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commutative.

ensure a ring becomes commutative as assume J # {0} an ideal of E. If E
admits a higher left (right) centralizers k,= (i;);cy S.t.
Kn(pV) —tn_1(pv) € Z(E) or k,(pv) + Kk, (pv) € Z(E), ¥ p,v € J. Then E is
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1. Introduction

In this article, let E be an associative prime ring
equipped with higher centralizers k,,, unless
otherwise stated. E is named prime if hep=0, VeeE
we have h or p equal to zero, E is named semiprime
if heh=0, Ve€E, obtained h equal to zero, we mean
by char.(E) not equal to two i.e any element of E

multiply by two that mean its element equal to zero.

For more see references [2, 8-10]. In this article, E
is prime ring and J # {0} an ideal of E unless
otherwise stated. = Many researchers studied the
commuting and centralizing on ring under some
mapping [1,2,3,5,8,11], as derivation , reverse
derivations, centralizer [4,10] in this paper, we
investigate the commuting properties of prime rings
with higher left (or right) centralizers, such that
assume J # {0} an ideal of E. If E admits a higher
left (right) centralizers k,= (i;);ey s.t. k,(pVv) —
Kkn_1(pVv) € Z(E) or k,(pv) + k,_1(pv) €Z(E) , V p,v
€ J. Then E is commutative.

2. Preliminaries
In this section, some basic results are collected.

Lemma 2.1 [6]: If there exists a nonzero
commutative right ideal (J in E, then E is
commutative.

Lemma 2.2 [7]: Every 0# p€Z(E), where pve Z(E),
then ve Z(E).

Lemma 2.3 [11]: If char.(E) #2, p,v €E, and J a lie
ideal of E which non-central s.t. pJ v=
(0)then p=0 or v=0.

3. Commuting Higher Centralizers on Prime
Rings
In the following, we give the results for commuting
ring by using higher left (or right) centralizers.
Lemma 3.1: A nonzero ideal J of a ring E and
k=(k;);eybe higher left (right)-centralizers of E such
that [x,(p), k,_1(p)] is central, Vp € J, then E is
commutative.

Proof: Since [k, (p),k,_,(p)] is central Vp € J Then

n

D 1K@, kea @i W2 )] = 0.vp,v €T

D I @) kA @)l (), kA @)] = 0.¥p,v €

Replace pv for v in above relation we obtain

n

D @) @) @) @) = 0

i=1
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Z[Kz @) Kia @) Kies @) K11 (V) Kia (2)] =0

i=1

D T @), ki @IE D2 (), i1 ()] = O

i=1

Since E is prime ring, X, [k; (), ki_1(p)] is non-
zero central and J is nonzero ideal then

[Kn(v)l Kn—l(;’)] =0vp,veJ

Therefore, by Lemma 2.1, E must be commutative.

Theorem 3.2: Assume J # {0}. If E admits a left
(right) centralizer such that x, (pv)- x,_;(pv) €Z(E),
Vp,v € J, then E is commutative.

Proof: by assumption Y™, k;(pv)-Kk;_,(pv) €Z(E
)Vp,v € J. If k,(pv) =0, then K, (pv) €Z(E),Vp,v € J.
In particular [k, (pv),k,_1(p)] =0, for all p,v € J

n

D @KW @] = 0
i=1
Replace v by vc in last relation

> @)k ve) s (@) =0

i=1
n

D @AWl (@), K@)
K@) 52 (2) 10

n

D @ k(@62 ()] = 0, for all pv,c € J

i=1
Thus it follows that

n

D k@) Bl1(0) s ()] = (0,

i=1

forall p,

ceJ
Since E is prime we obtain
kn(p) = 00r J[Kkn_1(c) , kn-1(p)] = {0}

Ifi,(p) = 0 = Jlrn_1(c) , kq_1(p)] = {0}

Since J #{0} and E is prime the above relation yield
that
[Kn—l(c) 'Kn—l(p) ] = O vﬂ’:c € (7

By lemma 2.1, E is commutative.

Presume x, #0

K (pv) — k_1(pv) € Z(E)

Z?:l Ki(ﬁv) — Ki_l(}n/) € Z( E)
ki@ ) — ki (Pi_ (V) € Z(E)
Replace v by vc we obtain

ki ve) — ki (p)ki_1(ve) € Z(E), Vp,v,c €
Z(E)

ki@ Wi (©) — ki (i V) k;_1(c) € Z(E)
In particular

X k(@i Wki_1(0) — ki1 (P V) K1 ()
Ki—1(c)] =0

[ X7, (i) = ki1 () i Wi (0), k-1 () 1 =0

Yialki(@) = kima (@) ki1 (]ki—a W4 )+ (p) —
Ki—1(#) i1 W21 (), K1 (€)1 =0

(@) = i1 (@) (ki (Vi1 (€), 1621 (€)] =0
Y (k@) — kica (@) ki1 (v), Ki—1(€)] Ki—1(€) =0
Replace v by ev in above relation we have

Z?ﬂ(’{i(l’) - Ki—1(ﬁ))Ki—1(3)[Ki—1(V)' Kki—1(C)]
Ki—1(c) =0

Y (k@) = Kiea(@))E ki (V) ki1 (€)] Ki—1(c) =0

Since E is prime, and k,, is not identity we patience

Dl @ i1(@] = 0

i=1
Thus E is commutative.

Corollary 3.3: Presume J # {0}, if E admits a higher
left (right) centralizer k, s.t. k,(pv) + Kk,_,(pv) €
Z(B), for all p,v € J. Then E is commutative.

Proof: By using the same technique of theorem 3.2.

Theorem 3.4: If E admits higher left (right)
centralizers k,= (k;);ey such that x,(pv)- k,_,(vp)
€Z(B), Vp,ve J, then E is commutative.

Proof: k,(pv)- k,_,(vp) €EZ(E)

If k,=0 = Kk,_,(vp) €Z(E)

Employing the same technique as applied in proof of
theorem 2, we obtain the required result.

Presume k, # 0

Vp,v € J, we obtain

1, (pVv)- K (vp) EZ(E)

ki (@Ko (V) — ki (WK (p) € Z(E). For all
pveE].

izl (@)1 (V) = kim (Vi (@), ki1 (€)] =0
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ealri (), ki1 (@] (V) + k(P [Kkim1 (V) ki1 ()] =
Z?=1[Ki—1(v)' ki_1()]xi_1(p) +

ki1 (W[Kri1(p), ki—1(e)]
Replace v by ve in last relation

?:1[’@(#7)' i1 (e)]ri—1 (V)4 (e) +
ki1 (@)K (V) ki—1(€)]xi—1(e) =

Yicalrioi (W), kg (@)]Ki—1(e)ki—1 () +
ki1 (VK1 (@)[Kki—1(p), ki—1(e)]

= Yl W), ko (@)1 (P ki1 (e) +
ki1 (V) [Ki—1 (@), K1 (€)]Ki—1(e) =

Z?:l[’ci—l(v)' Ki—1 (@)K (@K1 (p) +
ki1 (WKi_1(€)[Kki—1 (@), Ki-1(€)]

=

Further using same arguments of theorem 2 and
corollary 3 we find
J=ledg:g=gitorJ={peg J=J,}

By theorem 3.2 and corollary 3.3, E is commutative.

Theorem 3.7: Assume J # {0} an ideal of E if admits
a higher left (right) centralizers

Kn = (K)ien S-t. kKo@), (V) — 16,1 (pv) € Z(E) or

i (P, V) +ic,_, (pv) € Z(E), for all p,v €7, then E is
commutative.

Proof: we earn i, (p)rc,_1 (V) — k_1 (pv)EZ(E) Or

Kn (P 1 V) +i,_1 (pv) € Z(E)V p,v € J.

If k, = 0, then either case k,,_;(pv) € Z(E),V p,v €
d.

Employ the same technique just as the proof of
theorem 2, we obtain the wanted outturn.

Ifk, #0

For any c€E, replacing v by vc we get

Kn(;?)rcn)_]l(vc) —Kky_1(pvc) € Z(E)

Yica kit W i1 (), ki1 (@)1 (e) — i1 (Vi1 () [ki—1 (), ki—1 (e

=0

Yica ki (W) (K- (@) [ri—1 (), ki1 (e)] —
Ki—1(€)[ri—1(p), ki1(e)]=0

it Kima W) [ o1 (@) k-1 ()] ki1 (€)]= 0

Replace v by vm and [k;_1(#), k;_1 ()] by k;_1(m), ¥
meJg,e€k.

iz Kima (DE[Ki—1 (), ;-1 (€)]=0

By prime of E

Since k;_;(v) # 0, then [x;_,(m), x;_,(e)] =0
Thus E is commutative.

By using same technique of theorem 3.4 we can
proof the subsequent result

Corollary 3.5: If E admits higher left (right)
centralizers k,= (k;);cy such that x, (pv) +
K,—1(vp) € Z(E), for all p,v € J. Then E is
commutative.

Theorem 3.6: If E admits a higher left (right)
centralizers k,= (i;);en S.t. K, (pV) —K,_1(pv) € Z(E)
or 1, (pv) +K,_1(pv) € Z(E),V p,v € J. Then E is
commutative.

Proof: For each p € J.

We put

Ji=1p € J 1k,(pv) —kp_1(pv) € Z(E)}

J=1 € J 1, (pv) + iy (pv) € Z(B) §

It’s clear J,, J, are additive subgroups of J where
J1UJ, = J.Hence either J; =Jor J, =J

2im1 (@) rim1 (V) — ki (P)Ki—1 (V)i—1 () +
ki(@P)ki—1(V)Ki—1(c) € Z(E).

Or Yin, (ki (P (v) + Ko (2o (V))Kiq () +
ki(@P)ki—-1(V)Ki-1(c) € Z(E).

Thus in every case we obtain

n

D @ MA@,k @] =0 (D)

i=1

= Vi ki@ kima(WK_1(0), k-1 ()] +
[ie; (), 1ei—1 (€)]Ki—1 (V) K1 (¢) =0

Replace k;_;(v) by k;(p)k;_; (v) in the above
expression and use (1) to obtain

ki (), ki1 (O] ki (PIrci—1 (Vi1 () =0
That’s mean
tealri (), ki1 (O] ki (PIETK;i—1(c) =0
By Primness of E
Either Y, [1;(#), ki—1 ()] ki(p) =0,V p € J , c EE.
Or ¥, Jr;_1(c) =10}, vV c € E.
If¥*, Jri_1(c) =10} ,V c € E.
=JEY", k_1(c)=10},Vc€eE.

Since J # 10} and E is prime , the above relation
yields that x,=0, which is a contradiction.

Therefore, assume the remaining possibility that

Talki@) ki1 ()] ki (p) =0, for all p € J, c € E.
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For any s€ E, replace cs for ¢ to obtain

(@), ki (©IE ki(p) =10}, forall p € J, c € E.
The primness of E implies that for each p € J,
Bither Y7, () =0 or XL, [16;(#), Ki_1(€)]=0

Hence in every case Y1 [k;(p), k;_1(c)] = 0, for all €
J,ce€E.

Thus in particular

[Kn(p)"cn—l(;?)] :0’ v P € (.7

Thus by lemma 3.1, E is commutative.

4. Main Results

Theorem 4.1: Assume k,, = (k;);ey be higher left
(right) centralizer of E s.t.

i, (), ki_1(p)l€ Z(E ), V p belong to left ideal J of
E,thenforallp e Jn Z(E), k,(p) € Z(E).
Proof: Since
k@), kioa(P) € Z(E),Vp €J. ..(2)

By linearizing (2) we obtain
lk,(p + V), ki (p + V)€ Z(E)

D @M + e @) € ZE) .6)
N(L;z;, if p € Z(E), then from (3) we obtain

Lilki(@), ki (V)] € Z2(E)
Replace k;_;(v) by k;(p)k;_1(v) we obtain
YLiki@)ki(p) ko (v)] € Z(E)

If X1, [1:(»), k-1 (V)]= 0 then X7, k; () € Cp(J) the
central of 7 in E.

Thus k,(p) € Z(E).

But on the other hand Y [ x;(#), ki_1(v)] #0, it
follow from lemma 2.2, that «,(p) € Z(E)

Lemma 4.2: If k,, = (x;);ey of E is higher reverse left
(right) centralizers then it’s central higher
centralizer.

Proof: Assume that x,, = (k;);cy is higher reverse left
(right) centralizer.

n

K@V = D k(K (@)

i=1
n

= ) AWK A@) @)

im1
That is
kn((PV)V) = X ki (VK1 (pVv)

Replace k;_,(pv) by k;_,(vp) in last relation

ka(@VI9) = D ki @Y () (5
From (4) and (5) we achieve

n

D kW), K@) = 0¥ 2,7 €E ..(6)
i1
Replacing p by ep in (6) and using (6) we get

n

D WK@K k@] =0 (D)

i=1
On the other hand a linearization of (6) lead to

ki@ ki (W), ki (p)]=-
Yiiki@Kkica(v), ki1 (p)], Vp,v,u € E.

Replacing k;_; (€) by [k;(w), k;_1 (#)] Ki_1(€)x;(w) in
(7) with primness E gives

ik (), ki1 (P)] =0V p,v,u €EE.

Then we get k,(we Z(E),Vu € E.

Lemma 4.3: Assume char. (E)#2, p€E. If 7 # (0) a
central Lie ideal of E such that u2€,

vued and k,(pJ) €Z(E) (k,(Jp)=Z(E)) then

K, (p)EZ(E).

Proof® By the hypothesis

[, (), K1 () 1 =0

And so

n

D @) KA @] = 0V uEd. (@)
I]{le_;lace u by 2ue in (8)

=1 ki @) [Kima(€) , kima ()] = 0,V e € 7.

We acquire x;()=0 or [K;_,(e) ,k;_1(p) 1 =0, V e€J.
By lemma 2.3 and sok, (p)€Z(E ).
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Lemma 4.4: Assume char.(E) # 2, a left ideal J # {0}
on E, k, # 0, vn €N is a left (right)

centralizer of E. If J is not commutative such that
liko—1(p) , 1, (p) ] =0, Vp€J, then K, =0.

Proof: by linearizing the equation [ x,(p) , k,_;(2)]
= 0 which gives

Yisalkip +v), ki (p +v)]=0
Yicalki @), ki (@] + [1;(v), ki1 (v)] =0

Replacing k;(p) by k;_;(») k;(p) and k;(v) by
Ki—1(l’)Ki(V)

YLk (@) ki@), kim (@] +Hri_1 () V), Ky (V)]
=0

= it ki@ [ki(@), ki (p)] +
ki1 (@), ki W]+ [i21 (@), ki (V)] (v) =0

4

[Kio (@) kit (W] (v) = 0 ... (9)

Replacing v by ve in (9) , V e € J, and using (9) we
obtain

D i1 (@), ki 1 @l (WK () = 0

D s Wi ), i (I (€)

F s ), Ka ()]s () (a6 = 0

D @), ke s (@KW1 (€) =0 .. (10)

Replacing k;_; (€) by k;_1(r) k;_1(€) , ¥V r€E in (10)

Yicalkioi @) ki (V]EK; 1 (e (V)1 (DK —1(€))) = 0
By primness of E we acquire

Yizalkio1 (@), ki1 (vV)]=0 or

iz ki1 (€Ki (V)1 (ki1 (€)=0

Since J is not commutative then k,=0.

Theorem 4.5: Assume char.(E) £ 2, J a left ideal of E
, K = (K;)ien 1s nonzero higher left

(right) centralizers of E. If [ k,,(v) , x,(p) 1 = [k;_,(v) ,
ki1 (p) 1 vpv € J, then [k, ,(p),

K, ()] =0 and hence E is commutative.

Proof: By [k, (V) , k,,(p) 1= ko1 V), ko1 (p)], Vp,v €
d.
By taking vp instead of v in the hypothesis, then we
acquire

[ ) , 11 @] = BT [l (W ki1 (), 1:(p)]
=Yl (), ki ()] i () 1 (W i1 (), 1 ()]

Replacing k;_,(v) by x;_1(v) k;_1(r), Vr€E in last
relation we obtain

s ki (M ki (), ki(P)] =0
By primness of E and «,, # 0, we obtain

ik (@) k()] = 0

Theorem 4.6: Let E be a ring of characteristic
different from 2, and let J be a nonzero left ideal
of E, k,, =(k;);en is nonzero higher left (right)
centralizer of E. If [k, (v) , k,,(p)]= 0, Vp,vEJ then E
is commutative.

Proof: Given [ k,(v) , k,(p) ] =0, Vp , v €J.

By taking vp instead v for hypothesis we getting

21 ki [rim 1 (@), ki (@)] + [1:(), ki (P) )i 1 () = 0
Then i, ki (V) [k;-1 (), ki(p)]= 0
Replacing k;(v) by k;(v)k;(r) in last relation, V r€ E.
iz ki (W) [ri_1 (@), ki (p)]= 0
By primness of E and «,, is nonzero we acquire
[Kn—l(ﬂg)' Kn(ﬂg)] =0
By theorem 4.5 we get the require result.
Example 4.7: Assume E =

0 00
{(;9 0 0) . p,v,care integer numbers} be ring

v ¢ 0
define an additive mappings &, (k;);ex by

0 0 O 0 0 0 0 0 O
Kn (39 0 O> =<0 0 0),\7’(;9 0 0>EE
v ¢ 0 np nc 0 v ¢ 0

Hence it’s commuting on E.

Lemma 4.8: Assume k,,= (k;);cy is a higher left
(right) centralizers on E such that

[1,(p), kp_1(p) ] € Z(E), V p€J, where J is a left
ideal of E, then for each k,_,(p )€ JN

Z(E), kn(p) € Z(E).

Proof: Since [k, (p), k,_1(p)] € Z(E),V p €E.
ik, (p +v), k1 (p +v)] € Z(E) ,V pv e .

il @), i W]+ W), ki1 (p)] € Z(E)
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But, k,_;(p )€ Z(E), then from above relation we
obtain

Ll (@), k- (W] € Z(B).

Replace x;_; (v) by k;(p)x;_1(v)in last relation we
obtain

Ll (@), k(@)1 ()] € Z(E)

IfE admits higher left (right)
centralizers xx= (x;):ex Such that
Ke(2V)- Kn-1(vp)

Assume J = {0} anideal of E if admitsa
higher left (rnight) centralizers x, =
(x:)iax st X (2 (V)= Xp g (PV) €

Z(E) ot x5 (2)%e(p) * X1 (pV) € Z(E),

for all p,v €7, thenE is

Assume char(E) =2, J aleftideal of E ,
Xe = (X;)iqy 15 nomzero higher left
(nght) centralizers of E. If [ x.(Vv),

Xo(2) ] = [x:1 (V) , % y(P) | VPV E ],

then [xx-1(2) , %2 ()] =0 and hence E is

ki@ @) ko1 (V)] € Z2(E)
If Y7 [k (p), kioa (V)] = 0, then K, (p) € Ck (J), the

central of J in E.
Hence it’s belong to Z(E).
But on the other hand if Y1 [x;(p), ki_1 (v)] #0.

It again follow from lemma 2.2 that is k, (p)e Z(E ).

Commutative
ring

Assume char (E)=2, a leftideal J of E ,
X, =(X,;) ey nzero higher left (nght) centralizer
of E.If [ x.(v), %.(2) ]=0,Vp.vEJ thenE
15

Figure 1. Sample of results obtained in the present work.

5. Conclusion

Higher centralizers are a fundamental topic in non-
commutative algebra, as they play an important role
in studying the conditions that make rings satisfy
the commutativity and centrality conditions. We
have reached several results, including: assume
char.(E)#2, a left ideal J of E , k,, =(k;);ey is higher
left (right) centralizers of E. If [ x,(v), x,(p) 1 =0,
Vp ,v €J then E is commutative.
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