑎Λ

(𝑖𝑖) +

𝑎Λ
(𝑗𝑗) − 𝛽)−1 

Finally, we construct general confidence 

intervals for the vector of nonlinear 

parameters, 𝜃~́(2), which is given by: 

𝑛𝛼 2⁄ (𝜃~́(2)
(𝑛)
− 𝜃~́(2)) (𝜃~́(2)

(𝑛)
− 𝜃~́(2)) ≤

𝑎 𝑙2𝑍1−𝛼||√𝑃∑𝑃|| 
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 الخلاصة
في هذا البحث تم دراسة نموذج الانحدار الغير خطي 

𝑌(𝑥) العام = 𝜓(𝜃(1))𝑔1(𝜃(2); 𝑥) + 휀 دام ــباستخ
طريقة جديدة عامة للتقريب العشوائي الامثل. برهنا ان 

لها نهايات تقريبية أكيدة ومحاذيات  θ(2)التقديرات للمتجه 
طريقة لإيجاد فترات الثقة العامة لمتجه ببناء  قمنا طبيعية.

غير  كما تم تقديم نموذج عام للانحدار الوسائط الغير خطية
الخطي وتم استخلاص بعض المميزات العامة للنموذج 

 المقترح.
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


