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Assuming that 𝑅 is a commutative ring with unity, and 𝑋 be a left unitary 

𝑅-module.  This work presents a generalization of the concepts of 

compressible and retractable modules.  We specifically define and 

examine r-small compressible and r-small retractable modules.  We 

examine their essential aspects, offer characterizations, and present 

instructive examples.  Additionally, we investigate the relationships 

between these novel classes and existing established types of modules. 
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1. Introduction  

All rings in this work are commutative with an 

identity element, and all modules are unitary left 𝑅-

modules. Suppose 𝑋 is a module, 𝑂 and,𝑈 be two 

submodules in 𝑋. Then 𝑂 is termed a small 

submodule (𝑂 ≪ 𝑋) if 𝑂 + 𝑈 = 𝑋 up to 𝑈 = 𝑋; see[1,2].  

Remember that module X's maximal submodule 𝐿 is 

its proper submodule such that whenever 𝐿 < 𝑆 ≤ 𝑋 

implies that 𝑆 =  𝑋, where 𝑆 is a submodule of 𝑋. See 

[2]. The Jacobson radical of a module 𝑇, symbolized 

by (𝑅𝑎𝑑(𝑇), is expressed as the intersection of each 

maximal submodules of 𝑇, provided that such 

submodules exist, which is also a submodule of 𝑇 [2]. 

If 𝐴 ≪ 𝑅𝑎𝑑(𝑋), then 𝐴 is termed a radical small (r-

small) submodule and denoted by (𝐴 ≪𝑟 𝑋). See [3]. 

A module 𝑆 is termed to be compressible if, for each 

non-zero submodule 𝐶 of 𝑆, there exists an injective 

(one-to-one) homomorphism 𝜎: 𝑆 ⟶  𝐶. In other 

words, the module 𝑆 can be embedded into every of 

its non-zero submodules through a monomorphism 

[4]. A module 𝑋 is termed retractable if, for each non-

zero submodule 𝐴 ⊆ 𝑋, there exists a non-zero 

homomorphism from 𝑋 to 𝐴; that is, 𝐻𝑜𝑚𝑅(𝑋, 𝐴) ≠
0[5]. Many authors generalize the compressible 

module and retractable module as [6-15]. This work 

will utilize the r-small submodule to generalize the 

compressible module and retractable module as r-

small compressible modules and r-retractable 

modules.  We will review several examples and 

characteristics of r-small submodules, compressible 

modules, and retractable modules.  For additional 

information, one may refer to references [3], [4], and 

[5]. 

Examples (1.1): 

1. It is clear that 0 ≪𝑟 𝑋 for all 𝑅-module 𝑋. 

2. 𝑅𝑎𝑑(𝑍) = 0 , 𝑅𝑎𝑑(𝑄) = 𝑄. 

3. In the 𝑍-module 𝑍6, the radical 𝑅𝑎𝑑(𝑍6) is the 

zero submodule 〈0〉; therefore, the submodule 

〈3〉;   is r-small in  𝑍6. 

4. In the 𝑍-module 𝑍8, the radical 𝑅𝑎𝑑(𝑍8) is the 

submodule 〈2〉. 

5. 〈6〉; ≪𝑟 𝑍12, 𝑍12 as 𝑍-module 

6.  In the 𝑍-module 𝑄, 𝑍 ≪𝑟 𝑄. 

7. The 𝑍 -module 𝑍 is compressible module, 

because 𝐻𝑜𝑚𝑅(𝑍, 𝑛𝑍) ≠ 0, and it is s a 

retractable module. 

8. In the 𝑍 -module𝑄, the set of all homomorphism 

from 𝑄 into 𝑍 is zero , so it is not compressible 

module and it is not a retractable module. 
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9. The 𝑍 -module  𝑍𝑛  is not a compressible module, 

for all 𝑛 ∈ 𝑍+, 𝑛 > 1 because 𝐻𝑜𝑚𝑅(𝑍𝑛, 𝐴) = 0, 
where 𝐴 is a submodule of 𝑍𝑛, while it is a 

retractable module. 

10. The Prüfer 𝑝-group 𝑍𝑝∞, when viewed as a 

module over 𝑍, fails to satisfy the conditions of 

being compressible or retractable. 

11. The homomorphic image of a compressible 

module does not inherently preserve the 

attribute of compressibility. For instance, the 

module, 
𝑍

6𝑍
≃𝑍6 serves as a counterexample, as it 

is not compressible. 

12. Each compressible module is retractable 

module. Conversely, therefore it is not true 

(see9). 

Remarks (1.2):  Suppose that 𝑋 is a module and 𝑂, 𝑈 

are two submodules in 𝑋, then : 

1. If  𝑂 ≪𝑟 𝑋, then  𝑂 ≪ 𝑋. 

2. If  𝑂 ≪ 𝑋 and 𝑈 ≪𝑟 𝑂, then  𝑈 ≪𝑟 𝑋. 

3. 𝑅𝑥 ≪ 𝑋 if and only if 𝑥 ∈ 𝑅𝑎𝑑(𝑋); 𝑥 ∈ 𝑋 . 
4. Any submodule 𝑈 ≤ 𝑆. 𝑅𝑎𝑑(𝑈) ≤ 𝑅𝑎𝑑(𝑆). 
5. If 𝑂1 ≪𝑟 𝑆1 and 𝑂2 ≪𝑟 𝑆2, then 𝑂1 + 𝑂2 ≪𝑟 𝑆1 +

𝑆2 ; 𝑆1 𝑎𝑛𝑑 𝑆2 are two modules.  

6. If 𝑂 ≪𝑟 𝑈 ≤ 𝑋, then 𝑂 ≪𝑟 𝑋. 

7. If 𝑂 ≤ 𝑈 ≪𝑟 𝑋, then 𝑂 ≪𝑟 𝑋. 

8. If 𝑋 = ⨁𝑖∈𝐼𝑋𝑖  ;  𝑋𝑖  is submodules in 𝑋 for all 𝑖, 
then 𝑅𝑎𝑑(𝑋) = ⨁𝑖∈𝐼𝑅𝑎𝑑(𝑋𝑖). 

 

2. r-Small Compressible Modules 

This paper introduces the concept of r-small 

compressible modules as a logical extension of 

compressible modules.  We present multiple 

examples to elucidate the concept and delineate 

certain essential qualities that are pivotal to our 

inquiry. 

 

Definition (2.1): The module 𝑋 is considered r-small 

compressible when it admits an embedding into each 

of its nontrivial r-small submodules, meaning there 

exists a monomorphism.𝜎: 𝑋 ⟶ 𝐴; 𝐴 ≪𝑟 𝑋). 

 

Examples and Remarks (2.2): 
1. Every compressible module qualifies as an r-

small compressible module.   Typically, the 

converse is not applicable.   For example,  𝑍𝑍6, 

regarded as a 𝑍 𝑍-module, is r-small 

compressible but not compressible (see 

examples(1.1,(9)). 

2. The 𝑍 -module 𝑍 is an r-small compressible 

module, as it is compressible. 

3. The 𝑍-module 𝑍8  is not r-small compressible 

module, as  𝑍8cannot embedded in  〈4〉 where 

〈4〉 ≪𝑟 𝑍8 with 𝑅𝑎𝑑(𝑍8) = 〈2〉. 

4. The 𝑍-module, 𝑄 cannot be r-small compressible 

module, as  𝐻𝑜𝑚𝑍(𝑄, 𝑍) = 0 where 𝑍 ≪𝑟 𝑄. 

5. All simple module is an r-small compressible 

module; however, the converse is not true.  For 

instance, 𝑍, as a 𝑍 -module, is an r-small 

compressible module, although it is not simple. 

A module  𝑋 is said to be small compressible if it 

admits an embedding into each non-zero small 

submodule of itself. [9]. 

Proposition (2.3): Each module that is small 

compressible can be regarded as an r-small 

compressible module. 

Proof.  Take 𝑆 to be an arbitrary module and 0 ≠
𝑂 ≪𝑟 𝑆. By hypotheses 𝑆 is small compressible 

module and by remark(1.2)(1) 𝑂 ≪ 𝑆, hence there is a 

monomorphism 𝜃: 𝑆 ⟶ 𝑂. Thus we can be embedded 

𝑆 in 𝑂. Therefore, 𝑆 is r-small compressible module. ∎ 

The converse of proposition(2.3) need not to be true 

in general. For example, 𝑍4 as 𝑍-module has no r-

small submodule since  𝑅𝑎𝑑(𝑍4) = 〈2〉 so it is r-small 

compressible module but not small compressible, 

since 〈2〉 is small submodule and 𝑍4 cannot embedded 

in 〈2〉. 

Proposition (2.4) 

If a module is r-small compressible, then all of its 

submodules are likewise r-small compressible. 

 

Proof. Suppose that 𝑂 is a submodule of a module 

𝑆and 0 ≠ 𝑈 ≪𝑟 𝑂. We like to show that the submodule 

𝑂 can be embedded in 𝑈. So 0 ≠ 𝑈 ≪𝑟 𝑂 ≤ 𝑆. By 

remark (1.2)(6), then 0 ≠ 𝑈 ≪𝑟 𝑆, since 𝑆 is r-small 

compressible module. Then there exists a 

monomorphism 𝜌: 𝑆 ⟶ 𝑈. We have that 𝑖: 𝑂 ⟶ 𝑆 is 

the inclusion monomorphism, hence 𝜌 ∘ 𝑖: 𝑂 ⟶ 𝑈  is a 

monomorphism. Thus, 𝑂 is r-small compressible 

module. ∎ 

Remark (2.5): In general, a homomorphic image of an 

r-small compressible module does not necessarily 

inherit the r-small compressibility property. For 

instance, the module 
𝑍

8𝑍
≃ 𝑍8 provides a 

counterexample, as it is not r-small compressible. 

Proposition (2.6): If 𝑆1 and 𝑆2 are two modules such 

that 𝑈1 ≤ 𝑆1 and𝑈2 ≤ 𝑆2 with 𝑈1⨁𝑈2 ≪𝑟 𝑆1⨁𝑆2, then  

𝑈1 ≪𝑟 𝑆1 and 𝑈2 ≪𝑟 𝑆2 . 

http://www.anjs.edu.iq/
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Proof.  Suppose that 𝑈1 ≤ 𝑈1⨁𝑈2 ≪𝑟 𝑆1⨁𝑆2. Thus  by 

definition of r-small submodule 𝑈1⨁𝑈2 ≪
𝑅𝑎𝑑(𝑆1⨁𝑆2) ≤ 𝑅𝑎𝑑(𝑆1)⨁𝑅𝑎𝑑(𝑆2). Thus 𝑈1⨁𝑈2 ≪
𝑅𝑎𝑑(𝑆1)⨁𝑅𝑎𝑑(𝑆2) . So 𝑈1 ≪ 𝑅𝑎𝑑(𝑆1) and 𝑈2 ≪
𝑅𝑎𝑑(𝑆2). Therefore,  𝑈1 ≪𝑟 𝑆1 and 𝑈2 ≪𝑟 𝑆2 .∎ 

Proposition (2.7): Let 𝑋 = 𝐴1⨁𝐴2 be a module such 

that 𝑎𝑛𝑛𝐴1 + 𝑎𝑛𝑛𝐴2 = 𝑅. Then module 𝑋 is said to be 

r-small compressible if and only if its components 

𝐴1and 𝐴2 are  themselves r-small compressible. 

Proof.  ⟹) Let 0 ≠ 𝑃1 ≪𝑟 𝐴1 ≤ 𝐴1⨁𝐴2 = 𝑋. Then 0 ≠ 

𝑃1 ≪𝑟 𝑋, there exists a monomorphism 𝛿: 𝐴1⨁𝐴2 → 𝑃1 

with the inclusion monomorphism 𝑖: 𝐴1 → 𝐴1⨁𝐴2. 

Hence there is a monomorphism 𝛿 ∘ 𝑖: 𝐴1 → 𝑃1. Thus, 

𝐴1 is an r-small compressible module; similar for 𝐴2. 

⟸)Let  0 ≠ 𝑃 ≪𝑟 𝐴1⨁𝐴2 = 𝑋. Then 𝑃 = 𝑃1⨁𝑃2 for 

some  0 ≠ 𝑃1 ≪𝑟 𝐴1 ≤ 𝑋 and 0 ≠ 𝑃2 ≪𝑟 𝐴2 ≤ 𝑋, so 𝑃1 

and 𝑃2 are r-small submodules in 𝑋. But 𝐴1and 𝐴2 are 

r-small compressible modules, then there exists a 

monomorphism 𝜎1: 𝐴1 ⟶ 𝑃1 and 𝜎2: 𝐴2 ⟶ 𝑃2. Now, we 

can define 𝛾: 𝑋 ⟶ 𝑃 by 𝛾(𝑠, 𝑑) = (𝜎1(𝑠), 𝜎2(𝑑)); 𝑠 ∈ 𝐴1 

and 𝑑 ∈ 𝐴2. It easily to show that 𝛾 is a 

monomorphism and so 𝑋 is r-small compressible 

module∎ 

 

3. r-Small Retractable Modules  

This paper introduces the notion of r-small 

retractable modules as a generalization of retractable 

modules, accompanied by several examples, and 

presents fundamental aspects of this module type 

utilized in our research. 

Definition (3.1): A module 𝑋 qualifies as r-small 

retractable when each of its nonzero r-small 

submodules 𝐴 satisfies 𝐻𝑜𝑚𝑅(𝑋, 𝐴) ≠ 0. 

Examples and Remarks (3.2): 
1. Any retractable module is, in particular, an r-

small retractable module. 

2. The 𝑍-module, 𝑍 is an r-small retractable 

module, as it is retractable. 

3. The 𝑍-module, 𝑍𝑛 is an r-small retractable 

module, for each 𝑛 ∈ 𝑍+, 𝑛 > 1, (because 

𝐻𝑜𝑚𝑍(𝑍𝑛, 𝐴) = 0.), where 𝐴 ≪𝑟 𝑍𝑛. 

4. The 𝑍-module 𝑄 is not an r-small retractable 

module, (because 𝐻𝑜𝑚𝑅(𝑄 , 𝑍) = 0). 

5. Each semi-simple module is r-small 

retractable; however, the reverse is not 

necessarily true.  For instance, the 𝑍-module  

𝑍8 is a retractable module of r-small type, 

although it is not semi-simple. 

6. The 𝑍-module, 𝑄 ⨁𝑍 is r-small retractable 

module. 

7. In general, the homomorphic image of an r-

small retractable module does not necessarily 

remain r-small retractable. For instance, the 

module, 
𝑄 ⨁𝑍

𝑍
≃ 𝑄  is not r-small retractable 

module. 

8. The direct summand of an r-small retractable 

module does not necessarily inherit the r-small 

retractability property. ( since 𝑄 ⨁𝑍 is r-small 

retractable module , but 𝑄  is not r-small 

retractable module. 

Proposition (3.3): If 𝑆 is an r-small retractable 

module, then any r-small submodule of 𝑆 is itself r-

small retractable 

Proof. Assuming 𝑂 is an r-small submodule of 𝑆. We 

have to show 𝑂 is also r-small retractable module. Let 

0 ≠ 𝑈 ≪𝑟 𝑂 ≤ 𝑆. Thus, 𝑈 ≪𝑟 𝑆,  because 𝑆 is an r-

small retractable module, hence there is a nonzero 

homomorphism 𝜎: 𝑆 ⟶ 𝑈 and 𝑖: 𝑂 ⟶ 𝑆 is the 

inclusion homomorphism. Thus, 𝜎 ∘ 𝑖: 𝑂 ⟶ 𝑈 is a 

nonzero homomorphism (𝐻𝑜𝑚𝑅(𝑂, 𝑈) ≠ 0). Therefore 

𝑂 is an r-small retractable module.∎ 

Corollary (3.4):  Any r-small submodule contained in 

a retractable module is itself r-small retractable. 

Proof: Suppose 𝑂 is an r-small submodule of 𝑆, where 

𝑆 is a retractable module, by examples and remarks 

(3.2.1) 𝑆 is r-small retractable module. Then by 

proposition(3.3) 𝑂 is an r-small retractable module. ∎ 

Remark (3.5):In general, a direct summand, 

homomorphic image, or quotient of an r-small 

retractable module may fail to be r-small retractable. 

For instance, consider the quotient module 
𝑍⨁𝑍𝑝∞

𝑍
≃

𝑍𝑝∞, which is not an r-small retractable module, since 

𝑍𝑝∞, when regarded as a 𝑍 -module, does not satisfy 

the r-small retractability condition. 

Proposition (3.6):  Let 𝑆 = 𝑆1⨁𝑆2 be a module with  

𝑎𝑛𝑛𝑆1 + 𝑎𝑛𝑛𝑆2 = 𝑅. Then 𝑆 is r-small retractable if 

and only if 𝑆1 and 𝑆2 are r-small retractable modules. 

Proof. ⟹) Suppose 0 ≠ 𝑃1 ≪𝑟 𝑆1 ≤ 𝑆1⨁𝑆2 = 𝑆. So 0 ≠ 

𝑃1 ≪𝑟 𝑆, there is a nonzero homomorphism 𝛿: 𝑆1⨁𝑆2 →
𝑃1 with the inclusion homomorphism 𝑖: 𝑆1 → 𝑆1⨁𝑆2. 

Hence there is a nonzero homomorphism 𝛿 ∘ 𝑖: 𝑆1 →
𝑃1. Thus, 𝑆1 is an r-small retractable module; similar 

for 𝑋2. 

⟸) Let 0 ≠ 𝑃 ≪𝑟 𝑆1⨁𝑆2. Since 𝑎𝑛𝑛𝑆1 + 𝑎𝑛𝑛𝑆2 = 𝑅, we 

can give 𝑃 = 𝑃1⨁𝑃2 with 𝑃1 ≤ 𝑆1 and 𝑃2 ≤ 𝑆2, but 

𝑃1⨁𝑃2 ≪𝑟 𝑆1⨁𝑆2 implies that 𝑃1 ≪𝑟 𝑆1and 𝑃2 ≪𝑟 𝑆2. 

But 𝑆1and 𝑆2 are r-small retractable modules, then 

http://www.anjs.edu.iq/


    

Al-Nahrain Journal of Science  
Al-Nahrain J. Sci., Vol. 29, Issue (3), pp. 226 – 230, September, 2026. 

 

 

www.anjs.edu.iq                                                                       Publisher: College of Science, Al-Nahrain University 
229 

there exists nonzero homomorphism 𝜎1: 𝑆1 ⟶ 𝑃1 and 

𝜎2: 𝑆2 ⟶ 𝑃2. Now, we can define 𝛾: 𝑆 ⟶ 𝑃 by 𝛾(𝑎, 𝑏) =
(𝜎1(𝑎), 𝜎2(𝑏)); 𝑎 ∈ 𝑆1 and 𝑏 ∈ 𝑆2. It easily to show that 

𝛾 is a nonzero homomorphism and hence 𝑆 is r-small 

retractable module∎ 

Hence, we can define a new concept  rs-hollow 

modules 

Definition (3.7): A module 𝑋 is said to be rs-hollow if 

each proper submodule in 𝑋 is r-small. 

Proposition (3.8):  Let 𝑆 be an rs-hollow module. Then 

the following are equal : 

1. 𝑆 is an retractable module. 

2. 𝑆 is a small retractable module. 

3. 𝑆 is an r-small retractable module. 

Proof. (1) ⟹ (2) Let 𝑂 be a nonzero small submodule 

of 𝑆 and assume that 𝑆 is a retractable module. Then 

𝑂 ≤ 𝑆, and there exists a nonzero homomorphism 

𝜎: 𝑆 ⟶ 𝑂. Therefore 𝑆 is small retractable module. 

(2) ⟹ (3) Suppose 0 ≠ 𝐵 ≪𝑟 𝑆 and assume that 𝑆 is 

small retractable module. Then 𝐵 ≪ 𝑆,  and there 

exists a nonzero homomorphism 𝜎: 𝑆 ⟶ 𝐵. Therefore 

𝑆 is r-small retractable module. 

(3) ⟹ (1)Let 0 ≠ 𝐵 ≤ 𝑋. Since 𝑋is rs-hollow module, 

then 0 ≠ 𝐵 ≪𝑟 𝑋 and there exists a nonzero 

homomorphism 𝜎: 𝑋 ⟶ 𝐵. Therefore, 𝑋 is retractable 

module. 

4. Discussion 

In this paper, we have introduced and studied the 

notions of r-Small Compressible Modules and r-Small 

Retractable Modules as natural generalizations of 

compressible and retractable modules. Several 

properties, examples, and characterizations have 

been provided, together with some relations to other 

well-known classes of modules. 

1. Limitations of this study: The present work is 

theoretical in nature and limited to commutative 

rings with unity. The results are not yet extended 

to non-commutative settings or to modules with 

additional structures, such as graded modules. 

Moreover, the study focuses mainly on structural 

properties rather than applications to other 

branches of algebra. 

2. Disadvantages and possible improvements: One 

disadvantage is that some proofs rely heavily on 

previously known results without providing 

deeper structural characterizations. This may 

limit accessibility for readers less familiar with 

the area. Future work could aim at giving more 

constructive proofs or explicit examples, possibly 

supported by computational algebra systems, to 

make the theory more transparent. 

3. Features and comparison with existing results: 

The proposed concepts extend the classical ideas 

of compressibility and retractability by replacing 

the role of small submodules with r-small 

submodules. This generalization allows for a 

wider class of modules to be studied under similar 

frameworks. Compared with existing literature, 

our results unify and broaden the scope of analysis 

while preserving many useful properties of the 

classical notions. 

 

5. Conclusions 

In this paper, we alluded that each compressible 

module is r-small compressible module. However in 

general conversely is not true, a submodule of an r-

small compressible module is r-small compressible 

module. But, a homomorphic image of an r-small 

compressible need not be r-small compressible in 

general, every retractable modules is r-small 

retractable module, An r-small submodule of an r-

small  retractable module is also r-small retractable 

module, and a direct summand ( a homomorphic 

image or quotient module) of an r-small retractable 

module it not may be r-small retractable module in 

general. 
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