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1. Introduction 
The approximation theory is a theory concerned of how 

complex functions are approximated by simpler functions. 

Many researchers in the field of approximation theory 

especially the approximation of one-sided function. In this 

paper we study the one-sided multiplier approximation of 

unbounded function  

Among many researchers who have worked in the study 

of one-sided approximation are; In 2008 [1], Oleksanor 

studied one-sided weighted approximation by polynomials 

on the real line in 𝐿𝑃-space and obtained some results and 

studied one-sided weighted approximation by polynomials 

on the real line in 𝐿𝑃-space and obtained results. In 2010 

[2], Motornyi and Pas'ko studied the best one-sided 

approximation through a class of some differentiable 

function in 𝐿1-space. In 2012 [3] Rensuoli and Yong, have 

studied the best m-term one-sided approximation by the 

trigonometric polynomials on some classes of Besov space 

in Lp(Td), p ≥ 1. In 2017 [4]. Huseyin and Ramazan studied 

one-sided approximation with averaged modulus of 

smoothness of function 𝑓 ∈ 𝐿𝜑 -space by trigonometric 

polyno midls and got direct and inverse theorems. In 2020 

[5], Saheb et al. studied the best multiplier approximation 

of unbounded periodic functions in 𝐿𝑝,𝜓𝑛
(𝐵), 𝐵 = [0,2𝜋], 

where they used discrete operator positiue, ard there were 

results. 

 

2. Basic Definitions 
In this research, we will need some definitions, which are 

given next: 

 

Definition 2.1, [8]. A series ∑ 𝑎𝑛
∞
𝑛=0  is called a multiplier 

convergent if there is a sequence { 𝜓𝑛 }𝑛=0 
∞ , such that 

∑ 𝑎𝑛
∞
𝑛=0 𝜓𝑛  < ∞  and we will say that { 𝜓𝑛 }𝑛=0

∞  is a 

multiplier for the convergence. 

 

Definition 2.2. For any real valued function 𝑓  defined 

on  𝑋 = [𝑎, 𝑏]  if there is a sequence { 𝜓𝑛 }𝑛=0
∞ , such that 

∫ 𝑓
𝑋 

𝜓𝑛(𝑥) d𝑥 < ∞, then we say that 𝜓𝑛  is the multiplier 

integral. 

 

Definition 2.3. Let 𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋), 𝑋 = [0,1] = [𝑎, 𝑏], p  

[1, ∞ ), then the space of all real valued unbounded 

functions 𝑓, such that ∫ 𝑓
𝑋

𝜓n (𝑥) d𝑥 < ∞ is defined by:  

 ∥ 𝑓 ∥𝑝,𝜓𝑛
 = (∫ | 𝑓(𝑥)𝜓𝑛|𝑝

𝑋
𝑑𝑥)

1
𝑝⁄

, 𝑥 ∈ 𝑋  

 

Definition 2.4. For 𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋) , 𝑋 = [𝑎, 𝑏] , 0 < 𝛿 , we 

will define the following concepts:  

𝜔(𝑓, 𝛿)𝑝,𝜓𝑛
= 𝑠𝑢𝑝⏟

| ℎ |< δ

‖𝑓(𝑥 + ℎ) − 𝑓(𝑥)‖
𝑝,𝜓𝑛

 

  

is the multiplier integral modulus of function 𝑓.  
 

The multiplier local of smoothness for 𝑓 of order 𝑘 at 

point 𝑥 ∈ [𝑎, 𝑏], 𝛿 ∈ [0,
𝑏−𝑎

𝑘
] is defined by:  

𝜔𝑘(𝑓, 𝑥, 𝛿) = sup| ℎ |< δ {|∆ℎ
𝑘𝑓𝜓𝑛(𝑡)|: 𝑡, 𝑡 + 𝑘 ℎ ∈ [ x − 

𝑘𝛿

2
, x + 

𝑘𝛿 

2
]∩ [𝑎, 𝑏]}. 

where the difference of function 𝑓 is: 

mailto:Raadfhassanabod@gmail.com
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∆ℎ
𝑘𝑓(x) = ∑ (𝑘

𝑖
)𝑘

𝑖=0 (−1)𝑘−𝑖𝑓(x − 
𝑘𝛿

2
 + 𝑖ℎ), x ∓ 

𝑘ℎ

2
  𝑋 

𝜏𝑘  (𝑓, δ)𝑝,𝜓𝑛
= ‖𝜔𝑘  (𝑓, . ; 𝛿)‖𝑝,𝜓𝑛

, p  [1, ∞ ), 𝑘  N 

is the multiplier averaged modulus of smoothness of 𝑓 of 

order 𝑘. 

 

Definition 2.5, [7]. The degree of best one-sided 

approximation of 𝑓 is: 

�̃�𝑛(𝑓)𝑝 = inf {‖ p𝑛 − q𝑛‖
𝐿 𝑝 (𝑋 )

: 𝑞𝑛(x) ≤ 𝑓(x) ≤ 𝑝𝑛(x)} 

Also, the degree of best approximation of a function 𝑓  

𝐿𝑝(𝑋) is define by: 

𝐸𝑛(𝑓) 𝑝 = inf {‖ 𝑓 −  p𝑛‖
𝐿 𝑝 (𝑋 )

: 𝑝𝑛 ∈ 𝑃𝑛} 

 

Definition 2.6. The degree of best one-sided multiplier 

approximation of 𝑓 is: 

�̃�𝑛(𝑓) 𝑝, 𝜓𝑛 = inf {‖ 𝑝𝑛 −  𝑞𝑛‖
𝐿 𝑝,𝜓𝑛 (𝑋 )

: 𝑞𝑛(x) ≤ 𝑓(x) ≤ 

𝑝𝑛  (x)} 

Also, the degree of best multiplier approximation of a 

function 𝑓  𝐿𝑝, 𝜓𝑛(𝑋) is define by: 

𝐸𝑛(𝑓)𝑝, 𝜓𝑛 = inf {‖ 𝑓 −  𝑝𝑛‖
𝐿 𝑝,𝜓𝑛 (𝑋 )

: 𝑝𝑛 ∈ 𝑃𝑛} 

 

3. Auxiliary Lemmas 
In this section some results obtained throughout this work 

are presented, which are termed as an auxiliary lemmas. 

 

Lemma 3.1, [6]. Let 𝑛 ∈ 𝑁, 𝑡 ∈ [0,1], then the algebraic 

polynomials ℎ𝑛(𝑥, 𝑡)  and 𝐻𝑛(𝑥, 𝑡)  are called Hermite 

interpolation polynumials of maximal deyree 2𝑛  in 𝑥 

satisfy the following: 

(i) ℎ𝑛(𝑥, 𝑡) ≤ 𝐺(𝑥, 𝑡) ≤ 𝐻𝑛(𝑥, 𝑡). 

(ii) [𝐻𝑛(𝑥, 𝑡) − ℎ𝑛(𝑥, 𝑡)] = (1 − (𝑥 − 1)2)𝑛, 𝑥 ∈ [0,1], 
where: 

𝐺(𝑥, 𝑡) = {
0  if 𝑥 < 𝑡
1  if 𝑥 ⩾ 𝑡

   

 

Definition 3.1. Let  𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋), 𝑋 = [0,1] ,  𝑛 ∈ 𝑁 , we 

define: 

(𝑓𝜓𝑛)+(𝑥) =
1

2
(𝑉𝑓𝜓𝑛

(𝑥) + 𝑓𝜓𝑛(𝑥))  

(𝑓𝜓𝑛)−(𝑥) =
1

2
(𝑉𝑓𝜓𝑛

(𝑥) − 𝑓𝜓𝑛(𝑥))  

where (𝑓𝜓𝑛)+  and (𝑓𝜓𝑛)−  are non-decreasing functions 

and 𝑉𝑓𝜓𝑛
(𝑥) is the multiplier total variation of 𝑓 on [0, 𝑥], 

and 

𝕘𝑛(𝑓) = 𝑓(𝑥) + ∫ ℎ𝑛(𝑥, 𝑡)
1

0
 𝑑(𝑓𝜓𝑛)+(𝑡) −

∫ 𝐻𝑛(𝑥, 𝑡)
1

0
 𝑑(𝑓𝜓𝑛)(𝑡)  

𝔾𝒏(𝑓) = 𝑓(𝑥) + ∫ 𝐻𝑛(𝑥, 𝑡)
1

0
 𝑑(𝑓𝜓𝑛)+(𝑡) −

∫ ℎ𝑛(𝑥, 𝑡)
1

0
 𝑑(𝑓𝜓𝑛)−(𝑡)  

 

Lemma 3.2. Let 𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋), 𝑋 = [0,1], then: 

𝜏(𝑓, 𝑛𝛿)𝑝,𝜓𝑛
≤ 𝑛𝜏(𝑓, 𝛿) 𝑝,𝜓𝑛

,  𝛿 > 0, 𝑛 ∈ 𝑁, 𝑝 ≥ 1  

Proof. Let [0,1] = [𝑎, 𝑏], 

𝜔𝑘(𝑓, 𝑥, 𝛿) = sup {|Δh
k 𝑓(𝑡)𝜓𝑛|: 𝑡, 𝑡 + 𝑘ℎ ∈ [𝑥 −

𝑘𝛿

2
, 𝑥 +

𝑘𝛿

2
] ∩ [𝑎, 𝑏]}  

𝜔1(𝑓, 𝑥; 𝑛𝛿) = sup {|𝑓(𝑡 + ℎ)𝜓𝑛 − 𝑓(𝑡)𝜓𝑛|: 𝑡, 𝑡 +

ℎ ∈ [𝑥 −
𝑛𝛿

2
, 𝑥 +

𝑛𝛿

2
] ∩ [𝑎, 𝑏]}  

Let us define: 

µ𝑖(𝑥) = 𝑥 − (𝑛 − 2𝑖 + 1)
𝛿

2
, 𝑖 = 1,2, … , 𝑛  

clear that µ𝑖(𝑥) < 𝑥, 𝑥 − (𝑛 − 2𝑖 + 1) < 𝑥, we have: 

𝜔1(𝑓, 𝑥; 𝑛𝛿) ≤ ∑𝑖=1
𝑛 𝜔1(𝑓, µ𝑖(𝑥), 𝛿)𝑝,𝜓𝑛

  

(∫ | 𝜔1(𝑓𝜓𝑛 , 𝑥; 𝑛𝛿)|𝑝
𝑋

𝑑𝑥)
1

𝑝⁄

≤

∑ (∫ | 𝜔1(𝑓, µ𝑖(𝑥), 𝛿)|𝑝
𝑋

𝑑𝑥)
1

𝑝⁄
𝑛
𝑖=1   

𝜏(𝑓, 𝑛𝛿)𝑝,𝜓𝑛
  ≤ ∑ {∫  (𝜔1 (𝑓, 𝑥 −

𝑏

𝑎
𝑛
𝑖=1

𝑛−2𝑖+1

2
𝛿; 𝛿 ))

𝑝

𝑑𝑥}
1/𝑝

   

≤ ∑ 𝜏(𝑓, 𝛿)𝑝,𝜓𝑛
𝑛
𝑖=1    

𝜏(𝑓, 𝑛𝛿)𝑝,𝜓𝑛
≤ 𝑛𝜏(𝑓, 𝛿)𝑝1𝜓𝑛

    

 

Lemma 3.3. Let 𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋), 𝑋 = [0,1], 1 ≤ p < ∞, 𝛿 >

0, then: 

𝜏1(𝑓, 𝛿)𝑝,𝜓𝑛
≤ 𝛿 ⋁ 𝑓𝜓𝑛[𝑎,𝑏]

  

Proof. Let 𝑋 = [0,1] = [𝑎, b] and 𝑓(𝑥) = 𝑓(𝑎), ∀ 𝑥 < 𝑎, 

𝑓(𝑥) = 𝑓(𝑏), ∀ 𝑥 > 𝑏 

𝜔1(𝑓, 𝑥, 𝛿) = sup {|Δℎ
1 𝑓(𝑡)𝜓𝑛|: 𝑡, 𝑡 + ℎ ∈ [𝑥 −

𝛿

2
, 𝑥 +

𝛿

2
]}   

= sup{|𝑓(𝑡 + ℎ)𝜓𝑛 − 𝑓(𝑡)𝜓𝑛|}  

= sup{⋁ 𝑓𝜓𝑛[𝑡,𝑡+ℎ] }  

≤ ⋁
𝑥−

𝑠

2

𝑥+
𝛿

2  𝑓𝜓𝑛  

(∫ | 𝜔1(𝑓𝜓𝑛 , 𝑥; 𝛿)|𝑝
𝑋

𝑑𝑥)
1

𝑝⁄

≤

(∫
𝑎

𝑏
| ⋁ 𝑓𝜓𝑛

𝑥+
𝛿

2

𝑥−
𝛿

2

| 𝑝𝑑𝑥)

1/𝑝

  

 𝜏1(𝑓,𝛿)
𝑝,𝜓𝑛

≤ (∫
𝑎

𝑏
| ⋁ 𝑓𝜓𝑛

𝑥+
𝛿

2

𝑥−
𝛿

2

| 𝑝𝑑𝑥)

1/𝑝

  

= ∫ 𝑉
x−

𝛿

2

x+
𝛿

2𝑏

𝑎
 𝑓(𝑥)𝜓𝑛𝑑𝑥  

= ∫ 𝑉
𝑎−

𝛿

2

x+
𝛿

2𝑏

𝑎
 𝑓(𝑥)𝜓𝑛𝑑𝑥 − ∫ 𝑉

𝛼−
𝛿

2

𝑥−
𝛿

2𝑏

𝑎
 𝑓(𝑥)𝜓𝑛𝑑𝑥  

= ∫
𝑎+

𝛿

2

𝑏+
𝛿

2  𝑉
𝑎−

𝛿

2

𝑡 𝑓(𝑡)𝜓𝑛𝑑𝑡 − ∫
𝑎−

𝛿

2

𝑏−
𝛿

2  𝑉
𝑎−

𝛿

2

𝑡 𝑓(𝑡)𝜓𝑛𝑑𝑡  

≤ ∫ 𝑉𝑎−𝛿/2

𝑡 𝑓(𝑡)𝜓𝑛𝑑𝑡
𝑏+

𝛿

2

𝑏−
𝛿

2

   

≤ ∫ 𝑉𝑎
𝑏𝑓(𝑡)𝜓𝑛𝑑𝑡

𝑏+
𝛿

2

𝑏−
𝛿

2

  

= 𝛿𝑉𝑎
𝑏𝑓𝜓𝑛     

 

Lemma 3.4. Let 𝑓 ∈ 𝐿𝑝.𝜓𝑛
(𝑋), 𝑋 = [0,1], 𝛿 > 0, then: 

𝜔𝑘(𝑓, 𝛿)𝑝,𝜓𝑛
≤ 𝛿𝑉𝑎

𝑏𝑓𝜓𝑛  
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Proof.  

𝜔𝑘(𝑓, 𝛿)𝑝,𝜓𝑛
= 𝑠𝑢𝑝⏟

𝑜≤ℎ≤𝛿

  {∫
𝑎

𝑏−𝑘ℎ
 |Δℎ

𝑘 𝑓(𝑥)𝜓𝑛|
𝑝

𝑑𝑥}
1/𝑝

  

𝜔1 (𝑓, 𝛿)𝑝,𝜓𝑛
= ∫

𝑎

𝑏−ℎ
 |△ℎ 𝑓(𝑥)𝜓𝑛|𝑑𝑥  

= ∫
𝑎

𝑏−ℎ
 |[𝑓(𝑥 + ℎ) − 𝑓(𝑥)]𝜓𝑛|𝑑𝑥  

≤ ∫  ⋁ 𝑓(𝑥)𝜓𝑛𝑑𝑥[𝑥+ℎ,𝑥]  
𝑏−ℎ

𝑎
   

= ∫
𝑎

𝑏−ℎ
 [𝑓(𝑥 + ℎ)𝜓𝑛 − 𝑓(𝑥)𝜓𝑛]𝑑𝑥  

= ∫
𝑎

𝑏−ℎ
 [𝑓(𝑥 + ℎ)𝜓𝑛 − 𝑓𝜓𝑛(𝑎) −

𝑓(𝑥)𝜓𝑛 + 𝑓𝜓𝑛(𝑎)]𝑑𝑥  

= ∫
𝑎

𝑏−ℎ
 {𝑓(𝑥 + ℎ)𝜓𝑛 − 𝑓𝜓𝑛(𝑎) −

[𝑓(𝑥)𝜓𝑛 − 𝑓𝜓𝑛(𝑎)]}𝑑𝑥  

= ∫
𝑎

𝑏−ℎ
 𝑉𝑎

𝑥+𝑏𝑓𝜓𝑛 − 𝑉𝑎
𝑥𝑓𝜓𝑛𝑑𝑥  

= ∫
𝑎

𝑏−ℎ
 𝑉𝑎

𝑥+ℎ𝑓(𝑥)𝜓𝑛𝑑𝑥 − ∫
𝑎

𝑏−ℎ
 𝑉𝑎

𝑥𝑑𝑥  

= ∫
𝑎+ℎ

𝑏
 𝑉𝑎

𝑥𝑓(𝑥)𝜓𝑛𝑑𝑥 − ∫
𝑎

𝑏−ℎ
 𝑉𝑎

𝑥𝑑𝑥  

= ∫
𝑏−ℎ

𝑏
 𝑉𝑎

𝑥𝑓(𝑥)𝜓𝑛𝑑𝑥 −

∫ 𝑉𝑎
𝑥𝑎+ℎ

𝑎
 𝑓(𝑥)𝜓𝑛𝑑𝑥  

≤ ∫ 𝑉𝑎
𝑥𝑏

𝑏−ℎ
 𝑓(𝑥)𝜓𝑛𝑑𝑥  

≤ ℎ𝑉𝑎
𝑏𝑓𝜓𝑛  

≤ 𝛿𝑉𝑎
𝑏𝑓𝜓𝑛 , since|ℎ| ≤ 𝛿.    

 

Lemma 3.5. Let 𝑓 ∈ 𝐿𝑝,𝜓𝑛
(𝑋), 𝑋 = [0,1], 𝑛 ∈ 𝑁, then: 

(a) 𝕘𝑛(𝑓), 𝔾𝑛(𝑓𝜓𝑛) ∈ 𝜋2𝑛. 

(b) 𝕘𝑛(𝑓) ≤ 𝑓(𝑥) ≤ 𝔾𝑛(𝑓). 

(c) 𝔾𝑛(𝑓) − 𝕘𝑛(𝑓) = ∫ (1 − (𝑥 − 𝑡)2)𝑛1

0
𝑑𝑉𝑓𝜓𝑛

(𝑡). 

Proof. (a) Since  ℎ𝑛(𝑥, 𝑡)  and 𝐻𝑛(𝑥, 𝑡)  are algebraic 

polynomials, then 𝕘𝑛(𝑓) and 𝔾𝑛(𝑓) ∈ ∏2𝑛  . 
(b) 𝑓(𝑥) = 𝑓(𝑥)+𝑓(𝑥) − 𝑓(𝑥)  

= 𝑓(𝑥) +  𝑓+(𝑥) − 𝑓−(𝑥) − [𝑓+(𝑥) −  𝑓−(𝑥) ]  

= 𝑓(𝑥) + ∫ 𝑑
𝑥

𝑜
(𝑓𝜓𝑛)+(𝑡) − ∫

0

𝑥
 𝑑(𝑓𝜓𝑛)−(t)  

≥ 𝑓(𝑥) + ∫
0

𝑥
 ℎ𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+(𝑡) −

∫
0

𝑥
 𝐻𝑛(𝑥1𝑡)𝑑(𝑓𝜓𝑛)−(t)  

≥ 𝑓(𝑥) + ∫
0

1
  ℎ𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+(𝑡) −

 ∫
0

1
 𝐻𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)−(𝑡)  

= 𝕘𝑛(𝑓)  

Hence: 

𝑓(𝑥) ≥ 𝕘𝑛(𝑓)  …(1) 

Now: 

𝑓(𝑥) = 𝑓(𝑥) + 𝑓(𝑥) − 𝑓(𝑥)  

= 𝑓(𝑥) +  𝑓+(𝑥) − 𝑓−(𝑥) − [𝑓+(𝑥) −  𝑓−(𝑥)]  

= 𝑓(𝑥) + ∫ 𝑑
𝑥

𝑜
(𝑓𝜓𝑛)+(𝑡) − ∫

0

𝑥
 𝑑(𝑓𝜓𝑛)−(𝑡)  

≤ 𝑓(𝑥) + ∫
0

𝑥
 𝐻𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+(𝑡) −

∫
0

𝑥
 ℎ𝑛(𝑥1𝑡)𝑑(𝑓𝜓𝑛)−(t)  

≤ 𝑓(𝑥) + ∫
0

1
  𝐻𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+(𝑡) −

 ∫
0

1
 ℎ𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)−(𝑡)  

= 𝔾𝑛(𝑓)  

Hence: 

𝑓(𝑥) ≤ 𝔾𝑛(𝑓)  …(2) 

from (1) and (2), we get 𝕘𝑛(𝑓) ≤ 𝑓(𝑥) ≤ 𝔾𝑛(𝑓) 

(c) from definition, we have: 

𝕘(𝑓) = 𝑓(𝑥) +   ∫ ℎ𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+1

0
(𝑡) −

∫ 𝐻𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)−(𝑡)
1

0
  …(3) 

and 

𝔾𝑛(𝑓) = 𝑓(𝑥) + ∫
0

𝑥
 𝐻𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)+(𝑡) −

∫ ℎ𝑛(𝑥, 𝑡)𝑑(𝑓𝜓𝑛)−(𝑡)
1

0
 …(4) 

from (3) and (4), we get: 

𝔾𝑛(𝑓) − 𝕘𝑛(𝑓) = ∫ [[𝐻𝑛(𝑥, 𝑡) −
1

0

ℎ𝑛(𝑥, 𝑡)]𝑑(𝑓𝜓𝑛)+(t) + ∫ [𝐻𝑛(𝑥, 𝑡) −
1

0

ℎ𝑛(x, 𝑡)]𝑑(𝑓𝜓𝑛)−   (t)  

=   ∫ (1 − (𝑥 − 𝑡)2)𝑛𝑑(𝑓𝜓𝑛)+1

0
(𝑡) + ∫ (1 −

1

0

(𝑥 − 𝑡)2)𝑛𝑑(𝑓𝜓𝑛)−(𝑡)   

since (𝑓𝜓𝑛)+(𝑥) =
1

2
(𝑉𝑓𝜓𝑛

(𝑥) + (𝑓𝜓𝑛)(𝑥))  and 

(𝑓𝜓𝑛)−(𝑥) =
1

2
(𝑉𝑓𝜓𝑛

(𝑥) − 𝑓𝜓𝑛(𝑥)), then: 

𝑑(𝑓𝜓𝑛)+(𝑥) =
1

2
(𝑑𝑉𝑓𝜓𝑛

(𝑥) + 𝑑(𝑓𝜓𝑛)(𝑥))  

𝑑(𝑓𝜓𝑛)−(𝑥) =
1

2
(𝑑𝑉𝑓𝜓𝑛

(𝑥) − 𝑑(𝑓𝜓𝑛)(𝑥))  

= ∫ (1 − (𝑥 − 𝑡)2)𝑛1

0
  {

1

2
𝑑𝑉𝑓𝜓𝑛

(𝑡) +
1

2
𝑑𝑓𝜓𝑛(𝑡) +

1

2
𝑑𝑉𝑓𝜓𝑛

(𝑡) −
1

2
𝑑𝑓𝜓𝑛(𝑡)}  

= ∫ (1 − (𝑥 − 𝑡)2)𝑛1

0
 𝑑𝑉𝑓𝜓𝑛

(𝑡).    

 

We will prove the direct and inverse theorems of best 

one-sided multiplier approximation of 𝑓 ∈ L𝑝,𝜓𝑛
 (𝑋), 𝑋 =

[0,1], using the previous operators. 

 

4. Main Results 
The main results of this article, which are termed as the 

direct and inverse theorems, will be stated and proved in this 

section. 

 

Theorem 4.1 (The Direct Theorem). Let 𝑓 ∈
𝐿𝑝,𝜓𝑛

(𝑋), 𝑋 = [0,1], 𝑛 ⩾ 2, 𝑛 ∈ 𝑁, then: 

�̃�𝑛(𝑓)  
𝑝,𝜓𝑛

≤ 𝐶2𝜏1 (𝑉𝑓,
1

√𝑛
)

𝑝,𝜓𝑛

  

where 𝐶2 is a constant positive independent of 𝑝 and 𝑛. 

Proof. Define [𝑛1/2] = max {𝑞 ∈ 𝑧 ∣ 𝑞 ≤ 𝑛1/2}. Also, we 

introduce equidistant partition 𝐼 = [0,1] , then 0 = 𝑡0 <
𝑡1 < 𝑡2 < ⋯ < 𝑡[𝑛1/2]+1 = 1 is a partition of I, with 𝑡𝑗 =

𝑗

[𝑛1/2+1]
, 𝑗 = 0,1, ⋯ , [𝑛1/2] + 1 

From Lemma (3.6), we have: 

𝔾𝑛(𝑓) − 𝕘𝑛(𝑓) = ∫ (1 − (𝑥 − 𝑡)2)𝑛𝑑𝑉𝑓𝜓𝑛
(𝑡)

1

0
  

Using the following inequality: 

(1 − (𝑥 − 𝑡)2)𝑛 ≤ 𝑒−𝑛(𝑥−𝑡)2
, ∀ 𝑥, 𝑡 ∈ [0,1]  

Assume 𝑥 ∈ [𝑡𝑘, 𝑡𝑘+1], we get: 

𝔾𝑛(𝑓) − 𝕘𝑛(𝑓) ≤   ∫ 𝑒−𝑛(𝑥−𝑡)2
𝑑𝑉𝑓𝜓𝑛

(𝑡)
1

0
  

≤ ∑ e−𝑛(𝑥−𝑡𝑗+1)
2

⋁ (𝑓𝜓𝑛) +
𝑡𝑗+1

𝑡𝑗

𝑘−1
𝑗=0

𝑉𝑘
𝑡𝑘+1(𝑓𝜓𝑛) + ∑ e−𝑛(𝑥−𝑡𝑗) ⋁ (𝑓𝜓𝑛)

𝑡𝑗−1

𝑡𝑗

[𝑛1/2]
𝑗=k+1   
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𝔾𝑛(𝑓) − 𝕘𝑛(𝑓) ≤ ∑ 𝑒
−𝑛(

𝑗

[𝑛1/2]+1
)

2

[𝑛1/2]
𝑗=0  

𝜔1 (𝑉𝑓,, 𝑥,
2(𝑖+2)

[𝑛1/2]+1
)

𝑝,𝜓𝑛

 

(∫ | (𝔾𝑛(𝑓) − 𝕘𝑛(𝑓)𝜓𝑛)|𝑝
𝑋

𝑑𝑥)
1

𝑝⁄

≤

∑ 𝑒
−𝑛(

𝑗

[𝑛1/2]+1
)

2

[𝑛1/2]
𝑗=0  

(∫ | 𝜔1 (𝑉𝑓,, 𝑥,
2(𝑖+2)

[𝑛1/2]+1
)

𝑝,𝜓𝑛

 |

𝑝

𝑋
𝑑𝑥)

1

  

∥∥𝔾𝑛(𝑓) − 𝕘𝑛(𝑓)∥∥
𝑝,𝜓𝑛

≤

∑
1

𝑒𝑖2/4
𝜏1 (𝑉𝑓 ,

2(𝑖+2)

[𝑛1/2]+1
)

𝑝,𝜓𝑛

[𝑛1/2]

𝑗=0
   

From Lemma (3.3), we get: 

∥∥𝔾𝑛(𝑓) − 𝕘𝑛(𝑓)∥∥
𝑝,𝜓𝑛

≤ ∑ (
2(𝑖+2)

𝑒𝑖2/4
) 𝜏1 (𝑉𝑓 ,

1

√𝑛
)

𝑝 ,𝜓𝑛

∞
𝑗=0    

= 𝐶2𝜏1 (𝑉𝑓 ,
1

√𝑛
)

𝑝,𝜓𝑛

.    

 

Theorem 4.2 (The Converse Theorem). Let 𝑓 ∈
𝐿𝑝,𝜓𝑛

(𝑋), 𝑋 = [0,1], 𝑛 ≥ 2, 𝑛 ∈ 𝑁, then: 

𝜏1 (𝑉(𝑓),
1

√𝑛
)

𝑝,𝜓𝑛

≤ 𝐶1�̃�𝑛(𝑓)𝑝,𝜓𝑛 , 1 ≤ 𝑝 < ∞  

𝐶1 is a positive constant independent of 𝑝 and 𝑛. 

Proof. For all 𝑛 ≥ 2, we have 
1

2𝑒
≤ (1 −

1

𝑛
)

𝑛

, for 1 ≤ 𝑝 <

∞, then from Lemma (3.3), we have: 

𝜏 (𝑉(𝑓),
1

√𝑛
)

𝑝,𝜓𝑛

=
∥
∥
∥
∥

⋁ (𝑓, . )
𝑥+

1

2√𝑛

𝑥−
1

2√𝑛 ∥
∥
∥
∥

𝑝,𝜓𝑛

  

= (∫ |𝑉
𝑥−

1

2√𝑛

𝑥+
1

2√𝑛(𝑓𝜓𝑛)(𝑥)|

𝑝

𝑋
 𝑑𝑥)

1/𝑝

  

= (∫ {∫ 𝑑𝑉(𝑓𝜓𝑛)(𝑡)
𝑥+

1

2√𝑛

𝑥−
1

2√𝑛

 }

𝑝

𝑑𝑥
𝑋

 )

1/𝑝

1

2𝑒
  

≤ (1 −
1

𝑛
)

𝑛

,  ∀ 𝑛 ≥ 2  

1 ≤ 2𝑒 (1 −
1

𝑛
)

𝑛

,  ∀ 𝑛 ≥ 2  

𝜏1 (𝑉𝑓,
1

√𝑛
)

𝑝,𝜓𝑛

≤ (∫ {∫ 2𝑒 −
𝑥+

1

√𝑛

𝑥−
1

√𝑛

1

0

1

𝑛
𝑑𝑉𝑓𝜓𝑛

(𝑡)} 𝑑𝑥 )

1/𝑝

  

Since 𝑥 −
1

√𝑛
≤ 𝑡 ≤ 𝑥 +

1

√𝑛
, then: 

1

√𝑛
− 𝑥 ≥ −𝑡 ≥ −

1

√𝑛
− 𝑥  

1

√𝑛
≥ 𝑥 − 𝑡 ≥

−1

√𝑛
  

−
1

√𝑛
≤ 𝑥 − 𝑡 ≤

1

√𝑛
  

|𝑥 − 𝑡| ≤
1

√𝑛
  

(𝑥 − 𝑡)2 ≤
1

𝑛
  

−(𝑥 − 𝑡)2 ≥ −
1

𝑛
  

1 − (𝑥 − 𝑡)2 ≥ 1 −
1

𝑛
  

(1 − (𝑥 − 𝑡)2)𝑛 ≥ (1 −
1

𝑛
)

𝑛

  

from Lemma 3.5 (c), we get: 

𝜏1 (𝑉𝑓,
1

√𝑛
)

𝑝,𝜓𝑛

≤ 𝑐1 (∫ {∫ (1 − (𝑥 −
1

0

1

0

𝑡)2)𝑛𝑑𝑉𝑓𝜓𝑛
(𝑡) } 𝑑𝑥)

1/𝑝

  

≤ 𝑐1∥∥𝔾𝑛(𝑓)(⋅) − 𝕘𝑛(𝑓)(⋅)∥∥
𝑃,𝜓𝑛

  

≤ 𝑐1�̃�𝑛(𝑓)𝑝,𝜓𝑛
.    

 

Corollary 4.1. Let 𝑓   𝐿𝑝,𝜓𝑛
(𝑋) , 𝑋  = [0, 1], p≥ 1, then 

𝜏1 ( 𝑉𝑓, 𝛿)  𝑝, 𝜓𝑛 = O(𝛿) , 𝛿  ⎯→ 0  is equivalent to 

�̃�𝑛(𝑓)𝑝,𝜓𝑛
= 𝑂 (𝑛−

1

2), 𝑛 ⎯→ . 
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