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In this research we introduced a new concept, which is coc-preopen set, with
some properties, theorems, and functions related to this concept. We also
benefited from the properties of some spaces in order to find new results
related to the concept of coc-preopen.
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1. Introduction

Mashhour, A. S. established the idea of preopen sets
in topological spaces in 1982 [1]. Al-Ghour and
Samarah in [2] defined coc-open set. We recall the
definition of connected [3], compact (resp., compact
mapping) [4] and coc-connected spaces [5]. we
presented a new definition similar the definition of
coc-connected using preopen sets which is called coc-
pre-connected space and we give several properties
of this definition. In this research, we used Kec-
space [6] in some theorems to obtain some
important results.

2. Preliminaries

Definition 2.1, [1]. The set B € N can be thought of
as preopen set (resp, preclosed) if B  int(cl(B))
(resp, cl(int(B)) € B).

Definition 2.2, [2]. When for every n € (, there
exists an open set U, € N and a compact subset K,, €
C(N,t) wheren € U,\ K,, € C, then a subset C of a
space (N, 1) is called a co-compact open set (notation:
coc-open set). Coc-closed is the complement of a coc-
open subset of N.

Definition 2.3, [6]. A space N can be considered KC-
space if all compact sets in it are closed.

Definition 2.4.

1. If every cover of a topological space N made up of
preopen sets admits finite subcover, then this
space can be defined as a strongly compact [7].

2. A subset S is deemed strongly compact with
respect to N if each cover of the subset S
consisting of preopen sets in space N admits a
finite subcover [7].

Definition 2.5, [8]. A topological space N is said to
be submaximal if and only if every dense subset of N
1s open.

Corollary 2.1, [8]. Any finite intersection of sets that
are preopen is preopen if (N, T) is submaximal.

Definition 2.6. In space N, a subset L is considered:
1. a -open if L € Int(Cl(Int(L))) [9].
2. semi-open if L € Cl(Int(L)) [10].

Lemma 2.1, [11]. The result of the intersection
between preopen set and a-open set is preopen set.

Definition 2.7, [ 12]. The topological space (N, 1) is
said to be preconnected iff N is not the union of two
non-empty disjoint preopen sets, equivalently, if

N =P,U P, P, € PO(N),P,€ PO(N),P, # 0,
P, # QimpliesP,; N P, # Q.
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Definition 2.8. It is argued that a function f:N—> M

1S-

1.

2.

3.

Continuous mapping [13], if f ~*(A) is an open
set in N for every open set A in M.
M-precontinuous [14], if each preopen subset of
M has an inverse image that is a preopen subset
in N, or, equivalently, if each preclosed subset of
M has an inverse image that is preclosed subset
in N.

M-preopen (resp. M-preclosed) [14] If every
preopen (resp. preclosed) subset of N has an
image that is a preopen (resp. preclosed) subset
in M.

Coc-Preopen Set

Definition 3.1. A is referred to as a cocompact
preopen set (abbreviated coc-preopen set or c-po) in
topological space N if, for each n € A, there is a
compact set K,, and a preopen set U, such thatn €
Un\ K, C A.

Remark 3.1. While the opposite is not usually true,
any open set is a c-po.

Examples 3.1.

1.

Let N = {1, 2, 3} and T any topology. Obviously
any subset is c-po. To clarify further, if we take
the set {1 2}, then for every a € {12}, there is a
preopen set N and a compact set N\{a} such that
a € N\(N\{a}) € {12}.

Let N =R and © = I. Obviously any subset is ¢-po.
To clarify further, if we take the set D, then for
every a €D, there is a preopen set R, and a
compact set R\{a} such that a € R\(R\{a}) € D.
Let N = R and t = co-finite topology. Obviously
any subset is ¢c-po and the example in paragraph
(2) makes this clear.

Let N=R and t = 1, . Obvious R\ (0,1) isn’t c-po
because there is no preopen set A and compact
set K such that a€ AAKS R\ (0,1)for all a€
R\ (0,1). Although each singleton belongs to
(0,1), then R\ {singleton}is a c'po and this is
evidence that the infinite intersection of all c-po
does not give a c¢-po.

Remark 3.2. Although the opposite is not usually
true, every preopen set is a c-po.

Example 3.2. If we say N = {g, p, u} with t = {p, N,
i}, {p}, {g, p}}. Obviously {u} is c-po but not preopen,
because the set N can be considered preopen set and
N\{u} is compact.

Definition 3.2. If there is a ¢c-po C in whichn € C €
G exists, then n € N is said to be a coc-pre-interior
point to G.

Definition 3.3. If for any c-po C containing n, C N
(G\{n}) # @, then a point n € N is considered the
coc-pre-limit point of G.

Definition 3.4. If for any c-po C containing n, C N
G # @, then a point n € N is considered the coc-
pre-adherent point of G.

Theorem 3.1. Consider the submaximal space
(N, 7). (N, tP%) is then a topological space.

Proof.

1. As of right now, ¢, N € 1P,

2. To demonstrate that H N Dis a c-po for any H,D
belongs to TPK. Assume that if n € H n D, then
n € H and n € D. It is natural that there are
two preopen sets U, V,CN and two compact
subsetsK,, , L,where n € U,\K,cH, n €
V,\ L, € D. This implies that n € U, n (N\K,) N
V, N (N\L,)cH n D, and so we obtain n €
(U,nVy) N (N\K,n N\L,)SH n D, and so we
obtain n € (U, NnV))\ (K,U L, )CH n D. Since
K,UL,is a compact set in N and U,NV,is
preopen (Corollary (2.1)), # n D is c-po.

3. To demonstrate that is Uge) By 1s c-po, let
By, € A be cpo. If n €Uyey By , then n € By
for some o € A. Since B, is c¢-po, there exist a
preopen set U, and a compact subset K, where
n € Uy, \K, cByfor some o € A, since
By C Ugen By then Ugcy By is c-po. Obviously
The intersection of any family of ¢-pcs is a ¢c-pc. m

Example 3.3. Suppose that N =1{n,, n, , n3} with t=
{p, N, {n,}, iny, ny}}. As aresult, (N,tP%) is
topological space even though space (N, T) not
submaximal space.

Definition 3.5. If a space N has a subset J, then:

1. coc—pre—int(J) =U{C:C < J,Cisac— po}.
2. coc—pre—cl(J) =n {F:] € F,Fisac—pc}.

Remarks 3.3. If we say G, Q are two subsets of a
space N and G € Q, then:

1. coc— pre —int(G) < G.

2. coc — pre int(G) is c-po in N.

3. coc — pre — int(coc — pre — int(G)) = coc — pre —
int(G).
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4. coc—pre—int(N) = N and coc — pre — int(@) =

a.
5. coc — pre — int(G)
6. G oP C GOP—COC.

coc — pre — int(Q).

Proof.

1. By definition of coc-pre-int(G).

2. Through the union of all c-po sets is a ¢-po set.

3. Since coc-pre-int(G) is the largest c-po set

contained in G and by (i), then coc— pre—

int(coc — pre — int(G)) = coc — pre — int(G).

Since N and @ are c-po sets, then by definition

3.5, coc — pre — int(N) =U{C: Cis a c'po, Cc N}=N

U all c-po sets = N. On the other hand, since O is

the only c-po set contained in @, then, coc — pre —

int(@) = @.

. Let x € coc— pre—int(G), then there can be
found c-po set C such that x € ¢ < G. For the
reason that G < Q, then x € ¢C < Q.
Consequently, x € coc — pre — int(Q).

. Let x € G°? | then there can be found preopen
set U such that x € U < G. For the reason that

every preopen set is c-po set, therefore x €

GOP—COC

Remarks 3.4. Assume that U and V are two subsets

of a space N, then:

1. U € coc — pre — cl(U).

2. coc — pre — cl(U) is a ¢c-pc.

3. coc — pre — cl(coc — pre — cl(U)) = coc — pre —
cl(U).

4. coc—pre —cl(@) = @and coc—pre—cl(N) = N.

5. If UcV, then coc—pre—cl(U)ccoc— pre—
cl(V).
6. UP-CoCy-P,

Proof.

1. By definition of coc — pre — cl(U).

2. Since the union of all c-po sets 1s a ¢-po set, then
the intersection of all c-pc sets is a c-pc set, and
thus coc — pre — cl(U) is a ¢c-pc.

Thus from (ii) and definition of coc — pre — cl(U).
By definition coc — pre — cl(U), then coc — pre —
c(X) = n{F: XS F, Fis c-pc }. But X is the only c-
pc comprising X. In this way coc — pre — cl(X)= X.
Also by the definition of coc — pre — cl(@), coc —
pre—cl(@ =NF: O c F, Fisacpc}=0Nanyc
pc sets comprising @ = Q. In this way coc — pre —
@ =0.

Let x€ coc—pre—cl(U),then each c¢po C
comprise x intersect U, since U € V, then the set

w

C intersect V. Consequently,
cl(V).

Let x € U™?, then there can be found M as a
preopen set, such that x e M and M N U = @. For
the reason that every preopen set is a c¢-po, then
x ¢ UP~COC and consequently UP=C0C U=" u

X € coc — pre —

Proposition 3.1. In the event that C is a subset of

space N, then:

1. A set C is considered c-po if and only if coc —
pre —int(¢) = C.

2. The set F 1is considered c-pc iff coc— pre —
cd(F) = F.

Proof.

1. As the union of each c-po is c-po, then coc —
pre — int(C) is the largest c-po contained in C.
Since ¢ 1is c-po, then coc— pre—int(C) = C.
Conversely, whenever coc— pre — int(C) C,
then C is c-po, since coc — pre — int(¢) is a c-po.
As the intersection of each c-pc is c-pc, then
coc — pre — cl(F ) is the smallest c-pc comprises
F. Since F is a c¢-pc, then coc—pre—cl(F) = F.
Conversely, whenever coc—pre—cl(F)= F,
then F is a c-pc, (since coc — pre — cl(F ) is a ¢-pc).
[

Lemma 3.1. C-po is the crisscrossing of a-open set
and a c-po.

Proof. If we say n € Q N ¢ where Q is an a-open and
C a cpo, we obtain a preopen set P, S N and
compact subsets K, such that n € P,\K,c(, and
also by Lemma (2,1), Q N P,, is preopen. There is now
a preopen set Q N P, in which n € (Q NP\ K, <
QNnC.Asaresult,Q N C isc-po. m

Proposition 3.2. Let N be a Kc-space. Any nonempty
¢-po, contains a preopen set.

Proof. If we say n € ¢ and € is a nonempty c-po,
then P, is a preopen set and K, is a compact subset
of N such that n € P,\ K,, = C. Since N is a Kc-space
and by lemma (2,1), P,, \ K,, is preopen set. m

The example below demonstrates that in the event
that N is not a Kc-space, a nonempty c-po will exist,
devoid of a nonempty preopen set.

Example 3.4. Assume N =1{r, f, g} and ©t = {p, N, {1},
if}, {r, f}}. Hence, {g} is a c-po that is devoid of any
nonempty preopen sets.
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Theorem 3.2. F € N, with N being a space. Given
some compact subset K,, and a preclosed subset C, if
Fiscpc,thenF € C U K,.

Proof. A preopen set P, and a compact set K, exist
for any n € N \ Fin whichn € P \ K, S N\ F. The
result is that F<S N\(P,\K,) = N\(P,.nNn
(N\K,)) = (N\P,) U K,. Let Cequal (N\P ). As
aresult, FS CUK))).m

Definition 3.6. An expression for a function f:N— M

is as follows:

1. If f71(Q) is a c-po in N for any open set Q in M,

then fis a coc-pre-continuous function.

If f71(C) is an open set in N for any c-po C in M,

then f is a coc-pre-* continuous.

. If £71(¢) is a cpo in N for every c-po C in M,

then fis a coc-pre-** continuous.

If AP) is c-po (resp., c-pc) in M for any preopen

(resp., preclosed) subset P of N, then f is a coc-

preopen function (resp., coc-preclosed function).

. coc-preopen® function (resp., coc-preclosed*
function) if AC) is c-po (resp., c-pc) in M for any c-
po (resp., c-pe) subset C of N.

2.

Proposition 3.3. If f:N - Mhas characteristics
including continuous, M-preopen and injective

function, then the image of c-po of N will be c-po in
M.

Proof. Let f: N - M be injective M-preopen and C a
c-po of N. For any m € f(C), there exists n € C in
which f(n) = m. Since ¢ is c¢-po, there be found a
preopen set P,, and compact subset K, of N such that
n € P, \K, € C. Since fis M-preopen, f(P,) is a
preopen in M in which m = f(n) € f(P,\K,) €
f(¢) and so m = f(n) € f(P,)\f(Kp) S f(C). As
the continuous image of compact is compact, then
f(C) iscpoin M. m

Proposition 3.4. If f:N —» Mis an M-precontinuous
bijective, compact mapping and C is ¢c-po in M, then
f1(¢)is c-poin N.

Proof. Let n € f~1(C). Then f(n) € ¢ and there be
found a preopen set P, and compact subset K, of M
such that f(n) € P,\K, € C. Then n € f~1(P,)\
YKy € F1Y0). Since f is an M-
precontinuous, f~1(P,) is a preopen set and by
compact mapping, f~1(K,)is compact in N and
so f71(¢) iscpoinN. m

Theorem 3.3. Let N be a Ke-space. The following
statements are equivalent:

1. Nis S-C.

2. any proper c-pc is S-C.

Proof. (1). = (2) If we say F is a proper c-pc and
{Fz: € € y }be a cover of F by preopen sets of N. Now
for eachn € N \ F, there is a preopen set p, and
compact subset K, of N in which n € p,\ K, € N\
F. Through the data of the theorem and by lemma
2,1), (Fe: € € y}U{p,\K,: neN \F}is a
preopen cover of N. If we say N i1s S-C, we get a
finite subset v, of y and a finite subset G such that
j € G. So N Z(U{FE : €€ YO}) U(U{pnj\Knj:j €
),  hence Fc(U{Fe: €€ yoh UU{(pn\
Knj),j € G}). Therefore, we obtain Fc U{Fg: € €
Y o }- This shows that F is S-C.

(2)=>(1) If we say {W, :x € y}is a preopen cover of
N. The fix point « (€ y is our choice. Then {W,: «< €
Y\ {x}} is a preopen cover of a c-pc N\ W, . There
be found a finite subset y oof y \{x,} in which
N\ W, U{Wi: xE Y, }. Therefore, N =U {W, : x €
YVoU {x,}}. Asaresult, Nis S-C. =

Theorem 3.4. Let (N, 1) be a Kc-space, (N, ) is
compact iff (N, 1) is S-C.

Proof. If we say {Wg: € € y}is a cover of N by c-po
then all n € N, we get thatn € We(,), €(n) € y'and
We(ny 1s a c-po. So there exists a preopen set Pg,) and
a compact subset Kgpy of N where n € Py \
Kemy = Gen € Wemy. Since N is a Kc —space and
by lemma (2,1) The family {Gg,} is a preopen cover of
(N, ©). If we say (N, ©) is S-C, then we get y', of y°
such that N =U{G¢, En € y 4}. Since for every G,
C Wg,, thenN =uU{W;,€€ y,}. Hence (N,TP¥)is
compact. On the other hand, let P be a preopen
cover of (N,1). AsP € t* and (N, t?*) is compact, a
finite sub cover of P exists for N. As a result, (N, 1) is

S-C. m

Theorem 3.5. Let f: N > M be a c-pco and surjective
function. If N is Kc-space and S-C, then M is
compact.

Proof. If we say {W¢: € € y} be a cover of M by open
set, we get that {f"1(W¢:): € € y'} is a c-po cover
of N. According to the data and Theorem (3.4), then
we get a finite subset y0 of y in which N =u
{fT(We:): € € yO); so M =U{W:: € € y0}. As
a result, M is compact. m
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Theorem 3.6. Let f: N = M be a ¢c-p**co and
surjective function. If N is Kc-space and S-C, then M
is S-C.

Proof. Let {P; : € € y'} be a cover of M by preopen
set. Since every preopen set is a ¢-po, then {f1(P;) :
€ € y} is a c-po cover of N. According to the data of
the theorem and by theorem (3.4), there is a finite
subset y0 of y' in which N =u{f"1 (P ): € € y0};
soM =U{P::€ € y0}. As aresult M is S-C.

4. Coc-Pre-Connected Space

Definition 4.1. In a space N, two subsets P; and

P, are referred to as coc-pre-separated if P, F7¢%¢ n
P,=P, F7Cn P, = @. In the case of finite space,
any two sets are coc-pre-separated

Definition 4.2. If C is not the combine of any two
nonempty coc-pre-separated sets, it is denoted as a
coc-pre-connected set. Space (R, 1, ) is an example
of this

Definition 4.3. If a set is both c¢-pc and c¢-po, it is
referred to as coc-pre-clopen. Any subset of any
finite space is coc-pre-clopen.

Proposition 4.1. Let N be a space. The following
statements are equivalent:

1. Nisa C-pcon.

2. The only sets that are coc-pre-clopen in space N
are N and 9.

There are no two non-empty disjoint c-po sets
that combine to form the space N.

3.

Proof. (1) = (2) Let Z is a coc-pre-clopen set such
that Z+0@ andZ # N and letZ¢ = W.
Consequently, N = Z UW. As W is a c-pc, then
WPCC—- W andZn WP C=7nW =@, and
wWn Z7PC¢ = wnzZ=@. So, N is not a C-pcon
spacewhich is contradictory. As a result, only c¢-po in
the space N is N and @.

(2)=(3) Let the only sets that are coc-pre-clopen in
space N are N and @ and let N = ZU W where Z
and W are non-empty disjoint c-po sets, then Z = W¢
and in this way Z is a c-pc. This contradicts the
truth of paragraph (ii). So the statement of (iii) is
fulfilled.

(3) = (1) Suppose that N is a coc-pre-disconnected
space. Then there exists non-empty subset Z, W of N
such thatZn WP=C¢ =g andwn z7PC=g
and ZUW-=N. Since W € WP=COC then ZnW = @.

Since WNZPCOC = ¢ then ZP-COC—WC¢ =7 and

therefore Z7PC0C = 7 So Z is a cpc. As W = Z¢,
then W is a c-po. Likewise, shown that Z is a c-po,
which is contradictory. As a result, N is a C-pcon. m

Remark 4.1 Every C-pcon space is a connected
(resp., preconnected space) in that every open,
respectively preopen set is a c¢-po. Likewise, the
empty set can be considered a compact set.
However, the result is not true for the opposite.

Example 4.1. Assume that N =1{z, x, ¢} and © = {g, N,
{z}}. N is clearly connected (resp., preconnected
space), but it is not C-pcon.

Proposition 4.2. Consider the following: P;, P, are
coc-pre-separated sets, and C is a C-pcon set. Either
C €P,or ¢ €P, occursif C & P, U P,.

Proof. Suppose C be a C-pcon set and P,, P, are coc-
pre-separated sets and ¢ € P, U P,. Let C &£ P,
and ¢ & P,. Suppose, C;=P;NnCz and
C,= P,NnC#T. Then C=C, U C,. Since C, Py,

—p— -P-COC . _p_
¢, P, Since P, F7¢°¢ np, = @,

then ¢;°7°“n¢,=@. In the same way,
whenC,c P,, we get that C, 7 Cn¢, =g.
Therefore, C is not C-pcon set which is

contradictory. As a result, either CcP; or CcP,. m

Proposition 4.3. It can be shown that Q “P~¢0C is C-
pecon set if Q 1s a C-pcon set.

Proof. Let Q be a C-pcon set while Q "P~¢9Cis not.
Then, two nonempty coc-pre-separated sets, P; and
P,, exist such that QP=¢9¢= P, U P,.Since
Q €Q P C¢C 'thenQ < P, U P,, and since Q isa C-
pcon set, either Q € P;orQc P,.

1. IfQ € P,, then Q “P~€0C ¢ p, "P=COC and so P, U
P, € P, P7CC  As a result, (P, UP,)NP, C
P, PN P,. Hence P,=@, which is
contradictory.

In the same way as above, we prove the
contradiction. As a result, Q7 F7¢0Cis a C-pcon
set. m

Proposition 4.4. C-pcon space has a c-pco image
that is connected.

Proof. Let the data of this proposition be achieved
from (N,t,) » (M,ty,). To demonstrate M is
connected. Assume M is disconnected space, then
M = P, UP, where P;, P, are non-empty disjoints
open sets. So, N=f"1M) = f"1(P,UP,)
f71(P)) U f71(P,). Because of the availability of
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some facts, including fis c-pco ,P, # @, P, # @, fis
onto and f7Y(P)N fT1(P) = fY(P;NPy) = 0.
This leads to the fact that space N 1is coc-pre-
disconnected, and this is a contradiction. m

Proposition 4.5. C-pcon space has a c-p**co image
that is C-pcon.

Proof. It is clear and in the same context as the
proposition (4.4), but by taking advantage of the
definition of cp**co. m

Open problem: It is possible to use coc-preopen in
extremally disconnected Spaces, where the following

research can be used [15].

Table 1. List of Symbols

Symbol Description
R The set of real numbers
(N, 1) topological space
N\A The complement to A
T The family of all open
sets
1 The indiscrete topology
Ty The usual topology on R
C1(L) The closure of L
Int(L) The interior of L
C(N,©) set of each compact
subset of (N, 1).
T The family of all
preopen sets
Pk the family of all c-po set
S-C strongly compact
c-pe coc-preclosed set
cpo cocompact preopen set
coc — pre — int(A) The set of all coc-pre-
or A0P-€0C interior points for A
coc — pre — cl(A) The set of all coc-pre-
or A-P-COC adherent points for A
coc — pre —d(A) The set of all coc-pre-limit
points of A
c-pco coc-pre-continuous function
c-p*co coc-pre-* continuous
cp**co coc-pre-** continuous
c-pof coc-preopen function
c-pef coc-preclosed function
c-po*f coc-preopen* function
c-pe*f coc-preclosed* function
C-pcon coc-pre-connected
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