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1. Introduction

Many science disciplines, especially in observational studies of humans, wildlife, insects, fisheries, and plants,
have the problem that observations recorded on individuals in these populations are biased and would not
have the original distribution if each observation was not given an equal opportunity to be recorded. Weighted
distribution theory provides a unified approach to correcting biases in unequally weighted sample data. Due
to the importance of weighted distributions in many fields such as reliability (survival), biomedicine,
environment, and fields of practical interest such as mathematics, probability, and statistics, there are
different ways to add a shape parameter to the probability distribution model. Azzalini’s (1985) introduced
form to add a shape parameter to several distributions, some of the researchers used this form such as,
Hussian (2013) [1] generalized version of the inverted exponential distribution created on Azzalini’s approach
to obtain a new class which is named as weighted inverted exponential distribution. Nasiru (2015) [6]
obtained a different weighted version of Weibull distribution named weighted Weibull distribution and
derived some of its several statistical properties. Oguntunde et al. (2016) [7] presented a new weighted
exponential distribution and discussed essential statistical properties of this distribution. Mudasir et al.
(2018) [5] suggested weighted power distribution. Hussein, L. K. and et al. (2023) [2] presented a different
distribution titled Modified Weighted Exponential Rayleigh MWER distribution and derived some of its
essential statistical properties.
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The pdf of MWER distribution is knowledge of the following formula [2]:
p(1+9)

Fmp, @) = U+ @)+ p(1l+@)x) e WArOx+E5EL) (g)
where x > 0; u, p > 0 are scale parameters and ¢ > 0 is shape parameter.
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Figure 1. Graph of pdf of MWER distribution for g = ¢ = 0.1 and changed values of (p =
0.1,0.2,0.3,0.4,0.5,0.6,0.7)

Equation of the cdf of MWER is [2]:
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Figure 2. Graph of cdf of MWER distribution for g = ¢ = 0.1 and changed values of (p =
0.1,0.2,0.3,0.4,0.5,0.6,0.7)

www.anjs.edu.iq Publisher: College of Science, Al-Nahrain University
127


http://www.anjs.edu.iq/

Al-Nahrain Journal of Science
ANJS, Vol.27(3), September, 2024, pp. 126-141

The reliability function of MWER is known by [2]

(u(1+(p)t + p—(l;‘p) tz)
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Figure 3. Graph of reliability function of MWER distribution for u = ¢ = 0.1 and changed values of

(p=0.1,0.2,0.3,0.4,0.5,0.6,0.7)

The hazard rate function of MWER is given in the following formula [2]:
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Figure 4. Graph of hazard rate function of MWER distribution for g4 = ¢ = 0.1 and changed values of (p =

0.1,0.2,0.3,0.4,0.5,0.6,0.7)
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The reverse hazard rate function of MWER is Knowledge of the formula [2]:
M1+ @) +p(1+e)t)e” (n+g)t +LEF2)12)

NEwp, Q) = ..(5)
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Figure 5. Graph of reverse hazard rate function of MWER distribution for g = ¢ = 0.1 and changed values of
(p=10.1,0.2,0.3,0.4,0.5,0.6,0.7)

The general form of the k** moment about the origin where k = 1,2, 3, ... is given by the formula [2]:

E(Xk):i(—ﬂ(lu: ®)" 25" 1o r<k+w+1)
w=0

k+w k+w 2

pz 1+ @)z V2p

+ r(#)l .. (6)

The Expected value: When we put k = 1 in equation (6) get the Expected value thus:

o) 1+w
(~e(1+ )" 27z pje (w+2 w+3
E(X):Z w! Thw Trw r( 2 >+ r( 2 ) -
w=0 ' P 2 (1 + (p)T \/z_p
The Variance: The variance equation of MWER distribution is given by the formula:
V(X) = E(X*) - [EX)]?
www.anjs.edu.iq Publisher: College of Science, Al-Nahrain University

129


http://www.anjs.edu.iq/

Al-Nahrain Journal of Science
ANJS, Vol.27(3), September, 2024, pp. 126-141

0o 2w
Cpa+@)v 27 ne (w+3
w=0 ' pz (1+¢@)z LV2pP
] o 1+w
w+4 (—ue(1+ @))¥ 27z ne w+ 2
”(z)—Z w! Lw “_W[/_r<2>
w=0 ' pz (1+ @)z 2p
12
F(W+3) g
Equation (9) gives the formula of the moment generating function of MWER distribution [2]:
o (-1 +9)—0)" 22 pfo w+1 w2 ]
My(t) = _ - r +T (9
X v; w! p 2z (1 + (P)E \/ﬂ ( 2 ) < 2 )

The factorial moment generating function equation of MWER distribution can be found by [2]:
O (- + @) -In@®))" 2% w+1 w2
M(t):z( Q+ ) ®) . - rJe r(==)+ F(T>] -(10)
w=0 W pP? (1 + ‘P)Z zp

Equation of the characteristic function of MWER distribution is Knowledge of the formula [2]:

O A+ o) - i)Y 22 njo (w+1 w+2]
ex(zt)_;) w! pErr mr( - )+r(—2 ) (1)

2. Classical Estimation
2.1. Maximum likelihood estimation
Let x = (x4, x5, ..., x,) be a random sample drawn independently from MWER distribution and it has pdf known

in equation (1). So the formula of the complete data likelihood function L(u, p, ¢ | x YMLE is,

w
L, p, | x)ME = nf(xq:u.p, ®)

q=1
w
_ p(1+9)
£up,0 1 = [ (001 + @)+ 91 + 1xy) 0@+ 5550] - a2)
q=1
From which we calculate the natural log — likelihood function:
PME = In L, p, g | x )M
N N (1+¢)
p
PMLE — Z In(p(1+ @) +p(1+@)x,) — Z (u(l +@)xg + — x§> ..(13)
q=1 q=1

We derive an equation (13) partially with respect to u, p and ¢ and then we set it equal to zero to produce,
w w

aMLE 1

=1+ Z -1+ Zx =0 ..(14
ou ( ¢)q=1u(1+<p)+p(1+<p)xq ( (p)q=1q a9
OPMLE w

X; 1+e¢) -
=(1 Z - 2=0 ..(15
9 (+"’);u(l+<p)+p(1+¢)xq 7 Z" =
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By resolving equations (14), (15) and (16) gotten the MLE symbolized by gME, pmie and @ME. Since these
equations are non-linear, so, Newton — Raphson process can be used to get the resolve as follows such that h =
0,12, ...

A(h+1) A h
e || ags
A(h+1) | — ~(h)
MLE P MLE
~(h+1) ~(h)
MLE PmLe
—6€MLE—
ou
1 anLE
—Jm p
a{)MLE _m
3 H=EMLE
¢ —pzﬁ(h)MLE
o=
MLE
where
—aZ{)MLE aZfMLE aZ#MLE :
ou? oudp oud
aZgMLE aZ_gMLE aZfMLE
Jewy = dpdu dp? dpog
aZ{)MLE aZfMLE aZ#MLE
_~M
dpou dpdp 02 | HHmie
| 4 _~(h)
P=P" MLE
o=041E

Equations (14), (15) and (16) represent the first partial derivatives and the second partial derivatives are

given as follows,
w

aZgMLE 1
—:—(1+<p)zz _ .7
ou? S +e)+p+)x,)
92 pMLE Lid x.2
— :_(1+<p)22 J _..(18)
p (@ +e)+p+ 0)xg)
oML i (a+px)’ (19)
2 = — 2 s
o S +9)+p0+9)x,)
92 PMLE 92 pPMLE w X
R T D, : - (20)

(11 + ) +p(1 +9)x,)°

92 pMLE _ 92 pPMLE jzl ZW .
dudp  opop | Luger - (@D
aZgMLE 3 aZ[MLE 3 1ZW X -
dpop  opdp | 2Lugey - (22)

Publisher: College of Science, Al-Nahrain University
131

www.anjs.edu.iq


http://www.anjs.edu.iq/

Al-Nahrain Journal of Science
ANJS, Vol.27(3), September, 2024, pp. 126-141

Now, Now, based on an invariant property of the MLE estimator, the reliability function at mission time (t) of
the MWER distribution can be obtained by replacing u,p and ¢ in equation (3), by their MLE estimators as
follows:

ﬁMLE (1 + @MLE) tz))

RME(E; 1, p, @) = exp <—(ﬁMLE(1 +@ME)t + 5

(23)

2.2. Rank set sampling estimation [3]
In this estimation the p.d.f. of MWER distribution is Knowledge as follows:

! _ e
flx) = m[ﬂx@ﬂq M= Fle) Fxy) (24

Let
w!

b= Drw-o

f(x@) = B [u(1+ ¢)
+p(1 + (p)X(q) ] [1

a+p) 2 V1971 Gre) 2 YW
_ o (uCre)x + B57 %q))] [ ~(n@+@dxig + 25 ¢x(q))] ..(25)

The complete data likelihood function L(i, p, ¢ | x )*S for order sample (x(1), X2y, ., Xw)) 1,
w

Lo 2 =B | (1 +9) + 01+ 92 |
q=1

1_[ [1 #(1+<P)x(q)+ L +¢)x€q))]q_1
—q+1
n[e (#(1+<P)X<q)+ Tz ?q))]w !

q=1
Taking the natural log — likelihood function we get:

ORSS = InL(u, p, @ | x )RS

P +<P)
¢RSS =winB + Z In[u@+@)+p(l+@xg | + Z(q — Din [1 ~(uarorx + x(q))]
q= 1 q=

Z(w q+1) [y(l +P)xg+ ———— p( > (p) (q) ] .. (26)

We derive equation (26) partlally with respect to u, p and ¢ and then we set 1t equal to zero to produce,

d RSS 1
—(1+<0)z (1+<p)2(w q+1)x
ou nd+)+ p(+xg) 4 @
(1+¢)
(q — 1) x( ) e (#(1+(p)x(q)+ fe X(q))
+(1+ )Z e =0 -~ (27)
u(1+q))x @t pre x(q))
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0LRSS N X(j) N xtp
=(1+ E ~(1+ E w—q+1 <—>
ap (1+¢) q=1#(1 + @)+ p(1+ @)x (1+9) £ 1( ¢+1 2

Y (q—-1) ( (q)> (”(H@x(q) +£C W)x(q))
+(1+¢) =0 ..(28)
q=1 1 - e'(”(“"’)x(q)*p( +w)"(q))
QLRSS 1+ p x(q) p
— = - —q+1 + —xt
30 Zu(1+<p)+ oL+ 9)x Z(w q )(Mx(q) 5 x(q))
(1+g)
(0 -1 (uxq) + 5xtp) e ~(uarygg + 5y
=0 ..(29)
Z 1 - (“(”‘P)x(tz)*p( 02

And by resolving equations (27), (28) and (29) we get the RSS estimators symbolized by a*5S, pRSS and ¢FsS.
Since these equations are non-linear, so, Newton — Raphson process can be used to get the resolve as follows
such that h = 0,1,2, ...

»afRSS-
A~(h+1) ~(h) 6/1
RSS Hgss 9 LRSS
A+ | — | AR —J_l
Prss P Rrss ()] ap
~(h+1) ~(h)
Prss PRss QLRSS _®
3 H=RRgss
- 99 p= P(hizss

~(h)
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where
—aZ{JRSS aZ{JRSS 0 2{)RSS E

du? oudp  Oude
aZfRSS aZfRSS aZ[RSS

dpou dp? dpde
aZfRSS aZfRSS aztyRSS

N)
| dpou dpdp ap? | ARss

~(h)
P=D""Rss

~(h)
P=PRss
Equations (27), (28) and (29) represent the first partial derivatives and the second partial derivatives are

known,

Iy =

w wo . ~(u(+o)x L Pate) 2 )
e O
- 2 p(1+9)
all =] (M(l + @)+ p(l + ¢)x(q)) =i 1 — (H(1+(,0)X( y+ <P (zq))

w (1+p)x +2 )
(- 1) e 2 (0w @) (xtp)
_ (1+¢)zz . (30)
=1 [1- o~ (11+e)xg + (2 w)x(q))]z
aszSS w x(z ) w (q _ 1) e—(y(1+q))x(q) + p ‘p)x(q)) (@)
= -+ ) : =+ Y =
dp? 7=1 @ +e)+p( +(<P)x(q)] me = 1— e—(u(1+<p)X(q) + 202 0,2 )
1+¢9) 2 X
W (g —1) e 2 HA+OIx() + 555 (ﬂ)
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2 _(ua p(1+<p)
92 pRSS B i ([J. + pxq)z z (q — 1) (,L{X(q) + X(q)) e (,u( +)x(q) + x(q))
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( )
z (@ — D(uxq + x(q )2 e~ 2 (n(+@)xcg +25Px;))
..(32)
= 1 - (“(1+<P)x<q)+ = W)x(q))]
( 6) x3
§2pRSS 52 pRSS (L4 oy w *@ Gt v (g—1)e ~(n(1+0)xq) + 557 (%)
R -
dudp  0pdu Hlut+e)+p(1+ (p)x(q)]z = 1 — o~ (ra+ox @+ B2z,
W (g —1) e 2 (OO +EEET) (@>
2
- (33)
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)"( ))]2

x(q))
[1 _ <M(1 F o + PP p(l + ) (q))] Z(W q+ Dx

(M(1+<ﬂ)x(q) el 40)"57))

G2PRSS 2 pRSs i (@-Dxge ( (1+<p)x(q) +

oudo h dpdu - = 1— (u(1+<p)x(q)+ Pt <P) zq))
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(g- 1) (g + x(q)) Xg e
a (1 * (P) Z p(1+9) 2
- ef( (+@)xg+ =5 x?q))]

92pRss  gzprss  L(q—1) ( (q)) ~(nrrprxq) + 2, ) o1+ )
dpdp _ 9pdg Z [1 - <“(1+‘P)x(q> t—x <q>>]

=1 1-— ‘(l‘(“‘P)X(q)*fP( T0u)
p(i+9) 2
’ )Z (- (1x) + 558y) (22) (010250 +570) i( + 1)( <q)> 35
— + w — q
[1 - ei(’l(H"’)"(q)+ z(p)xgq))] q=1

Now, Now, based on an 1nvar1ant property of the RSS estimator, the reliability function at mission time (t) of
the MWER distribution can be obtained by replacing u,pand ¢ in equation (3), by their RSS estimators as
follows:

..(36)

ARSS 1+ ~RSS
P ( . P )t2)>

RESS (& 1, p, ) = exp (—(ﬁRSS(l +@F)t +

2.3. Maximum entropy estimation [4][8]
The term of entropy was discussed by Ludwig Boltzmann in statistical mechanics. One of the important
procedures is the Boltzmann-Gibbs - Shannon entropy

= —f Inf(x) f(x)dx ..(37)
0

where f(x) is the probability density function of X and X is continuous non-negative random variable. The
information used in the principle of maximum entropy ME is defined as a set of constraints C; established
expectations of functions T;(x) as follows:

[oe]

E[T;(x)] = f T,(x) f()dx=¢C; ;i=123,..,n  ..(38)

0

The ME distributions appear by maximizing the particular form of entropy, subject to Equation (38) and the
additional constraint:
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f fl)dx =1 ..(39)

The maximization is reached by the Lagrange multipliers method, such that the general solution form of the
ME distribution from maximizing equation (37) is given by:

f(x) = exp [—po - D AT|  .(40)
i=1

Such that the restraint in equation (38) linked to the Lagrange multipliers p; and the added restraint in
equation (39) linked to the Lagrange multiplier p,. To estimate the unknown parameters and the reliability
function of the MWER distribution via maximum entropy ME method there exist four stages:

Stage 1: Explanation of appropriate restraints. Take the normal logarithm from equation (1), we become:
p(1+9)
Influwp, @) =l +¢)+p(+@)x) — <u(1 +@)x + sz - (41)
Now equation (41) multiplying it by [— f(x; i, p, ¢)] and integrating on 0 < x < o we become:

p(1+

—@xZ) ] fOsmp @) dx .. (42)

Sh = —f [ln(u(l + @) +p(1+@)x) - <u(1 +@)x + 3

0
The MWER density function in equation (42) must be achieve

[rewppac=1=c .43
0

f In(u(l + ) + p(1 + 9)x) f(: o p, )dx = E[In(u(L + @) + p(1+ 0] = C; ... (44)

0
=)

p(1+9)
—f (u(l +@)x + sz) fGoup @) dx = —E[<u(1 +@)x +
0
where C;, C, and C; are restraints.

p(L+¢) ,
— X

5 )] =C; ..(45)

Stage 2: Building of the Lagrange multipliers
By
f(x) = exp[—po — XiZ1p; T;(x)] and when w =2
p(1+¢)
fG1p,0) = exp [_Po —p1ln(u(1 + @) + p(1 + @)x) + p; (u(l +)x + fxz)] .. (46)
Substituting equation (46) in equation (43) results:

o0}

[ expl=po = putn(uC1 + 9) + (1 + 93 + 1, (u(l Fo)x +
0

p(1+¢)

5 xz) ldx=1 ..(47)

r 1
exp(py) = f @+ @) +p( + @)x)Prexp| p, <u(1 +@)x+ wﬁ)] dx

[e9) 1
( >—fexp[p2(”(l+(p)x k| PR
CPWIT) T W@ A ) Ao+ e
0
Let
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u—u(1+¢) d 1

u=ul+)+pA+e)x , x=—""5 =

© exp[ p, <#(1 + ) (u—#(1+tp)) + p(1+9) ((uu(lﬂp))Z))]

T p(1+e)

(00) 1 p(1+¢) 2 p*(1+9)?
= d
exp pO p(l +(,0) P u
w(1+9) . "
3} ut- ( )
1 o (i)
= d
exp(po) P+ f " u
u(1+e)
_ P2 k2(+e) o _(__P2 u? )
e 2p e 2 p(1+¢)
= d .. (49
o) = S [ T .9)
u(1+9)
Now, we will solve
© —(- ﬂ)
e 2p(1+¢)
T
u(1+e)
since
e Bx* I'(z, Bv%)
f b dx = T ;v>0
v
where
1-b
7 =
a P2
Ifb=p, ,a=2 ,B=-— 29 0) U =ul+¢)
;= 1-p
2
The result it:
_ p2H2(+e) o _(_ p2 u? )
e 2p e 2p(1+9)
ex = du
p(po) P+ 0) f "
u(1+¢)
_p2#2Ate) L 1-p; p2 U2 (1+9)
e 2p [ 2 T 2p ]
= ) = ..(50)
p 7 2(— 2y
2 p(1+¢)
Since
a—-1 xm
INa,x)=(a—1)'e™™ z —
m!
m=0 -
1 21+ ¢) 1 2(1+ )%_1 [_ = #2(1+‘P)]m
— — p2 HE(1+
r ! , _ LK ¢ =( 'Dl—l)!e 2p Z LY. ..(51)
2 2p 2 y m!
m=
Substituting equation (51) in equation (50) yields:
—p1-1 [_p2H2(+@hm
(ﬂ - 1)1 Yoz 20
) m=0
exp(po) =~ — ..(52)
2p+0) (= i) ?
Stage 3: Derivation of the entropy function of the distribution.
Substituting equation (52) in equation (46) yields:
www.anjs.edu.iq Publisher: College of Science, Al-Nahrain University

136


http://www.anjs.edu.iq/

Al-Nahrain Journal of Science
ANJS, Vol.27(3), September, 2024, pp. 126-141

—p p(1+w>
2p(1+9) (- 27 (a1 + ) + p(1 + )x) " elPalnror+ EEE))
fl) = T . (53)
_ =p1=1 [_ P2k ®jm
(i — 1) Py 2 2
2 ' Am=0 m!

Taking the natural logarithm, thus we get:
Inf(x) =In(2 p)

1-
+ln(1+<p)+(

) in(=py) - (-52) in@2 ) = (52 inC1 + 9)
= py mu@ +¢) +p(1+¢@)x) + [Pz (u(l + )x+ w’ﬂ)] —In (1—_;)1_ 1)!

—pP1—1

2 p2 12 (1+@)1m
[— T]
—In Z —r . (54)
m=0

Depending on equation

—flnf(x)f(x) dx
0
Sh=—In(2 ) ~ In(1 + 9) ~ (*522) in(~ )
+( _Zpl)ln(Zp)

+ (1 _
2
p2 #2(1+9) u2(1+<p)

+ In (1 )'+ln Z [ ...(55)

Stage 4: Derivation of the relative among the Lagrange multiplier and the restraints.
To maximize equation (55) We derive it partially with respect to u,p and ¢ and then we set it equal to zero to
produce,

1
)in(1+ @)+ PAE (L + )+ (1 9)0] = pa(1+9) E ) L2 B iy

=p1=1 [ - L2040 [_ p2 12"

dShME 1+¢ meo ——

= - E —p,(1 E - . =0 ..(56
a” P1 (‘Ll(l +(p) +p(1 +(P)X) pZ( +(P) (x) + s [_ 0 #2(1+‘P)m ( )
2

Indo
—py-1 m[pzuz(lw) ][ nzuz(lw)]

dShME 1 - 1 1+ @)x 1+ Xl ,

_lee 1k (1 +¢) A w)E(x2)+ 0 m 0 ..(57)
dp 2p p pl+e)+p+e)x 2 oyt [0 <1+<P>]
2
mZO n:
oShME 1 —p, 1 U+ px
= - + E( ) E(r) —22P g
9 20+ 1vg PG el ren) PHEW o)
-p1-1 [_ p2 1? ][_ p2 12+e)| "
}; 2 m 2p 2p
+ =m0 o =0  ..(58)
-p1-1 [_qu (1+9)
2 2p
Ebnzo m!
Since
E(X) = Z % p(X = %)
all x
Since

pX=x)=1
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w

Z 1+¢ (59)
= pd+@)+p(1+@)x, 7

1+ @)xq
p(1+ @) +p(1+ @)x,

IR

1+¢
E<u(1+<p)+p(1+<p)x)
E( 1+ ¢)x )
r1+9)+p(1+@)x
- U+ pxq

E( Y px )_ ..(61)
p(1+¢) +p(1+ )x + p(1+ ) +p(1+@)xg

IR

.. (60)

a=1
w

R

Ex)= ) x4 ..(62)

q=1

E(x2)=z a2 . (63)

=1

Substituting equations (59), (60), (61), (62) and (63) in equations (56), (57) and (58) we get
0ShME

1
o —p1(1+<p)z T ET T pz(1+<p)quq

—p1-1 m[ _ P2 (1+<p)] [_ P2 u2(1+<p)]

gnMEﬁ

Z 2 P 2p
=0
+ — m__ =0 ..(64)
—p1-1 [_ p2 W2(1+¢)
2 2p
Zmzo m!
AShME  1—p, 1
—p1-1 [Pz u2(1+<p) ][ pzu (1+<p)
w w
Z Xq _ P2 (1+(P)zx2 4 Yo
p(1+ @) +p(1+ @)x, 2 a —pi-1 |_pzn <1+<p>
qg=1 q=1 2 2p
Zmzo m!
=0 ..(65
OShM®  1-p, 1 +pi U+ pxg ~ pou i _Pixz
dp 20+9) 1+¢ TLul+e)+p(+en, U LT 2 47
2—9;-1 m[_ 922 F;Z ][_ P2 ui(;ﬂp) m-t
m=2 m =0 (66)
-p1-1 [_ p2 12+@)|™
2
Zm 20 m‘:

And by solving equations (64), (65) and (66) we get the ME estimators denoted by aME, pMF and $MF. Since

these equations are non-linear, so, Newton — Raphson process can be used to get the resolve as follows such
that h =0,1,2, ...

[0ShMET
~(h+1) ~(h du
”M :ug/llg' aShME
A(h+1) — A(h) _ (7_1
PuE Dm G
~(h+1) A(h) P
Pume PmE dShME w

P u= ﬁ'ME
(N o= A(h)
»= ¢5Jz‘£
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where
[02ShME  92ShME  92ShME 7
ou? oudp oude
0°ShME  92ShME  92ShHME
I = | 3pon 902 pdg
02ShME  92ShME  g2SpME "
| dpou ddp dp? | “f(g)"”
P=P ME
=i
Such that
w
02ShME (14 0)? Z 1
2 = —P1 2 2
o = (u(1+ ) +p(1+ 9)xg)
—p1-1 m[_ P2 u(1+<p)][_ p2 1*(1+¢) m-t
ZT p 2p
m=0 m!
o1 [ M}m
Z 2 2p
m=0 m!
2.2 211 2 m—2 2 m—1
—pi—1 [Pt (te) [ ppp”(ite) a p2 L+ ppu?(1+9)
3 12 m(m 1)[ p? ] 2p m[ P ][ 2p ]
m=0 m
+ -
-p1-1 E_ Py 12 (14¢)]
2 | 2p |
TG - (67)
d92ShME 1 1—-p;
= — —n, (1 2
apz pz 2 pz pl( + (p)
2 4 2 2 m—2 2 2 m—1
—py—1 [z ate) [ ppp”(ite) [ et Q][ pput(14e)
w 2 L— m(m 1)[ 4p* ][ 2p ] m[ 03 ][ 2p
2 > ™
—pi— pp 1= (1+¢)
= (u@+ @) + p(1 + @)xy) Z‘HTI |-
m=0 m!
—p1-1 | P2 u2(1+<p)][_ p2 u2 ()"
ZT 2p? 2p
m=0 m!
68)
_ o (
o1 |- M}’”
ZT 2p
m=0 m!
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92ShME 1 l-n i (1 + pxg)°
P = 2 - 2 - F1 2
dp 1+9)? 2(1+¢) = [u1+ @)+ p(1 + @)xg]
2
po p2 u? pz k20+@)]" "
2 4 2(140)™ 2 pt m[— 2 ][_ 2
Z_p;_l m(m_l)[iz:; [_ P2 uz p1+<p Zm=20 p — p
m=0 m!
n ! - _ .. (69
—p1-1 [_ P2 u2(1+<0)] —p1-1 |_p2u2a+@]™ 2 (69)
Z 2 2p 2 [ 2p
m=0 m! z:7‘rl=0 m!
0°ShME  §2SpME
dudp - dpdu
w
X
= —p1(1 + @)? Z 1 2
= [+ @) + p(1 + 9)x,]
27‘71271 m(m—1)| p%ui(::p)z H_ Py uzz(:ﬂp)]mz_'_m[ Pz#(21+!ﬂ)][_ P2 ﬂzz(:“/’)]ml
m=0 m!
+ —py-1 [_ pp k2(1+0)]"
2
2m=20 m!!)
s m[_ pzﬂ(1+<ﬂ)][_ o i (1+w)]m ] 22 W2(1+9) H_ ppu? (1+¢)]m—1
Z 2 p 2p ZT 20° 2p
m=0 m m=0 m!
_ > ..(70)

—p1—1 [_ P2 u2(1+¢)]m |

Zm=20 -

m!
0%2ShME  925pME

dudp — 0du
]m_z—m[ P2 #][_ p2 12 (1+9) mo1
p 2p

p% u3(1+9)
2 p2

_ P2 4*(1+9)
2p

—p1-1 m(m—l)[

2
Zm=0

m!
-p1-1 [_ M}m
Z 2 2p
m=0 m!
m-1
—p1-1 m[_ pz u? ][_ pz 12 (1+¢) —p1-1 m[_ P2 1t (1+9) ][_ p2 12 (1+9)
Z 2 2p 2p 2 2 p 2p w
m=0 m=0

— m! 5 ] —pZqu .(71)

-

m
—p1-1 [_p2#*(1+e) =
s =
m=0 m!
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92ShME 92ShME

dpdp  dpdy

-p1~1 m(m-1)

2
Zm=0

m—2

[_ % it (1+¢) H_ py 12 (1+9) +m

m—1
pa k% || pari+9)
4p3 2p

2p? 2p

_ m!
- m
—py-1 [_p2#2C+e)
y o2 L 20 1
m=0 m!

m—1 m—1
—py-1 [ py #2 (1+¢) ][ py 12 (1+¢) —py—1 [ py 12 ][ py K2 (1+¢)
1o m > — s S _ -

Z 2 2p 2p ] Z 2 2p p w
m=0 m=0 2
_ m __ m — —2 X2 ..(72)
—py-1 [ pa K2 (1+¢) 2

R VTP g=1

Zm=20 =

Now, Now, based on an invariant property of the ME estimator, the reliability function at mission time (t) of
the MWER distribution can be obtained by replacing y,pand ¢ in equation (3), by their ME estimators as
follows:

m!

~ ~ME 1_|_ ~ME
RME(t; 1, p, ) = exp (—(ﬁME(l + M)t + % tz)) -~ (73)

3. Recommendations
For future studies, one can put the following recommendations:
1. Using same estimation methods and applying simulation studies or applications with different real-
life data sets to evaluate the performance of the anonymous parameters and reliability function of
MWER distribution.
ii. Using complete (censored) data to estimate the anonymous parameters and reliability function of
MWER distribution taking into account changing: estimation methods, approximation technique.
iii. From a different continuous probability distribution used same estimation methods.
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