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Abstract

The present paper deals and discusses new types of sets all of these concepts completely
depended on the concept of Beta open set. The importance concepts which introduced in this paper
are minimal B-open and maximal B-open sets. Besides, new types of topological spaces introduced

which called -lfimir and TBma) spaces. Also we present new two maps of continuity which called

minimal B-continuous and maximal B-continuous. Additionally we investigated some fundamental
properties of the concepts which presented in this paper.
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Introduction

Minimal and maximal sets play an
important role in the researches of generalized
topological spaces, Nakaoka and Oda
introduced these concepts in [1] and [2] and
they used them to investigate many topological
properties. In this paper we introduced
the notion of minimal B-open and maximal

B-open and their complements.

Definition (1) [1]:

A proper nonempty open subset O of a
topological space X is said to be minimal open
s$t if any open set which is contained in O is

or O.

Definition (2) [2]:

A proper nonempty open subset O of a
topological space X is said to be maximal open
set if any open set which is contains O is O or
X.

Definition (3) [3]:

A proper nonempty closed subset O of a
topological space X is said to be minimal
closed set if any closed set which is contained
inOis ¢ or O.

Definition (4) [3]:

A proper nonempty closed subset O of a
topological space X is said to be maximal
closed set if any closed set which is contains O
is O or X.

Definition (5) [4]:
Let A be a subset of a topological space X,
then the union of all open subset of X which
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contained in A is called the interior of A and

denoted by AP and the intersection of all
closed subset of X which contain A is called

the closure of A and denoted by A.

Definition (6) [5]:
A subset A of a space X is called a B-open

o
set if ACA .The complement of a [3-open

set is defined to be a 3-closed set.
Definition (7) [5]: Let X and Y be topological
spaces and f:X—Y is a map then f is called a

[B-continuous function if 1) is a B3-open
set in X for every openset AinY.

Minimal and Maximal [3-open sets

Definition (8):

A proper B-open subset B of a topological
space X is said to be a minimal B-open set if
any [3-open set which is contained in B is ¢
or B.

Definition (9):
A proper nonempty B-open subset B of a

topological space X is said to be a maximal
f-open set if any [3-open set which contains

B is X or B.
Definition (10):
A proper nonempty B-closed subset F of a

topological space X is said to be a minimal
f-closed set if any  [-closed set which is

contained in F is ¢ or F.



Definition (11):

A proper nonempty [3-closed subset F of a
topological space X is said to be a maximal
B-closed set if any [3-closed set which
contains F is X or F.

Remarks (12):
(1) The family of all minimal B-open (resp.
minimal B-closed) sets of a topological

space X is denoted by MBCXX)(resp.
MBQX)).

(2) The family of all maximal B-open (resp.
maximal B-closed) sets of a topological

space X is denoted by MﬂQX)(resp.
MBAX)).

Remark (13):
The concept of minimal B-open, maximal

f-open, minimal B-closed and maximal

f-closed are independent of each other as in the
following example. Example (14): let X = {a,

b, c} and

T = {$ {a} {a, b}, X}
BO(XFivianabiact X},
MBOX)={&}},  MBAX)={&}{b})
MBAX)={f.b}{ach)
MBAX)={H.c}]

So the following table show that the new sets
are independent each other.

SO

Table (1).
ap | ) [{ab} b
Minimal B-open | Yes | No | No | No
Minimal -cosed | No | Yes | No | No
Maximal B-open | No | No | Yes | No
Maximal B-closed | No | No | No | Yes

Theorem (15):
Let F be a subset of a topological space X,
then F is a minimal B-closed if and only if X-

F is maximal [3-open set.

Proof:
—let F be a minimal B-closed, so X-F is

[3-open. We have to show that X-F is maximal
f3-open suppose not, so there is a [-open
subset D of X such that X—FcD hence
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X—DcF and this contradict being F is
minimal B-closed.

<let F be a B-closed subset of X, suppose
that there is a [-closed K#¢ such that

KcF thus X—FX—Kbut X-K is proper
[3-open set. Contradiction to the assumption of

being X-F is maximal [3-open.m
Theorem (16):

Let U and V be maximal B-open subsets
of a Topological space X, then UUV =Xor
u=V.

Proof:

If U/ =X then the proof is complete.

If not, i.e. UWV #Xso we have to show that

u=V.
Since  UW#X so UAUW and
VAW,

But U is maximal [3-open set, so UV =X
or UWV=U
Thus UWV/=U and so VcU.
Now since VcUW/ and V is maximal
f-open set, so UW=X or UW=V but
UW/#X soUW =Vand hence UV
Therefore U=V.m
Theorem (17):

Let U be a maximal B-open and V be a
B-open subsets of a Topological space X then

UW =Xor VcU.
Proof:

If UUV =X then the proof is complete.
It UWW=X so UcUUV and VUUV.
Since U is maximal B-open and UcUW/so
by definition of Maximal [3-open we have that
UW=X or UW=Ubut UW#X so
UUV=U and hence VcU.a

Theorem (18):
Let U be a maximal B-open subset of a

Topological space X with XeX/Uthen
XIUcCV for any [B-open subset of X with

XeV.

Proof:
Let XeX/Uand XeV, soVzU,
thus by a7 we have that

UV =X=(X\U)I (X\V)=¢
=>X\UcV.x
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Theorem (19):
Let F be a minimal [-closed and K be a

B-closed subsets of a topological space X then

FI K=gor FcK

Proof:
If F1 K=gthen the proof is complete.

If Fl K#gthen we have to show that

FcK
FI K#g then FI KcF

Since and

FI KcK

But F is minimal B-closed, so we have
FI K=F or FI K=4.

Thus FI K=F

So FcKn

Theorem (20):
Let F and K be minimal [3-closed subsets

of a topological space X then FI K=gor
F=K
Proof:
If F1 K=gthen the proof is complete.
If Fl K#gthen we have to show that

F=K

since FI K#¢ FI KcF

FI KcK.

Since F is minimal [-closed so we have
FI K=F or FI K=¢. But FI K#¢
hence F1 K=F which means FcK.

Now since K is minimal [-closed so we have
FI K=K or FI K=¢. But FI K#¢
hence FI K=K which means KcF.

Therefore F=K. m

Theorem (21):
Let U, V and W be maximal [-open

subsets of a Topological space X such that
U=V, if UlVW then either U=W or
V=W.
Proof:

Suppose that Ul VAW, if U=W then the

proof is complete.
If U=\\iwe have to show that V=W

SO or
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VIW=VI(XIW) St Theory

=VI [WI (UW)] by (29)

=V1 [(WIU)UWI V)] Set Theory
=(VIWI U)UVI WI V)Set Theary
=(U1'V)UVI W) sineUl VW

=(UUW)I V St Theory

=X1V sinceUUW=XThus VIW=V
=V

implies VW but V is maximal [-open
therefore V=W or VUN=X but
VUN=Xso V=W. m

Theorem (22):
U, V and W be maximal B-open subsets of

a Topological space X which are different

from each other, then Ul VUl W
Proof:

Let UIVUI'W

=(UI V)UWI V)c(UI W)UWI V)
:>(UI W)U\/c(UI V)UN

=XW XUV

=V W

But V is maximal B-open and W is a proper

subset of X so VV=U, this result contradicts the
fact that U, V and W are different from each
other. Hence U \VzU[ W u

Theorem (23):
Let F be a minimal B-closed subset of a

Topological space X , if XeFthen FcK for
any [3-closed subset K of X containing x.

Proof:
Suppose XeKand FZK so FI KcF

and FI K#gsince xeFIl K

But F is minimal B-closed so FI K=F. or
FI K=¢.

hence FI K=F which contract the relation

FI KcF. Therefore FcK.m

Theorem:
Let F and K (0t€A) be minimal

B-closed sets if F|JF, then there exists
A

0O €Asuch that F=F,_.



Proof:
First we have to show that FI F,_#¢,

suppose that FI F, =dthen F,_ X\F and
so FclUF, <X\F  which is a
achA

contradiction. So FI F,_#¢. and hence
FIF, cFand FI F, cF,

since FI FOb cF and F is minimal B-closed
then FI E, =For FI F,_=¢

thus FI FOO:F and hence K cF. Now

since FIF, cF and F_is minimal
B-closed then FI F_=F,_ or FI F_=¢.
Thus FIF, =F_ and henceFCF,.

Therefore F=F,_.m
Tpmirand Tgmay space

Definition (24):
A topological space X is said to be
Tﬁmirspace if every nonempty proper

[-open subset of X is minimal [B-open set.
Definition (25):
A topological space X is said to be TBma)

space if every nonempty proper B-open subset
of X is maximal [B-open set,

Example (26):

Let X={a, b, c} and T={¢{ab}{c} X}
thus BO(X):’C, it is clear that {a, b} and {c}
are maximal and minimal B-open sets thus the
space X is both Tgmirand Tgra,.

Remark (27):
Tﬁmir and TBma; spaces are identical.

Theorem (28):
A space X is Tgmir if and only if it is

TBma>-

Proof:
= Let X is TBmir space. Suppose that X is

notTBma;, so there is a proper B-open subset

K of X which is not maximal, this mean there
exist a B-open subset of X with KcH=¢.
Thus we get that H is not minimal which is
contradict of being X is Tgma.
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< Let X is Tgma; space. Suppose that X is

nOtTBmir, so there is a proper B-open subset
K of X which is not minimal, this mean there
exist an [3-open subset of X with ¢=HCK.
Thus we get that H is not maximal which is
contradict of being X is Tgmay-m

Theorem (29):

A topological space X is TBmir space if
and only if every nonempty proper B-closed
subset of X is maximal B-closed set in X.

Proof:
— let F be a proper B-closed subset of X and

suppose F is not maximal.
So there exists an [3-closed subset K of X with

KX such that FCK.
Thus X—KX—F. Hence X-F is a proper
f3-open which is not minimal and this

contradicts of being X is TBmir space.

<=Suppose U is a proper B-open subset of X.
thus X-U is a proper B-closed subset of X, so
X-U is maximal [-closed subset of X. and by
(15) U is minimal B-open. thus X is Temir
space. =

Theorem (30):

A topological space X is TBma) space if
and only if every nonempty proper B-closed
subset of X is minimal [-closed set in X.

Proof:
— let F be a proper B-closed subset of X,

suppose F is not minimal B-closed in X, so
there is a proper B-closed subset of X such

that K
Thus X—FX—Kbut X-K is proper [3-open
in X so X-F is not maximal in X
Contradiction to the fact X-F is maximal
f3-open.
<let U be a proper B-open subset of X, then
X-U is a proper B-closed subset of X and so it
is minimal B-closed set. By (15) we get that U
is maximal B-open. m
Theorem (31):

Every pair of different minimal B-open
sets of Tgmir are disjoint.
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Proof: Let U and V be minimal f-open subsets
of TBmirspace X such that U#V to show

that Ul V =¢ suppose noti.e. Ul V#g.
soUlVaUu adUI VeV. Since
Ul'VcUand U is minimal B-open then
UI'V=U o Ul V=¢gthusUI V=U.
Now since UlVcVand V is minimal
B-open  then UIV=V arUlV=¢
thusUl V=V.

Hence we get that U=V this result contradicts
the fact that U and V are different.
ThereforeUl V=¢.u

Theorem (32):
Union of every pair of different maximal

B-open sets in TBma‘ space X is X.

Proof: Let U and V be maximal [-open
subsets of Tgmay space X such that U=V to

show that UWV=Xsuppose not i.e.
UW=X.
So UcUW adVAUWV.

since UcUWand U is maximal [B-open
then UV=U arUUV=X.
ThusUW=U... (1).

Now since VcUW/ and V is maximal
B-open thenUW =V or Ul V=X

Thus UWWV=V... (2)

Hence from (1) and (2) we get that U=V this
result contradicts the fact that U and V are
different. Therefore Ul V=X =

Continuity with Minimal and Maximal B-open
Sets
Definition (33):

Let X and Y be topological spaces, a map
F:X—>Yis called minimal B-continuous if

f_l(U) is minimal B-open in X for any open
subset U of .

Example (34):
Let X Y = {a b, ¢} and

f: (XT)—)(YO‘)ls the identity map, where
t={§, {a}, {a b}, X} and o={¢, {a}, Y}

then f is minimal B-continuous since the only
proper open subset of Y is {a}

and F1(f})={a}is minimal B-open in X.
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Definition (35):
Let X and Y be topological spaces, a map
T :X—Yisn called maximal B-continuous if

f_l(U) is maximal B-open in X for any open
subset U of Y.

Example (36)
Let {a, b, ¢} and

f: (XT)—)(YO‘)ls the identity map, where
T={¢, {a}, {b}{a b}, X} and 6={, {a, c},
Y} then f is maximal [-continuous since the
only proper open subset of Y is {a, c}
andf_l(@, c})={a, c}is maximal [B-open in
X.

Theorem (37):
Every minimal B-continuous map is

f3-continuous.

Proof:
Let T:X—Y be a minimal B-continuous

map and U be open subset of Y. then f1(U)

is minimal -open in X and so f_l(U) is
ﬁ-open subset of X.m

Remark 38:
The converse is not true in general as in
the following example.

ExamQIe(BQ)
Let Y = {a b, c} and

f: (XT)—)(YO‘)ls the identity map, where
T={0, {a}. {c}. {a ¢}, X} and 6={9, {a, c},
Y} then fis B-continuous but f is not minimal
f3-continuous since f‘l({a,c}):{a,c} is not
minimal P-open since {a}<POX) and
oAt ac

Theorem (40):

Let X and Y be topological spaces, if
F:X—>Yis an B-continuous onto map and

X s TBmir space then f is minimal

f3-continuous.

Proof:

It is clear that the inverse image of ¢and Y
are f-open subsets of X. So let U be a proper
open subset of Y. Since f is f-continuous so



f_l(U) is proper f-open subset of X, but X is
TBmir so f_l(U) minimal f-open.m

Remark (41):
The converse is not true in general as in
the following example.

Example (42):

In (34) f is minimal f-continuous but X is
t TBm“‘
Theorem (43):

Let X and Y be topological spaces, if
T: X—Yis a B-continuous onto map and X

TBmir space then f is maximal 3-continuous.

Proof:
It is clear that the inverse image of ¢and Y

are P-open subsets of X. So let U
be a proper open subset of Y. Since f is

B-continuous so f1(U) is a proper B-open
subset of X but X is Tgmir so f_l(U) is
maximal B-open.l

Remark (44):

The converse is not true in general as in
the following example.
Example (45): In (36) f is maximal
[B-continuous but X is not TBmir space.

Theorem (46):
Every maximal B-continuous map is

B-continuous.

Proof:
Let T:X—Ybe a maximal B-continuous

map and U be open subset of Y. then f1(U)

is maximal B-open in X and so f_l(U) is
B—open subset of X.m

Remark (47):
The Converse is not true in general as in
the following example.

Example (48)
Let Y {a, b, c} and

f: (X’C)—)(YO‘)ls the identity map, then
where T={¢, {a}, {a, c}, X} and 6={¢, {a},

Y} then f is [ -continuous but f is not
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maximal B -continuous since fH({})={a} is
not maximal [ -open since ¢={a,c}o{a}.
Remark (49):

Minimal [} -continuous and maximal
B-continuous maps are independent of each
other and the following examples show that.

Example (50):

In (36) f is maximal B-continuous since

f‘l({a,c}):{a,c}is B-open but f is not

minimal B-continuous.

Example (51):

In (34) f is minimal B-continuous but it is
not maximal 3-continuous

since FH({0})={b} is not maximal B-open in

X.

Theorem (52):

Let T:X—Ybe a map and X and Y be
topological spaces, then f is maximal (resp.
minimal) B-continuous if and only if f_l(F)
is minimal (resp. maximal) B-closed subset of
X for each closed subset F of Y.

Proof: =let F be a closed set in Y. thus Y-F is

open and so f_l(Y_F) is maximal (resp.
maximal) B-open. but F(Y—F)=X~-f*(F)
50 f_l(F) i minimal (resp. maximal) [-
closed.

Theorem (53):

Let X,Y and Z be topological spaces, if
T :X—>Yis a minimal ( respect. maximal)
B-continuous map and g:Y—>Z is a

continuous map then gof:X—Z is a
minimal (resp. maximal ) B-continuous map.
Proof: Let U be an open subset of Z, since g is

continuous so g‘l(U) is an open subset of Y.
But f is minimal (respect. maximal)

f3-continuous thus f—l(g‘l(U)): (QOfyl isa

minimal (respect. maximal) B-open subset of
X.m

Conclusion
In this paper we get some theorems
presented to reveal many various properties of
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the minimal B-open and maximal B-open and

their complements and we defined two types
of topological spaces and finally we defined
continuity over the new sets which produced
here.
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