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The aim of studying this research is to find the best one-sided multiplier
approximation of unbounded function in L,y (X) —space, X =[0,1], p =1 by
using type of operators g,(f), G,(f) by means of operators of algebraic
polynomials as well as to show the relationship between the multiplier averaged
modules of smoothness (7-modules) and variation of unbounded functions in
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1. Introduction
The approximation theory is a theory concerned of how
complex functions are approximated by simpler functions.
Many researchers in the field of approximation theory
especially the approximation of one-sided function. In this
paper we study the one-sided multiplier approximation of
unbounded function

Among many researchers who have worked in the study
of one-sided approximation are; In 2008 [1], Oleksanor
studied one-sided weighted approximation by polynomials
on the real line in Lp-space and obtained some results and
studied one-sided weighted approximation by polynomials
on the real line in Lp-space and obtained results. In 2010
[2], Motornyi and Pas'ko studied the best one-sided
approximation through a class of some differentiable
function in L,-space. In 2012 [3] Rensuoli and Yong, have
studied the best m-term one-sided approximation by the
trigonometric polynomials on some classes of Besov space
in Lp(Ta), p>1. In 2017 [4]. Huseyin and Ramazan studied
one-sided approximation with averaged modulus of
smoothness of function f € L, -space by trigonometric
polyno midls and got direct and inverse theorems. In 2020
[5], Saheb et al. studied the best multiplier approximation
of unbounded periodic functions in L, ,, (B), B = [0,2m],
where they used discrete operator positiue, ard there were
results.

2. Basic Definitions
In this research, we will need some definitions, which are
given next:
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Definition 2.1, [8]. A series Yo a,, is called a multiplier
convergent if there is a sequence {vy, }no , Such that
Yo n Py < oo and we will say that {y, }rep iS @
multiplier for the convergence.

Definition 2.2. For any real valued function f defined
on X = [a, b] if there is a sequence { Y, }n=o. Such that
S Fn(x) dx < oo, then we say that i, is the multiplier

integral.

Definition 2.3. Let f € L, (X),X =[0,1] =[a,b], p €
[1, =), then the space of all real valued unbounded
functions f, such that foI/Jn (x) dx < oo is defined by:

1

0 F Mg = (fy 1 FGOWIP dx) P rex

Definition 2.4. For f € L, (X), X =[a,b], 0 <&, we
will define the following concepts:

O, pp = sup If e +h) = FCO,,
In|<8
is the multiplier integral modulus of function f.

The multiplier local of smoothness for f of order k at
point x € [a,b],6 € [O,b_Ta is defined by:
0 (f,%,6) = sup <5 {|AKfPn (O] €, £+ K h € [x—
2 x+Z0n [a,0]}.
where the difference of function f is:
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AF() =38 (F) (CDF (x4 ih), x F 2 e X

T (f 8)py, = ok (F5 -5 0)lpp, P € [1, 00) keN
is the multiplier averaged modulus of smoothness of f of
order k.

Definition 2.5, [7].
approximation of f is:
E,(Np=inf{ll pn = aull, ,, (xy: 42 () < F(X) < P ()}
Also, the degree of best approximation of a function f e
Lp(X) is define by:
E.(f)p=inf{ll f -

The degree of best one-sided

pn"Lp(X): pn € Pn}

Definition 2.6. The degree of best one-sided multiplier
approximation of f is:
En(f) b, wn = mf{” Pn —
Pn ()}
Also, the degree of best multiplier approximation of a
function f e Lp, ¥, (X) is define by:
En(f)P,llJn = Inf{” f- pn”Lp,lpn (X): Pn € i}

Gull, o oot @) < FX) <

3. Auxiliary Lemmas
In this section some results obtained throughout this work
are presented, which are termed as an auxiliary lemmas.

Lemma 3.1, [6]. Letn € N, t € [0,1], then the algebraic
polynomials h,(x,t) and H,(x,t) are called Hermite
interpolation polynumials of maximal deyree 2n in x
satisfy the following:

(i) hy(x,t) < G(x,t) < Hyp(x,t).

(i) [Hn(x,t) — Ry (x, )] = (1 — (x — DH", x € [0,1],

where:
0 ifx<t
Gnt) = {1 ifx >t
Definition 3.1. Let f € L, (X),X =[0,1], n€ N, we
define:
) () =5 (Vg OO + f ()
)00 =5 (Vg () = f ()

where (fy,)* and (fy,)~ are non-decreasing functions
and Vg, (x) is the multiplier total variation of f on [0, x],
and

20 () = F() + [ k(. 6) d(fn)* (£) —
Iy Ha(,6) d(fpn) (£)
Gu(f) = () + fy Ha(x,8) d(Fp)* (8) —

[ ha () d(f,)(8)

Lemma3.2. Let f € L, (X),X = [0,1], then:
(f,n6)py, < n7(f,6) py,, 6 >0mEN,p=1
Proof. Let [0,1] = [a, b],
wi(f,x,6) = sup{|A f(t)¢n| t,t+khe [x -

E,x 7] N [a, b]}

2
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w1 (f,2;18) = sup {|f (t + W), — F(OOPyl: t,¢ +
h € [x—— x+—]n [a, b]}
Let us define:
w(x) =x—(n—2i+ 1)%,1‘ =12,..,n
clear that p;(x) < x,x — (n — 2i + 1) < x, we have:
w,(f,x;n8) < YL 0,(f, lllz(x) 1 8) o
/p

(J lor(fpn xin8) P dx) " <
L (fy lon(f (), 817 dx)
T(f,n8)py, < ?zl{fa” (w1 (fx-
s ) dx}l/p

< Zl=1 T(f' 6)p,1/}n
©(f, 18y, < NT(f,8)pp, ®

1/p

Lemma33.Letf €L,y (X),X=[01],1<p<o,§>

0, then:

T (f’ 6)1),1!)11 <6 V[a,b] flpn
Proof. Let X =[0,1] = [a,b] and f(x) = f(a), Vx < a,
fx)=fB),vx>b

w1 (f,%,6) = sup {IALf (O l:tt + h € [x =2, 2 +

1)

2}
= sup{|f (t + h)Pn
= SUP{V[t,Hh] fll)n}

S5
<V 2,
1
(fx | w1 (fpn, x; 8)IP dx) L
b X g 1/p
< a inzgflpn | pdx)
7,(f6) . <
=J; I;"_T_E £ (OWndx

— f(®O)¥nl}

1/p
fl/)n | ”dX>

8 L8
= [V 5 fCndx - V3 f@wndx

= J o Ve of @it = 5V of @it

2
5

27t
<f 5Va 8/
2

f (P
< [ 2V F (Ot
=V, m

Lemma3.4. Let f € Lp_wn(X),X =1[0,1
Wi (f 8)pyn < SV [P

1,6 > 0, then:
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Proof.
e, Oy, = sup {J,

o<h<6

w1 (1 8)pyn = [0 180 F Pl

= [N G+ ) = FQOIgnldx

< L7 Vierna fOOWndx

= [N G+ B, — FOP]dx

= [ 77 PG+ W)Y — Fipn(a) —
FO)n + fhn(@)]dx

= [7MF G+ )Yy — fipa(a) —
[f COYn — fPn(@)]}dx

= [ VER fiy — ViE fidic

= b_hV""hf(x)zp dx — [ " vFdx
=/ aon VS Gz = f 2Ry
fb h a f(x)lpndx -
SOV 0 pndx

b
< Jy_p Vi f(O)Pndx

< WV fipn

< 8V fi,,sincelh| < 5. ®m

b-kh

8 £ o)

Lemma3.5. Let f € L, (X), X =
(3.) gn(f)’ Gn(fwn) € T[Zn-
(b) 8. (f) = f(x) < Gnl(f)-
©) Gn(f) =8 (f) = [, (1 = (x = ))" dVpy,, (D).
Proof. (a) Since h,(x,t) and H,(x,t) are algebraic
polynomials, then g, (f) and G,,(f) € []2n-
(b) f(x) = fO+f(x) — f(x)
=f)+ fT)—f(x)— D;*(X) - ()]
=fe) +J, d(Fp)*(@©) = [ d(f )~ (®)
> f() + [ (e, )A(FP,)* (0) —
[ ¢ HaCer)d(FP)™(0)
> £(0) + [o haCx, OA(FP)* (©) —
S o HaCx, )d(fh,)™ (1)
=g,(f)
Hence:

f(x) = ga(f) )

Now:
FoO) =f@)+f) - f(x)
=fO)+ X)) — f@ - [f ) — f ()]
=fC) + [ d (F)* (®) — [ d(fp)™(®)
< f() + [ Ha G DAFP)* () —
J 3 B G A P,) ™ ()
< FOO) + [, HaGe, )AFP,)* (6) —
[y B, A ()~ ()
= Gn(f)
Hence:

f() < G(f) ()

[0,1],n € N, then:
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from (1) and (2), we get g, (f) < f(x) < G,(f)
(c) from definition, we have:

g(f) = f(O) + f, ha(x, )A(FP)* (1) —

J Ho Gt YA (Fip)~ (1) e
and
Gn(f) = F(x) + [ HaCx, A (fP)* (1) —
J B (e, DA (FP)™(0) .4

from (3) and (4), we get:
Gulh) — () = [y |G 0) -
M (e, O1AFPR)* (O + f, [Ha(x, 8) =
ha (%, D]d (F,)™ (©
= [ = = O)"d(Fp)* (©) + [ -
(x — t)z)"cli(f )™ ()
Fn) () =5 (V00 + (F) (1))
FPn)™ () = 5 (Vry,, (0) = FPu (), then:
A(fPn)* () = 3 (AVpy, () + A(Pa) (x)
A(fPn)” (%) = 5 (AVpy, (0) = AFP) (X))
= = =" vy, © +
2af () +3dVsy, (O — 2df (D)}
= [{@ = (x =) dVy, (t). ™

since and

We will prove the direct and inverse theorems of best
one-sided multiplier approximation of f € L, (X), X =
[0,1], using the previous operators.

4. Main Results

The main results of this article, which are termed as the
direct and inverse theorems, will be stated and proved in this
section.

Theorem 4.1 (The Direct Theorem).
Ly, (X),X =[0,1],n > 2,n € N, then:
~ 1
E <Gty \ Ve —=
0, =en(g)
where C, is a constant positive independent of p and n.
Proof. Define [n'/?] = max {q € z | ¢ < n'/2}. Also, we
introduce equidistant partition I =[0,1], then 0 =¢t, <
t <t << t[nl/zlﬂ = 1is a partition of I, with t; =
[n1/2+1] =01, [n1?]+1
From Lemma (3.6), we have:
G (f) = 8a(f) = J, (1 = (x = ))"dVpy, (8)
Using the following inequality:
(1—(x— )" <e @D vy tel01]
Assume x € [ty, ty.q], We get:

Gn(f) — 82 (f) < [ e 0%V, (1)
< Tzt et VI () +

B (F) + 1 k/Jl DV (i)

Let f €
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(J, 1 GnlH) — Ba (PP dx) "
e )

(& o (V% pdx)
1Gn(f) = 8 (P, <
2 (V).
From Lemma (3.3), we get:
1Gn(f) — 8 (DI, < EiZo (Z(f:/?) B (Vf'%z),,_l,,n

= (1, (Vf,ﬁ)p'wn. n

1

2(i+2) )
[n1/2]+1

pYn

Theorem 4.2 (The Converse Theorem).
Ly, (X),X =[0,1],n = 2,n € N, then:

1 ~
a(VNR),, <GBy, 1<p <
C; is a positive constant independent of p and n.

1 1\"
Proof. For all n > 2, we have; < (1 —;) ,fori<p<
oo, then from Lemma (3.3), we have:

1
1 Nt
’Wmﬁm‘x%“w
. R

P
= (fx dx)
o p 1/p
= (IX {fx_ A dv<fwn)(t>} dx) o
2Vn
< (1 —11—1)n, vn=>2

152e(1—1)n vn>2

Let f €

1/p

VARG ()
2vn

=
o (vf ’\/_) (f {fx——z
=
1/p
~dVyy, (t)} dx)
__< < —_

Slnciex E< t x:—r,then
\/—f—x>—t>—ﬁ—x
—an—t>\/—_

__< — <_
EErXCLEg
|x—t|S\/—%
2 <l
(x—1) <

—(x — 2>_£
CEDEEEE

1—(x—t)221—%
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1-@-0)m=(1-2)
from Lemma 3.5 (c), we get:

n (V1 ),,, Sl e -c-

0" dVyy, (0} ax) "
< C1||(Grn(f)(') - gn(f)(')llp,wn
S En(fpy, ™

Corollary 4.1. Let f € Ly, (X), X = [0, 1], p= 1, then
7, (V£,8) py,=0(5), § —> 0 is equivalent to

Eu(Ppapn = 0 (n77). n—> o0
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