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1. Introduction  

The study of fractional calculus and differential 

equations of fractional order is highly significant due 

to their applicability in the analysis and simulation 

of real-world phenomena. Significant advancements 

have been made in the research of fractional-order 

differential equations [1]. To find other research 

works with practical applications, readers can refer 

to the provided sources [2]. Research on the presence 

of unique solutions for fractional differential 

equations is crucial as [3] it enhances physicians' 

comprehension of the dynamics of real phenomena. 

Refer to the papers [4,5], for additional information. 

Furthermore, they have great significance in 

different science topics [6]. The Lane-Emden 

equation is an equation in astrophysics that holds 

great significance [7,8]. For further information, 

please refer to the sources. [9-12], and the 

corresponding references. The reader can also 

consult, [13-16], for more details about fractional 

equations, we study existence and uniqueness of the 

solution of the following system [17]: 

 

{
 
 

 
  𝐷 

𝛼𝑢(𝑡) = ℱ (𝑡, 𝜐𝛿(𝑡), 𝐷 
𝛿𝜐(𝑡)) 

𝐷 
𝛽𝑢(𝑡) = ℱ (𝑡, 𝑢𝜎(𝑡), 𝐷 

𝛿𝑢(𝑡)) 
  

 1 < 𝛼, 𝛽 < 2,   𝑡 ∈ [0, 1]

     … (1

 

 

) 

Where 𝜎 ≤  𝛼 −  1, 𝛿 ≤  𝛽 −  1, D is the Caputo 

fractional derivative. We denote by J = [0, 1], [18]. 

The structure of this document is as follows: 

In Section two, we use some definitions and 

definitions. To support our main findings, In the 
third section, we prove the main theorems of this 

paper, discussing examples. To our knowledge, there 

are no papers that address this problem with Caputo 

fractional. 

 

2. Preliminaries 

For the convenience of the reader, we present some 

concepts of fractional calculus. 

 

Definition 2.1 (Riemann-Liouville (R–L) type 

fractional order integral), [19]. The R-L fractional 

integral of order 𝛼 >  0  is define as follows: 

𝐼 
𝛼 𝑓(𝑡) =

1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1𝑓(𝜏)

𝑡

0

𝑑𝜏 
    … (2) 

  represents the Gamma function 
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Definition 2.2, [20]. If 𝑓 ∈  𝐶𝑛( [0, 1], 𝑅 ) 𝑎𝑛𝑑  
𝑛 −  1 <  𝛼 ≤  𝑛, then, the Caputo fractional 

derivative is: 

𝐷 
𝛼𝑓(𝑡)  =  𝐼𝑛−𝛼

𝑑𝑛

𝑑𝑡𝑛
 (𝑓(𝑡))       … (3) 

             = 
1

𝛤(n−𝛼)
∫ (𝑡 − 𝑠)𝑛−𝛼−1𝑓(𝑛)(𝑠)
𝑡

0
𝑑𝑠  

 

Lemma 2.3. [19] Taking 𝑛 ∈  𝑁 and 

 

 𝑛 − 1 <  𝛼 ≤  𝑛,     𝑦(t) = ∑ cit
In−1

j=0       … (4) 

 

Then Eq. (4) is general solution of 𝐷𝛼𝑦(𝑡)  =  0. 

such that 𝑐𝑗  ∈  ℝ, 𝑖 =  0, 1, 2, . . , 𝑛 −  1. 

 

Lemma 2.4  [10] Taking 𝑛 ∈  𝑁∗  and 𝑛 − 1 <  𝛼 <  𝑛 , 

and from eq. (4) then, we have  

𝐼 
𝛼𝐷 

𝛼𝑦(t) = 𝑦(t) +∑cjt
i

n−1

j=0

    … (5) 

such that 𝑐𝑗  ∈  ℝ, 𝑖 =  0, 1, 2, . . , 𝑛 −  1. 

 

Lemma 2.5.  Let ℎ ∈  𝐶([0, 1]).  The problem is then 

stated: 

{

𝐷 
𝛼𝑢(𝑡) = ℎ(𝑡),      1 < 𝛼 ≤ 2,   𝑡 ∈ [0, 1]

𝑢(0) = 0,   𝑢(1) =∑𝑎𝒾𝛪
𝑝𝑢(𝑏𝒾) 

𝑘

𝒾=1 

 

           … (6) 

that the following representation is an integral 

solution: 

𝑢(𝑡) =
1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1ℎ(𝜏)

𝑡

0

𝑑𝜏

+
𝑡

∆
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1ℎ(𝜏)

𝑡

0

𝑑𝜏

− ∫(1 − 𝜏)𝛼−1ℎ(𝜏)

𝑡

0

𝑑𝜏         … (7) 

 

where  ∆=
∑ 𝒃𝒊

𝒑+𝟏
 𝒌

𝓲=𝟏

𝜞(𝜶+𝟏)
 

Proof. 

Using the result of Lemma 2.4 and applying it to 

equation (6), we find that 

 
𝑢(𝑡) =  𝐼 

𝛼ℎ(𝑡) + 𝑐0 − 𝑐1             … (8) 
By applying the initial conditions, we are able to 

express: 

𝑢(0) = 0 ⟹ 𝑐0 = 0 and 

 
1

𝛤(𝛼)
∫ (1 − 𝜏)𝛼−1ℎ(𝜏)
𝑡

0
𝑑𝜏 − 𝑐1 = ∑ 𝑎𝒾𝛪

𝑝(𝐼 
𝛼ℎ(𝑏𝒾)  +  𝑐1 𝑏𝒾) 

𝑘
𝒾=1  

 

=∑𝑎𝒾𝛪
𝑝(𝐼 

𝛼ℎ(𝑏𝒾)  +  𝑐1 𝑏𝒾) 

𝑘

𝒾=1

 

 

𝑐1(1 −
1

𝛤(𝑝)
∑𝑎𝒾 

𝑘

𝒾=1

∫(𝑏𝒾 − 𝜏)
𝑝−1ℎ(𝜏)𝑑𝜏

𝑡

0

 

=
1

𝛤(p+𝛼)
∑ 𝑎𝒾 
𝑘
𝒾=1 ∫ (𝑏𝒾 − 𝜏)

𝛼+𝑝−1ℎ(𝜏)𝑑𝜏
𝑡

0
  

                                                                                         

−
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1ℎ(𝜏)
𝑡

0
𝑑𝜏 

Replacing 𝒄𝟏, 𝒄𝟎.  in (8), we end the proof. 

 

3. Existence and Uniqueness Results 

Let's transform the above equation (8) into a fixed-

point problem. First, let us start by examining the 

Banach space. 

(𝐸, 𝐹)  =  {𝑢, 𝑣 ∈  ℂ(𝐽, ℝ), 𝐷𝛿𝑢, 𝐷𝛿𝑣 ∈  ℂ( 𝐽, ℝ)} 
endowed with the norm 

∥ 𝐸, 𝐹 ∥𝐸  = ∥ 𝑢 + 𝐷
𝛿𝑢 ∥∞+ ∥ 𝑣 + 𝐷

𝛿𝑣 ∥∞ 

such that 

∥ u ∥∞ = sup
t∈J

|u(t)| , ∥ Dδu ∥∞ =  sup
t∈J

|Dδu(t)|. 

Now considered: 

(A1). The functions 

𝑓, 𝑔 ∶  𝐽 ×  ℝ2  →  ℝ are continuous. 

(A2) There exists a nonnegative continuous 

functions 

 𝜆𝑖 ,  𝜈𝑖 ∈  𝐽, 𝑖 =  1, 2 such that for all 𝑡 ∈  𝐽 
and (𝑢1, 𝑣1), (𝑢2, 𝑣2)  ∈  ℝ

2, we have 
|f(t, u1, v1) − f(t, u2, v2)| ≤ λ1(t)|u1 − u2| + v1(t)|v1 − v2|, 
|g(t, u1, v1) − f(t, u2, v2)| ≤ λ2(t)|u1 − u2| + v2(t)|v1 − v2| 
 

(A3) There exists a nonnegative functions 

𝑚1(𝑡) 𝑎𝑛𝑑 𝑚2(𝑡) such that 

|𝑓(𝑡, 𝑢, 𝑣)| ≤ 𝑚1(𝑡) , |𝑔(𝑡, 𝑢, 𝑣)| ≤ 𝑚2(𝑡), 
 ∀𝑡 ∈  𝐽, 𝑢, 𝑣 ∈  ℝ, with 

 

𝐿𝑓 , 𝐿𝑔  =  sup(𝑚1,𝑚2)(𝑡)
𝑡∈𝐽

, We take 

𝐷1 =
2

𝛤(𝛼 + 1)
+

∑ 𝑎𝒾  
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(𝛼 + 𝑝 + 1)
 

𝐷2 =
2

𝛤(𝛼 − 𝜎 + 1)
+

∑ 𝑎𝒾  
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(2 − 𝜎)𝛤(𝛼 + 𝑝 + 1)
 

𝐷3 =
2

𝛤(𝛽 + 1)
+

∑ 𝑐𝒾 
𝑘
𝒾=1 𝑑𝑖

𝛽+𝑞

|∆̅|𝛤(𝛽 + 𝑞 + 1)
 

𝐷4 =
2

𝛤(𝛽 − 𝛿 + 1)
+

∑ 𝑐𝒾 
𝑘
𝒾=1 𝑑𝑖

𝛼+𝑝

|∆̅|𝛤(2 − 𝜎)𝛤(𝛼 + 𝑝 + 1)
 

 

∆= 1 −
∑ 𝑎𝒾  
𝑘
𝒾=1 𝑏𝑖

𝑝+1

𝛤(𝛼+1)
 , ∆̅= 1 −

∑ 𝑐𝒾  
𝑘
𝒾=1 𝑑𝑖

𝑝+1

𝛤(𝛽+1)
 

 

3.1 Theorem: If (A1) and (A2) are satisfied and  
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(𝐷1 + 𝐷2)(𝜃1  +  𝜈1)  +  (𝐷3  +  𝐷4)(𝜃2  +  𝜈2)  <  1. 
Then (1) there is a unique solution for the interval J. 

 

Proof. Let us consider the operator: 

T ∶  E ×  F −→  E ×  F defined by: 

𝑇(𝑢, 𝑣)(𝑡) =  (𝑇1𝑣(𝑡),  𝑇2𝑢(𝑡)), 𝑡 ∈  𝐽,    … (9) 

where 

𝑇𝑣(𝑡) =
1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1𝑓 (𝜏, 𝑣(𝜏), 𝐷 

𝛿𝑣(𝜏))

𝑡

0

𝑑𝜏 

+
𝑡

∆
(
∑ 𝑎𝒾  
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1𝑓 (𝜏, 𝑣(𝜏), 𝐷 
𝛿𝑣(𝜏))

𝑏𝒾

0

𝑑𝜏 

−
𝑡

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1𝑓 (𝜏, 𝑣(𝜏), 𝐷 

𝛿𝑣(𝜏))

1

0

𝑑𝜏 

and 

𝑇𝑢(𝑡) =
1

𝛤(𝛽)
∫(𝑡 − 𝜏)𝛽−1𝑔(𝜏, 𝑣(𝜏), 𝐷 

𝜎𝑣(𝜏))

𝑡

0

𝑑𝜏 

+
𝑡

∆
(
∑ 𝑐𝒾 
𝑘
𝒾=1

𝛤(𝛽 + 𝑞)
∫ (𝑑𝒾 − 𝜏)

𝛽+𝑝−1𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))

𝑑𝒾

0

𝑑𝜏 

−
𝑡

𝛤(𝛽)
∫(1 − 𝜏)𝛽−1𝑓(𝜏, 𝑣(𝜏), 𝐷 

𝜎𝑣(𝜏))

1

0

𝑑𝜏 

Now, to show that T is a contraction mapping. 

Let (u, v), (u∗, v∗)  ∈  E ×  F . Then for all 𝑡 ∈  𝐽 , we 

have: 
|𝑇1𝑣(𝑡) − 𝑇1𝑣

∗(𝑡)| ≤ 

1

𝛤( 𝛼)
∫(𝑡 − 𝜏)𝛼−1 |𝑓 (𝜏, 𝑣(𝜏), 𝐷 

𝛿𝑣(𝜏))

𝑡

0

− 𝑓 (𝜏, 𝑣(𝜏), 𝐷 
𝛿𝑣∗(𝜏))| 𝑑𝜏 

 

+
𝑡

|∆|
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1 |𝑓 (𝜏, 𝑣(𝜏), 𝐷 
𝛿𝑣(𝜏))

𝑏𝒾

0

− 𝑓 (𝜏, 𝑣(𝜏), 𝐷 
𝛿𝑣∗(𝜏))| 𝑑𝜏 + 

𝑡

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1 |𝑔 (𝜏, 𝑣(𝜏), 𝐷 

𝛿𝑣(𝜏))

1

0

− 𝑔 (𝜏, 𝑣(𝜏), 𝐷 
𝛿𝑣∗(𝜏))| 𝑑𝜏 

Using the hypothesis (A2) we get 

 
|𝑇1𝑣(𝑡) − 𝑇1𝑣

∗(𝑡)| ≤ 

1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1(𝜃1‖𝑣 − 𝑣

∗‖ + 𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖

𝑡

0

)𝑑𝜏 

+
𝑡

|∆|
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1(𝜃1‖𝑣 − 𝑣
∗‖

𝑏𝒾

0

+ 𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) 𝑑𝜏 

+
𝑡

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1(𝜃1‖𝑣 − 𝑣

∗‖ + 𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖)

1

0

𝑑𝜏 

 

Consequently, we have, 

|𝑇1𝑣(𝑡) − 𝑇1𝑣
∗(𝑡)| ≤ (

2

𝛤(𝛼 + 𝑝)
 

+
∑ 𝑎𝒾 
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(𝛼 + 𝑝 + 1)
(𝜃1‖𝑣 − 𝑣

∗‖ + 𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) 

 

which implies that 

 
|𝑇1𝑣(𝑡) − 𝑇1𝑣

∗(𝑡)| ≤ 

(
2

𝛤(𝛼 + 1)
+

∑ 𝑎𝒾 
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(𝛼 + 𝑝 + 1)
(𝜃1 + 𝑣1)‖𝑣 − 𝑣

∗‖       

 

+‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) And then we have 

 

|𝑇1𝑣(𝑡) − 𝑇1𝑣
∗(𝑡)| ≤ D1(𝜃1 + 𝑣1)(‖𝑣 − 𝑣

∗‖ + ‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) 

 

We have also 

 
|𝐷𝜎𝑇1𝑣(𝑡) − 𝐷

𝜎𝑇1𝑣
∗(𝑡)| ≤  

1

𝛤(𝛼 − 𝜎)
∫(1 − 𝜏)𝛼−𝜎−1

𝑡

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))

− 𝑔(𝜏, 𝑣∗(𝜏), 𝐷 
𝜎𝑣∗(𝜏))|𝑑𝜏 

+
𝑡1−𝜎

𝛤(2 − 𝜎)|∆|
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

 

By (A2), we have 

 
|𝐷𝜎𝑇1𝑣(𝑡) − 𝐷

𝜎𝑇1𝑣
∗(𝑡)| ≤ 

1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1

𝑡

0

(𝜃1‖𝑣 − 𝑣
∗‖ + 𝑣1‖𝐷 

𝛿𝑣 − 𝐷 
𝛿𝑣∗‖)𝑑𝜏 

+
𝑡1−𝜎

𝛤(2 − 𝜎)|∆|
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

(𝜃1‖𝑣 − 𝑣
∗‖ 

 

+𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖)𝑑𝜏 +
1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1
1

0

(𝜃1‖𝑣 − 𝑣
∗‖ 

+𝑣1‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖)𝑑𝜏) 

 

|𝐷𝜎𝑇1𝑣(𝑡) − 𝐷
𝜎𝑇1𝑣

∗(𝑡)| ≤ (
2

𝛤(𝛼 − 𝜎 + 1)
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+
∑ 𝑎𝒾 
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(2 − 𝜎)𝛤(𝛼 + 𝑝 + 1)
(𝜃1 + 𝑣1) × (‖𝑣 − 𝑣

∗‖

+ ‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) 

This implies that 

 

 
‖𝐷𝜎𝑇1𝑣 − 𝐷

𝜎𝑇1𝑣
∗‖
≤ 𝐷2(𝜃1 + 𝑣1)(‖𝑣 − 𝑣

∗‖

+ ‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖) 

Then we get 
‖𝑇1𝑣 − 𝑇1𝑣

∗‖𝐸 ≤ (𝐷1 + 𝐷2)(𝜃1 + 𝑣1)(‖𝑣 − 𝑣
∗‖ 

+‖𝐷 
𝛿𝑣 − 𝐷 

𝛿𝑣∗‖                                                     (10) 

 

With the same arguments as before, we have 

 
‖𝑇1𝑢 − 𝑇1𝑣

∗‖𝐸 ≤ (𝐷3 + 𝐷4)(𝜃2 + 𝑣2)(‖𝑢 − 𝑢
∗‖ 

+ ‖𝐷 
𝛿𝑢 − 𝐷 

𝛿𝑢∗‖)    … (11) 

 

Applying the Banach contraction mapping principle, 

we conclude that T possesses a solitary fixed point 

that serves as the solution to equation (1). And From 

equations (10) and (11) then T is a contractive 

function. The Lemma yields the following result. 

 

Lemma 3.1. Let X is Banach space and 𝑆 ∶  𝑋 −→  𝑋 It 

operate continuouly and without interruption. then 

the set 

𝐹 =  {𝑢 ∈  𝑋 ∶  𝑢 =  𝜇𝑆𝑢, 0 <  𝜇 <  1} S is 

bounded, and it has a fixed point within X. 

 

Theorem 3.2. suppose that f, g: [u, v]  × R × R  are 

continuous function. In addition, we assume that: 

(A1) asserts that the application of T is continuous 

when f and g are also continuous. 

 

Proof.  

Our approach will consist of four sequential steps: 

Let's consider a set.  

 
𝐵𝑟 =  {(𝑢, 𝑣)  ∈  𝐸 ×  𝐹 ∶ ∥ (𝑢, 𝑣) ∥𝐸×𝐹  ≤  𝑟}, 𝑟 >
 0, 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑡 ∈  𝐽, we have 

|𝑇1𝑣(𝑡)| ≤
1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1

𝑡

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

+
𝑡

|∆|
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

|𝑓 (𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

+
1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1
1

0

|𝑔(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏) 

Thanks to (A3), we can write 

|𝑇1𝑣(𝑡)| ≤
1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1

𝑡

0

sup𝑚1(𝑡)
𝑡∈𝐽

𝑑𝜏 

+
𝑡

|∆|
(
∑ 𝑎𝒾  
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

sup𝑚1(𝑡)
𝑡∈𝐽

𝑑𝜏) 

+
1

𝛤(𝛼)
∫ (1 − 𝜏)𝛼−1
1

0
sup𝑚1(𝑡)

𝑡∈𝐽
𝑑𝜏 ≤ sup𝑚1(𝑡)

𝑡∈𝐽
[

2

𝛤(𝛼+1)
+

∑ 𝑎𝒾  
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(𝛼+𝑝+1)
]            

 

 

Therefore 
‖𝑇1𝑣‖ ≤ 𝐿𝑓𝐷1          … (12) 

 

On other hand we have, 
|𝐷 

𝜎𝑇1𝑣(𝑡)| ≤ 

1

𝛤(𝛼 − 𝜎)
∫(𝑡 − 𝜏)𝛼−𝜎−1

𝑡

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

+
𝑡1−𝜎

𝛤(2 − 𝜎)|∆|
(
∑ 𝑎𝒾  
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

+
1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1
1

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏) 

And by (A3) we get 

|𝐷 
𝜎𝑇1𝑣(𝑡)| ≤ 𝐿𝑓(

2

𝛤(𝛼 − 𝜎 + 1)
+

∑ 𝑎𝒾  
𝑘
𝒾=1 𝑏𝑖

𝛼+𝑝

|∆|𝛤(2 − 𝜎)𝛤(𝛼 + 𝑝 + 1)
) 

 

Consequently, we obtain, 
‖𝑇1𝑣‖ ≤ 𝐿𝑓𝐷2 , 𝑡 ∈ 𝐽 

Then we have 
‖𝐷 

𝜎𝑇1‖ ≤ 𝐿𝑓𝐷2        … (13) 

Thank to (12) and (13) we obtain 
‖𝑇1𝑣‖𝐸 ≤ 𝐿𝑓(𝐷1 + 𝐷2)        … (14) 

 

The same method gives 
‖𝑇1𝑢‖𝐹 ≤ 𝐿𝑔(𝐷3 + 𝐷4)         … (15) 

Thus using (14) and (15) we get 
‖𝑇(𝑢, 𝑣)‖𝐸×𝐹 ≤ 𝐿𝑓(𝐷1 + 𝐷2) + 𝐿𝑔(𝐷3 + 𝐷4)         … (16) 

 

Hence, for any (u, v) ∈ 𝐵𝑟; we obtain ‖𝑇(𝑢, 𝑣)‖𝐸×𝐹  <
 +∞; which implies that the operator T is uniformly 

bounded on 𝐵𝑟 then given sets into equal sets. .𝐸 × 𝐹. 

Let 𝑡1, 𝑡2 ∈ 𝐽  with 𝑡1  < 𝑡2  and let Br be the above-

bounded set E × F; ∀(u, v) ∈ 𝐵𝑟  

𝑇1𝑣(𝑡2) − 𝑇1𝑣(𝑡1) =
1

𝛤(𝛼)
∫[(𝑡2 − 𝜏)

𝛼−1

𝑡1

0

− (𝑡1 − 𝜏)
𝛼−1] 𝑓(𝜏, 𝑣(𝜏), 𝐷 

𝜎𝑣(𝜏))𝑑𝜏 
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+
(𝑡2 − 𝑡1)

∆
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾

𝑏𝒾

0

− 𝜏)𝛼+𝑝−1 𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))𝑑𝜏 

 −
1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1
1

0

𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))𝑑𝜏 

From hypothesis (A3), we obtain: 
|𝑇1𝑣(𝑡2) − 𝑇1𝑣(𝑡1)| ≤ 

Lf
Γ(α)

|∫[(t2 − τ)
α−1 − (t1 − τ)

α−1]dτ

t1

0

| + 

 

 

 

(𝑡2 − 𝑡1)

∆
(
∑ 𝑎𝒾 
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))𝑑𝜏 

−
1

𝛤(𝛼)
∫(1 − 𝜏)𝛼−1
1

0

𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))𝑑𝜏 

Thus 

|𝑇1𝑣(𝑡2) − 𝑇1𝑣(𝑡1)| ≤
𝐿𝑓

𝛤(𝛼)
|∫ [(𝑡2 − 𝜏)

𝛼−1 − (𝑡1 − 𝜏)
𝛼−1]𝑑𝜏

𝑡1
0

|+
𝐿𝑓

𝛤(𝛼)
|∫ (𝑡2 − 𝜏)

𝛼−1𝑑𝜏
𝑡2
𝑡1

|+
𝐿𝑓(𝑡2−𝑡1)

|∆|
𝐷1         … (17)                                                                                

 

And 

 
|𝐷 

𝜎𝑇1𝑣(𝑡2) − 𝐷 
𝜎𝑇1𝑣(𝑡1)|

≤
𝐿𝑓

𝛤(𝛼 − 𝜎)
|∫[(𝑡2 − 𝜏)

𝛼−𝜎−1

𝑡1

0

− (𝑡1 − 𝜏)
𝛼−𝜎−1]𝑑𝜏 |       … (18) 

 

Now using (17) and (18) we have 

 

‖𝑇1𝑣(𝑡2) − 𝑇1𝑣(𝑡1)‖𝐸

≤
𝐿𝑓

𝛤(𝛼)
|∫[(𝑡2 − 𝜏)

𝛼−1 − (𝑡1 − 𝜏)
𝛼−1]𝑑𝜏

𝑡1

0

|

+
𝐿𝑓
𝛤(𝛼)

|∫(𝑡2 − 𝜏)
𝛼−1𝑑𝜏

𝑡2

𝑡1

|+
𝐿𝑓(𝑡2 − 𝑡1)

|∆|
𝐷1

+
𝐿𝑓

𝛤(𝛼− 𝜎)
|∫ [(𝑡2 − 𝜏)

𝛼−𝜎−1

𝑡1

0

− (𝑡1 − 𝜏)
𝛼−𝜎−1]𝑑𝜏|  

+
𝐿𝑓
𝛤(𝛼)

|∫(𝑡2 − 𝜏)
𝛼−1𝑑𝜏

𝑡2

𝑡1

|      … (19) 

 

Using the same methods as before, of  

 
‖𝑇1𝑣(𝑡2) − 𝑇1𝑣(𝑡1)‖𝐹            … (20) 

 

Then right-hand sides of equations (19) and (20) 

tend to zero apart from each other. The pair (u, v) 

transitions from time 𝑡1 → 𝑡2. We can infer that T is 

completely continuous based on the Ascoli-Arzela 

theorem. 

 

We will show that the set 𝑆 =  {(𝑢, 𝑣) ∈  𝐸 ×  𝐹 ∶
 (𝑢, 𝑣) =  𝜇𝑇(𝑢, 𝑣); 0 < 𝜇 < 1} 
is bounded. 
Let (𝑢, 𝑣)  ∈  𝑆, then (𝑢, 𝑣)  =  𝜇𝑇(𝑢, 𝑣) 𝑓𝑜𝑟 0 <  𝜇 

<  1. For all 𝑡 ∈  𝐽 we have 
Then we have 

1

𝜇
|𝑢(𝑡)| ≤  

1

𝛤(𝛼)
∫(𝑡 − 𝜏)𝛼−1

𝑡

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

+
𝑡

|∆|
(
∑ 𝑎𝒾  
𝑘
𝒾=1

𝛤(𝛼 + 𝑝)
∫(𝑏𝒾 − 𝜏)

𝛼+𝑝−1

𝑏𝒾

0

|𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏)

+ 
t

𝛤(𝛼)
∫(1

1

0

− 𝜏)𝛼−1 |𝑓(𝜏, 𝑣(𝜏), 𝐷 
𝜎𝑣(𝜏))|𝑑𝜏 

 

Using (A3) we have 
1

𝜇
|𝑢(𝑡)| ≤ 𝐿𝑓𝐷1 that is 

|𝑢(𝑡)| ≤ 𝜇𝐿𝑓𝐷1 

 

On the other hand, with a simple calculation we get  

 

 
|𝐷 

𝜎𝑢(𝑡)| ≤ 𝜇𝐿𝑓𝐷2 

 

Consequently, we get 
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‖𝑢(𝑡)‖𝐸 ≤ 𝜇𝐿𝑓(𝐷1 + 𝐷2)       … (21) 

 

The same computation gives 
‖𝑢(𝑡)‖𝐹 ≤ 𝜇𝐿𝑓(𝐷3 + 𝐷4)       … (22) 

 

It follows from (21) and (22) that from (23), we see 

that 
∥ 𝑇(𝑢, 𝑣) ∥𝐸×𝐹  ≤  +∞.         … (23) 

 

According to Schaefer's fixed-point theory, we 

observe that T possesses a fixed point, which serves 

as a solution to the dual system of the initial system. 

 

4. Applications 

 

In this section, we provide an example that shows our 

results. 

{
 
 
 
 

 
 
 
 𝐷 

5

3𝑢(𝑡) = 𝑓 (𝑡, 𝑣(𝜏), 𝐷 
1

2𝑣(𝜏)) , 𝑡 ∈ 𝐽 = [0,1]

𝐷 
5

3𝑣(𝑡) = 𝑓 (𝑡, 𝑣(𝜏), 𝐷 
1

3𝑢(𝜏)) , 𝑡 ∈ 𝐽 = [0,1]

𝑢(0) = 0, 𝑢(1) = 3𝐼
4

3𝑢 (
6

5
) + 𝐼

4

3𝑢 (
5

2
) +

7

5
𝐼
4

3𝑢 (
7

6
)

𝑣(0) = 0, 𝑣(1) =
4

3
𝐼
5

4𝑢 (
5

2
) + 𝐼

5

4𝑢 (
3

2
) +

7

4
𝐼
5

4𝑢 (
6

5
)

. 

 
𝑓 ∶  [0, 1]  × ℝ2  →  ℝ 

(t, u, v)  →
2

𝑒𝑡+5(1 +  |𝑢|  +  |𝑣|)
+  𝑡 𝑠𝑖𝑛 𝑡 

 

 
𝑔 ∶  [0, 1]  × ℝ2  →  ℝ 
 

(t, u, v)  →
2

𝑒𝑡+7(1 +  |𝑢|  +  |𝑣|)
+  𝑡 𝑠𝑖𝑛 𝑡 

 

|
2

𝑒𝑡+5(1 + |u|  +  |v|)
−

2

𝑒𝑡+5(1 + |�̅�|  +  |�̅�|)
|

≤
2

𝑒𝑡+5
(|u − u̅| + |v − v̅|) 

and 

|
2

𝑒𝑡+7(1 + |u| + |v| )
 −

2

 𝑒𝑡+7 (1 + |�̅�| + |�̅�|)
| 

≤
2

𝑒𝑡+7
(|u − u̅| + |v − v̅|) 

 

So, we can take 

 

λ1(t) =  ν1(t) =
2

et+5
 

and  

𝜆2(𝑡)  =  𝜈2(𝑡)  =
2

𝑒𝑡+7
 

It follows that 

𝜃 1 = 𝜈1  =  
2

𝑒5
 𝑎𝑛𝑑 𝜃2  =  𝜈2  =  

2

𝑒7
 

that give 

 
|𝑓(𝑡, 𝑢, 𝑣, 𝑤)  −  𝑓(𝑡, �̅�, �̅�, �̅�)|  ≤ 𝑐1|𝑢 − �̅�| + 𝑐2|𝑣 − �̅�|  +
 𝑐3|𝑤 − �̅�|where 𝑐1 = 𝑐2  =  𝑐3  = 10 𝑒

5. 

     

Hence, hypotheses (H1) and (H2) are satisfied. 

We can get that 𝐷 <  1 with a simple calculation. we 

get. 𝐷1 = 0, 0807  and 𝐷1 = 0, 24  and . 

That implies... 𝐷 <  1 Thus, all the assumptions from 

(A1)–(A3) are satisfied. From theorem 3, we conclude 

that equation (1) has a unique solution. 

on (1) has a unique solution. 

 

5. Conclusions  

This research focuses on investigating the presence 

and singularity of solutions to the fractional Caputo 

differential equation system, considering initial 

boundary conditions. Banach's fixed point theorem 

can demonstrate the existence of solutions to 

Caputo's system. There is no text provided. The 

theorem was utilized to establish the existence, while 

the singularity conclusion was derived using 

Schaefer's fixed-point theorem. Lastly, we present an 

example to demonstrate our findings. 
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