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1. Introduction

An attempt to integrate disparate cohomology theories,
Buchsbaum (1955) (under the name precise category) and
Grothendieck (1957) proposed abelian categories. At that
time, there existed a cohomology theory for sheaves and a
cohomology theory for groups. However, these two had
many characteristics in common, they were defined
differently. In order to investigate these parallels, the
category theory was created as a vocabulary to the
investigation. The combination of these two theories were
introduced by Grothendieck. Indeed, they both result from
derived functors on abelian categories, namely the sheaves
of abelian groups on a topological space and their abelian
categories and of G-modules for a particular group G.

A Grothendieck category is an AB5 category with a
generator, for definition see [13]. Both Gabriel's thesis and
Grothendieck's Thoku article do not contain the term
Grothendieck category, but writers like Roos, Stenstrm,
Oberst and Pareigis used it in the second half of the 1960s.
(Some writers employ a variant definition, one that does not
need the presence of a generator).

An expanded categories approach is applied in this
work. However, enhanced generalizes the concept of a
category by substituting items from a broad monoidal
category for homomorphism sets. It is inspired by the fact
that the hom-set frequently contains extra structure in many
practical applications such as a chain complex of
morphisms or a vector space of morphisms. Numerous
applications and uses for enriched categories make it useful
to learn about their general theory. On the category of

31

enriched functors, we in this work do a broad Grothendieck
analysis.

Definition 1.1 [14]. The category [C,V] of V-functors from
C to V is made up of V-functors from C to V, then we say
that the category [C,V] is V-functors

Definition.1.2 [12]. Suppose that V is a closed symmetric
monoidal Grothendieck category. Then [ C V] is a
Grothendieck category if V is a V-category.

Definition 1.3 [13]. A symmetric monoidal category V is

said to be biclosed, if B € V, both functors and
-®B:V-V,BR-:V->V

have a right adjoint. A biclosed symmetric monoidal

category is called a symmetric monoidal closed category.

The adjoint to the functor — @ B will be denoted by

Hom (B,-).

Lemma 1.1 [14]. Let gi be a group of generators for
Grothendieck category V, which is closed symmetric
monoidal. If a V-category exists, and if so, then [C,V] is
category, that is a closed symmetric monoidal, with the
set of generators {V(C, -) @ gi}.

Additionally, we established that [C,V], which is the
category of enriched functors, presents Grothendick as
stated in the following theorem when the category is a
small enriched over a closed symmetric monoidal
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Grothendick category V. For more details, we refer the
interested readers to [3].

Theorem 1.1 [14]. Suppose that V is a closed symmetric
monoidal Grothendieck category. Then [ C V] is a
Grothendieck category if V is a V-category.

To investigate generalized modules, we use Grothendieck
categories of enriched functors.

Let R = (mod R,Ab) is the category of generalized
modules, that is composed of additive functors R-modules
(mod R) to Ab which are the category of finitely to the
category of abelian groups, respectively. Indeed, the natural
transformations of functors present their morphisms. Since
a totally faithful is existed, right exact functor M — —®R
M from the category of all R-modules to Cg, so it is termed
the category of generalized R-modules Cx.

2. Grothendieck Categories
Here, we follow [17,19,22,23] to recall some basic
concepts concerning the theory of abelian categories.

Definition 2.1 [14]. The category Cy := (mod R,Ab); whose
objects are the additive functors F : mod R — Ab from the
category of right finitely presented R-modules to the abelian
group. Its morphisms are functors natural transformations.
The additive functors from the category of left finitely
generated functions make up the category rC, provided Ab
with R-modules.

Definition 2.2 [17]. Assume that R is a commutative ring.
A module over R is made up of a set M, a binary operation
denoted by the symbol + that converts the set to an abelian
group with 0 as the identity element, and a multiplication
rule.

RxM-—>M

(r,m): —r.m,
for the following to be hold,
1. m=m,
2. (r.s). m=r.(s.m),
3. (r+s)m=rm+s—m,
4, rr(m+n)=rm+r.n,
foreverym,ne Mandr, s € R.

Definition 2.3 [22]. If a category C has all small limits,
then it is called complete.

Definition 2.4 [19]. A category C and an abelian group
composition on each set of morphisms Homc(A;B) are
referred to as preadditive categories. The composition
mappings:

aupc: Home (4, B) X Hom.(B,C) - Hom(4, (),

(f, 9) > gf
In each variable, g and f are group homomorphisms. We will
add the group structure to the text. Of course, every category
of modules over a ring is preadditive, including the category
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of abelian groups. Because of this, every entire subcategory
of a category of modules is also preadditive.

Example 2.1 [19]. A preadditive category is Mod R. On
any morphism set Homg(M; N), in which M and N are
two right R-modules, an abelian group structure is defined
as follows:

Two homomorphisms are given, f, g € Homgz(M; N),
(f + g)(m):=f(m) + g(m), for any element m € M.

Remark 2.1 [19]. To indicate the coproduct (if it exists)
we write @, C;, whenever Cis preadditive, and refer to it
as the direct sum of the family (C;);¢;-

Definition 2.5 [23]. The cokernel of an arrow f: A —»
B, indicated by Coker f, is a pushout of the diagram if
there is a preadditive category Cwith zero object 0,

f
00— A- B.

Coker f will also serve as a symbol for the
canonical morphism B — Coker.

Similar to that, the pullback of the diagram, if it
exists, is the kernel of A — B, indicated as ker f.

0— A <L B
The standard morphism A will also be shown by the
symbol ker f — A.
Both kernels and cokernels are by definition unique up
to canonical isomorphism since they both meet natural
universal characteristics.

Definition 2.6 [19]. A category C is abelian if:

1. Cisan additive.

2. There is a product in every finite family of items
(and a coproduct).

3. In each morphism, there is a cokernel and a kernel.

4. Either a : Coker(ker a) — ker(coker «), there is an
isomorphism for every morphism, or every
morphism has a factorization with the formula =
(cokernel, kernel), where is a cokernel. Let Im a =
ker (coker «) represent the image of a, for every
morphism « of an abelian category.

Definition 2.7 [4]. For any two objects in a category
Hom(A,B) is the collection of all morphisms from A to B. If
the morphisms are in the category C and we need to
emphasize this, we will write C (A,B). In a small category,
Hom(A,B) is a set. In some large categories Hom(A,B) will
not be a set, but in the familiar ones it is a set, so we make
that a definition and a convention.

Definition 2.8 [19]. Let C a category that is abelian. If
Hom(C,-) is faithful, C is a generator and if Hom(—,C) is
faithful, then it is a cogenerator.

Definition 2.9 [19]. Let U = {Ui}ici be a family that
contains objects of C (a category). Then U is a family of
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generators of the category if there isanindex i € l and a
morphism for each object A and each sub object B of A
different from Au : Ui — A that is not factorizable using
standard injection i : B — A of B into A. If the family U
is a family of generators of the category, then an item U
of is a generator of the category.

Example 2.2 [19]. If R is a direct summand of some
direct sum of copies of module M, then M is a generator
for mod R.

The functor categories (B,Ab), where B is a preadditive
category, are particularly interesting. It is composed, by
definition, from B to Ab (additive functors). Morphisms are
functors' natural transformations. The representable functor
hB := Homg(B, —) is a particular example of an object in (B,
Ab) relating to the object b € B.

The Yoneda Lemma shall be presented by the
following assertion.

Proposition 2.1 (Yoneda Lemma) [4]. B should only

be a minor preadditive category. There is an isomorphism

for each B of B and each additive functor T : B — Ab.
Homs,aby(hB, T) = T(B)

that is natural in B and T.

Definition 2.10. If an abelian category contains arbitrary
direct sums, it is an Ab3-category or cocomplete. If the
connection holds for every {Ai}ie; that is a directed
family and contains sub-objects of A and for every sub
object B of A, Ab5-category represents a cocomplete
abelian category if (3ic; 4;) N B = Yi¢;(A; N B) holds.

Having arbitrary direct boundaries is identical to
the condition Ab3. Additionally, Ab5 is identical to the

((a ® b) @¢) @d——22%%% (4 ob) ®(c® d)

Cabe gl \L

assertion that inductive limits exist and that they are
precise for directed families of indices, namely if we
let | to be a directed setand 0 — Ai —» Bj — Ci — 0O is
an exact sequence for any i e I, then:

0— liirlAi — liLnBi — li_r:nCi —0

is an exact sequence. An abelian category which
satisfies the condition Ab5 and which possesses a
family of generators is called a Grothendieck category.

3. Enriched Category

This section gathers the fundamental information
about the enriched categories that we will require later.
We cite [3,14,15,18,19,20,23] for more information.

Definition 3.1 [4]. A category V, and make up a

monoidal category V

1 A bifurcator known as the tensor
X VXV > V.

2. Athing e € V referred to as the unit.

3. For any triple a, b, and c of objects, an isomorphism
of associativity aapc : (AQb)®c — a® (b&c).

4. A left unitisomorphism for every iteminal, : e @
a—a.

5 For each object a, ra : @ ®e — ais an isomorphism
of the right unit.

The facts needed to meet the criteria are:

1 Ina, b and c, the morphisms aanc are natural, where
the natural morphism means that it does not involve
making any choices.

2. The natural morphisms I, in a.

The naturalness of the morphisms r, in a.

4. The diagrams below are commutative for every
triple a, b and c.

product,

w

o
(@ag )b " saw(ew b

Qa,b,e d
(a® (b ®c)ed o 1@
Cab@e,d
a@ ((be e d an (b @(c @d) a@b

l@anhe

Definition 3.2 [3]. If there are natural isomorphisms
Ogp:-a@b—>b® abetweena ® band b & a, then
the monoidal category is symmetric. Indeed, the
following requirements have to be hold with these
isomorphisms:

1 The morphisms in a and b are ga natural.

2 The diagrams below are commutative for each a,

b and c.
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(@R Rc__ 2@ 1 Ra)R ¢
Uabcl Ghec
a® O ) bRa ®e

Ga,b@cl l]-@gab

PRORa — > bR Ra)

Ghea
a@e—022 >, a®b—2ab S p®a
Ia
a a@b
Definition 3.3 [3]. A monoidal category that is 1 ob(C)isaclass.
symmetric For each item, a € V indicates that V is 2. For any pair of objects a,b € ob(C), an object
biclosed, both functors ® a .V >V, a® —-: V>V VC(a, b) of V is termed the V-object mappings in C.
contain a right adjoint A symmetric monoidal closed 3. A composition morphism in V, abc: for any triple a,
category is defined as a biclosed symmetric monoidal b and ¢ e (C) of objects, aanc : Vc(a, b) ®Ve(b, c) >
category. Ve (a,c)
4. Everyae C,va:e— Vc(a, a),aunitmorphisminV
Definition 3.4 [3]. Assume that V is a closed symmetric exists.
monoidal category. Then a V-category, that is also known 5. The diagrams below are commutative.
as a category enriched over V, is made up of the
information:
Ve(a, b) @Ve(b, ¢)) V(e &) CER L= Ve(a, ©) @¥(c, d)
TFo(ab) Ve be)nbe (c,d)l/
Vela b) @(Ve (0, ¢} @Vclc, d)) %ab.c
1@0&15{/
Vela, b) @Ve (b, d) e e (@ d)
Iveia,® Freiad)
e @V (a by % 0 h) Ve (@b oe
Ha®1 1¥ (a5 Leiep
74
Ve (a a) @ Vel a h) 5V (a, b) <22 ye(a, byup, b)
Definition 3.5 [19]. Suppose that V is a monoidal 2. A morphism in V exists for any pair of items a, b € A,
category. Let A and B be the two V-categories, that are Fab :Va(a,b) — Vs(F(a),F(b)).
given, a V-functor F: A — B composed of:
1 There is an object F(a) € B for any object aA, The diagrams below are commutative:

Qabe

Vil(a b)®V.a(b.c) Vala.c) a

e——=Tc(a a)
FabE'Fbcl/ l/}:'ac -m iFaa

Va(F (@), F (b)) @Vs(F (b), F () “FT@FOFO o b (e, (o)) Vs(F (@), F (a))))
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Definition 3.6 [14]. Suppose that V is a monoidal
category, B and A are two V-categories, such that the V
functors, F and G are connecting A and B. The purely
natural transformation t : F — G consists in assigning a

e QV4(a, b)

Va(F (a), G(a) & V5(G(a), G())

Vai{a by

morphism to each item ta : e —»Vg(F(a),G(a)) in V
where the diagram bellow is commuting for the items
a,b eR.

Vila, ) @ e

Va(F (a), F (b)) & V(F (b), G(b))

ViF(a), G(b)

Definition 3.7, [21]. The term ordinary refers to

category U, if C is a V-category and

1 ob(U;) = ob(C).

2 HomU¢ (a, b) = HomV (e, V¢ (a, b).

3. the composite of f: e > V- (a, b),g:e -V (b, c)is
given by:

rot

f®g Qabc
e—eQ®e— VC(a,b) ®VC(b,c)—> VC (a,c)

Definition 3.8. There must be a V-functor for a V-
category C to be a right V-module.@® : C ®V— C
indicate (c,a) — ¢ @ a with a V natural unit isomorphism
r.-c @ e — c, subject to the terms:
1 The isomorphisms of natural associativity is existed

c @ (a®b) —(c®a) &b
2 There are coincided isomorphisms

cQ (eQa)—cQ a.

4. Enriched Functor Categories

The category [C,V] of V-functors from to V is formed when
is a tiny V-category together with its V-natural
transformations. [C,V] is a V-category as well if V is
complete. The V-object morphism Viv(X,Y) is the end
[oncV(X(c),Y(c).

The following lemma is called by the Enriched
Yoneda Lemma:

Lemma 4.1 [9]. Suppose that V is a closed, full,
symmetric monoidal category, and a tiny V-category. The
natural isomorphism V exists X(c) = Vicvi(Ve(c,—), X),
for each V-functor X : € — Vand every ¢ < ob(C).

Definition 4.1 [9]. Let {U} be a family of abelian
category objects. If for any non-zero morphism « : b —
¢, there exists a morphism g : Ui — b, asi € | and aff #
0, then {Ui} is a family of generators.
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Lemma 4.2. Let V be a collection of generators in a
closed symmetric monoidal Grothendieck category {gi}
and suppose that C is a V-category. Therefore, [C,V] is
closed symmetric monoidal category with the generator
set {V(c,—) @ gi}-
Proof. As [C,V] is a right closed module over V,thus
an action @ : [C,V] QV—[C,V] exists with X € [C,V] a
nonzero functor, we have:))
Homcvi(V(c,—) @gi, X)) = Homy(e, Homicv 1(V(c,—)
0gi, X))

= Homv (e, Homv(gi, Homv(V (c, —), X))

= Homy(e, Homv(gi, X(c))

= Homv(gi, X(c))
In fact, we will show thereisi e I, amap §:V(c,—) @ 0i
—> Xwithapg#0and a : X —> Y is a map in [C,V].
Suppose there is no £ satisfying this condition, i.e.; for all
i,c,B, af =0, ac: X(c) »>Y(c) since gi are generators
for V, then there exist a map ,@ . gi —»X(c) for some i,
such that ac8 = 0. Now we have the following
commutative diagram.

Hom (¥ (¢, ) @ g.X)——>Hom (¥ (c, ) @ g. )
g 1:‘0 ot
Homyp (g;,-X(c)) —%4¢—> Homy (g; ¥ (c))
a.c(B) # 0, for some i. Let B := 6-1(B), then afB = a-(B)
+ 0, because otherwise y(a-(8)) = 0 = ac°0(B) = a«.().

X(e) — 5>V () ¥y —% 5y

Gi Viec.—) @ g
||
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Theorem 4.1. Suppose that V is a Grothendieck
category which is closed, symmetric, and monoidal. If
[C,V] is a Grothendieck category and [C,V] is a V-
category.
Proof. We start by showing that [C,V] is a preadditive
category. If X, Y € [C,V] are V- functors, then:

Homgevi(X, Y) = Homy(e, J coV (X(c),Y(c))
Since V is preadditive, is an abelian group. The structure
of the abelian group may also be formally described as
follows. The V-functors from C to V are, by definition,
the morphisms of [C,V]. =

V-functors of any kind «, # : X —Y, with o + f is
obtained by as follows:

oc + fe i e ->V(X(c), Y(c))
Since Homvy(X(c), Y(c)) = Homy(e, V(X(c), Y(c))) and
oc + fe, which is the sum of fc and ac in the group
Homy(X(c), Y(c)), that is an abelian.

For bilinear V a, o’ € Hom(X,Y) addition defined by
(o + a")c : e —V(X(c), Y(c)), if:

BeHomy (e, e V(Y(c), Z(c)) = [cHomv(e,V(Y(c), Z(c))

= [cHomv ((Y(c), Z(c))

So, addition can be define as:

(a+a')e =ac+a'c

(af)c = ac P
e—> [.V(X(), Y (o))

WY (c), Z(c))
B(a+ a))c = fe(ac + a'c)

= fc cac + fecca’c

= (Ba+pa)c.
Let f : C —C ',then the commutative diagram is as
follows:

X(c) Y (c) Z(c)
X()’)\L 40 l/zoq
X(e") (c!) Z(c"

g fe

Coproduction and Product. Let the family of finite
objects {T1, Tz, ..., Tn} in [C,V]. Assume the following to be
a functor T. T(X) = T1(X)xT2(X)x...xTn(X) and T(1) =
T1(A)xT2(A)x...xTn(4), for object X and morphism A clearly
T € [C,V] hence [C,V] has a coproduct and product of a
finite objects.

Kernel and Cokernel. Let ¢ : S —T be a natural
transformation, for each ¢ € C, let y¢ : K(c) —S(c) be
kernel of ¢¢, then for each ¢ we have the diagram of
pullback

36

K{(c) L')?J'\S'[c}

l@'(t"-)

0 Tic)

Let ¢ : ¢ —c' in C induced morphism exists
K(¢) : K(c) —> K(c) among the kernels explain the
functor. K : € — V together with natural transformation
vy : K — S as a pointwise limit. Clearly K is kernel of y.

The cokernel can be defined similarly, for each c € C
let oc : T(c) — €(c) be thecokernel of ¢. Afterward, we
have the pushout diagram shown below:

S(c) ——=0

| i

I'(e) 5= T(c)

Coker(kerg) ~ Ker(coker(¢) can be calculated point-
wise.

One can compute the complete and cocomplete
limit and colimit pointwise. Let F : 1 — [C,V] be a
functor, where | is any small category, and we define
F(A) as the following for each A € C : F(A)m=F(m)a and
F(A)i = Fi(A). Consider the morphism for any A € C,
pia - lim F(A) — Fi(A) is the limit for the functor F,
for each morphism o : A —Ain C, Fi(a) : F(A) > F(A),
which induces a morphism of the limits L(«&) : lim F(A)
— F(A"), this define a functor L : € —V.We define natural
transformation pi : L —>Fi by (pi)a = pia, Consequently,
it is evident that L is F's limit AB5. Let:

0—F -6l m o

be a short exact sequence in [C,V], where i : e —
V(Fi(c), Gi(c)) and gi :e ->V(Gi(c), Hi(c)), now for all
¢ € C, we have:

0-1im F;(c) L im G;(c) Lt lim H;(c¢) -0
is short exact sequences in V thus
0 1im Fy(c) <5 lim G,(c) 25 lim H,(¢) » 0

is short exact sequence in [C,V].

5. Localization in V*Functor Categories

Consider (A,Ab) the category of additive functors from A
to Ab if A is a preadditive category (Abelian group
category). Suppose that p € ob(A), this implies that
Hom(A Ab)((p, =), (P, —)) = Endap. Assume that S, =
{F € (A, Ab) |[F(p) = 0}, thus S, is localization full
subset of (A,Ab).

(Serre and containing all coproduct) To see this,
consider:
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0-F—->G->H-0
as a short exact sequence, then clearly G € S, & F,
H Sy, for a family of V-functor, (J] Fi)(p) = 0. We
claim that Homea, any/S, = Mod(Enda p)
Let G : (A, Ab) —» Mod(Endap) be such that G(F) := F
(p), and let H : Mod(Endap) — (A, Ab) be such that
H(M) := (-® Endp, M)s,

Consider C is a V-category, V Grothendieck, ¢
ob(C), let S¢ = {F < [C,V] | F(c) = 0} is localizing. By
4.4 [C V] is Grothendieck, hence we can apply the
localization theorem to [C,V], according to our assertion
[CV]/Sc = [Endc,V], where Endcis a V-category with
one object = and V(x, *) := V(c,c) e ob(V). Next, we
illustrate an example.

Example 5.1 [9]. If Cis one object category ob(C) = {*},
C is a V-category. Then [C V] =V. We know

deee

V(*, *) =e € V suppose F € [C,V] then * — F(x) € ob(V),
There is the functor. F«x : V(x.x) = e — V(F(x),F(*)).
Taking a morphism f € HomV (F same as taking an
object M € V and EndV M) is equivalent to doing this.
Now, let a V-natural transformation be o : F — G. Define
os:e—> V(F (*), F (*)) © a: F(x) > G(x). Hence, we
have [C,V] is the same as V

Remark 5.1. S.={F < [C, V]| |F (¥) =0}=0, therefore
[c,VI/0=[CV]=V.

General once more specifying the evaluation function
Evc: [C,V] — [Endc,V], such that Ev. (F) = F(c) € V. Let
F(c)««: Endc — V be such that F..:= F¢¢ : V(c,c) > V
(F(c),G(c)), clearly F..is a V-functor since * — F(c)eV.

Ve (. )@ Ve (e e)
Fic) = « OO (C) = =

Ve(F(c), F(c)) &Ve(F(c), F(c))

UF(a)F(b)F(c)

Vele c)

Fcc)s» Fee

Ve (F(e), F(c))

Therefore, F(c) may be thought of as a V-functor from
Endcto V. Let a : F = G. Now be a morphism in [C, V],
and we get o : F(c) > G(c) is a map in V. We need to

e ®Vc(c c)

ac@®@ Ge,c
Ve(F (). G(€) ®Vc(G(c), G(c))

2F (¢),F (c),F (C)

Ve(F (e), F(€))

show it isamap in [Endc V]. Let a »>a:F(c) =G(c) in
[Endg V] @ : e >V ((F (c), G(c)). Define o™ <= ac, we
have:

Vele, ©)

I' " vVele.o)

Ve(e, o) Qe

lﬂ:,c@‘lc

Vel(F (0), F () @Ve(F (c), G(c))

AF (), F (c).F (c)

V(F (c). G(c)

Then @-: F(c) —G(c) is a V-natural transformation in
[EndV]

Proposition 5.1 [9]. Suppose that P to is a family of
objects the map I : P — C, where C is the V-category,
then a V-functor. It generates 2 adjoint functors
i.: [PV] = [C,V] :i", with i. is the enriched left can
extension exactly; the functor i*is essentially a constraint
to P.

Proof. If F € [P,V], then F = |
Kan extension definition leads to:

BPyp ) @ F(p). The left

i.F =[P v (i), -) OF (o).
Our goal is to obtain that:
H0m[c,v](i*F, G) = Hom[p,v](F, i*G)
Hom[p v](F, i*G) = Hom[p V](F, G °i)
= [ apV(F (c), G(i(c)) ..(1)
From another hand
Hom_[C, V] (ixF,G) =

Hom_p¢,v] ([ V(i(€), =) @ F(e), ®))
V(i(c), -)OF (c), G)
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= [,p Hom_C, V] (F(©),V(V((i(c, ), 6)

= Jopp WVEF@©,G()] ..(2)
Therefore, i-and i*are clearly adjoint functors from (1)
and (2). m

Theorem 5.1. Let Sp:={G € [C,V]|G(p)=0
with p € P}. Therefore:
(1)A localizing subcategory of [C, V] defines Se.
(2)[P, V] is equivalent to [C,V] /Sp.
Proof. (1) Clearly, from the detention of localization, the
first component may be inferred.
(2) Let »: [PV] —>[C V]/Sp be made up of the
localization functor and the i* component.(—)s, : [C, V]
—[C,V]/Sp. In fact, » is an equivalence of categories that
what we want to demonstrate. We firstly have that for
all F e [P,V], i*i:F = F. Moreover, we have that the
adjunction map g : i-i*G — G for a given G € [C,V],
such that Ker 3, Coker 8 € Se. In fact, the exact functor
i*is then applied to the exact sequence Kerf8 — i * i *
G - 1S G - Cokerf. We obtain that i* (Ker)f — ii«
iG->-L(i*p)i*G - ix(Cokerf) , which is an exact
sequence. Since the composite map (that is the identity)
i'G - i*i*i*Gl—’ii*G
The left arrow is an in fact isomorphism. Therefore:
i* (Kerp) = i* (Cokerf) =0
Thus, we obtain that Cokerf, Ker § € Sp. Additionally,
that gives:
(i-i*G)sp = Gs,, ..(3)
Therefore:
Homevyss ((F),x(F ' ))=Homcvyss ((i(F)s, - (F)sp)
= Hom[c,v] (i*F, (i*Ft)sP)
= Home vy (F, i*((i*F‘)sP))
= H0m[P,v] (F, i*i*Ft)
= Hom[p,v](F, FI)
with F,F'e [P, V].
The isomorphism is being used for any G € [C,V], i"G =
i*(Gsp). The exact functor i* to the exact sequence is
being applied to obtain the isomorphism:

S - Gg Gsp > S',5,S€Sp
That implies that s is fully faithful. The isomorphism
(3) leads to:
#(i*G) = (i+i*G)sp = Gsp = G
By having G € [C,V ]/Sp is a Sp —closed object.
Indeed, »#(F) =G by setting F := i*G. That proves x is
an equivalence of categories. ®

Lemma 5.1. The category of R-modules (R-Mod) is
naturally identified with [C, V], where R be a ring object
of V with ob C = {x}.
Proof. Suppose that a functor F : € — V is defined with
the following data (with the left R-module M being
given):

F(¥)=M
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Fa V(% #) SV(F(#), F(#)

F.: R —>V(M,N)
We know:

V(R ®M, M) =V(R,V(M, M))
such a morphism results from the fact that M is a left R
module ¢ : R @ M — M exist, let F.. = ¢. Let N now be
any R-left module that is distinct from M, let f € V(M,
N) = f € V(e, V(M, N). Consider G: C — V be a V-
functor linked to N, and we have a natural transformation.
a:F = G. as e 5V(F(#),G(#) this gives a« e —
V(M,N) take a. =f. =

Corollary 5.5. Let c be any item of C, and let C be a V-
category. Then there is a Grothendieck category
equivalence R —Mod = [ C, V]/S¢, with S¢ ={G < [C, V]|
G(c) =0},and R =V(c,c)

Proof. It is a result of the previous Lemma 5.1 and
Theorem5.1. m

6. The Categories of Generalized Modules Cr and

CRs
Similar to Herzog [13], Cr is here defined as:

Cr := (ModR, Ab)
which have the objects from the additive functors
F: mod R — Ab from the category of R-modules (right
finitely) to Ab (the category of abelian groups), whose
morphisms are functors' natural transformations. Similar
to this, the category zC is made up of the additive
functors that connect the R-modules to Ab, where R-
modules represents the category of left finitely. It follows
that C is a locally coherent Grothendieck category since
the category mod R has cokernels. Additionally, the
projective global dimension of the category of coherent
objects coh R is no more than two.

As a result of the latter feature, each coh CCy (that is
the coherent object C) contains a resolution represented
by the functors.

0O->M,-)>(N,-)>(L,-)>C—0,
with the finitely M, L, Nwhich present right R-modules.

Note that Cy is sometimes known as the category of
generalized modules since a fully faithful existed,
precise functor M /——®gr M from Cy to the group of
all R-modules. Indeed, in representation theory, ring and
module theory, and other fields, the category C features
a number of exceptional traits that have important
applications. (see [8, 12, 13]).

Theorem 6.1 [13]. Let's assume that R is a
commutative ring. The category of enriched functors
can thus be naturally associated with the category of
generalized R-modules, or R. [mod R, mod R].

Example 6.1 [13]. Consider Cr = (mod R, modR), and
let PR = {F € Cr[F(R) = 0}. Define functor
H : Mod(Enda p) — CI/pR, such that HM) =
(—®rM)pr and define functor G : € /p’ Mod R, such
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that G(F) = F(R) then we have the following exact

A
sequence P - F —)FFPR — P', where p,p'epR and p =
t(F) the torsion subgroup, F§ =(—®r F(R)),R.

Definition 6.1. Let ¢1:R — S be a ring
homomorphism, and let M, N be R, S-module
respectively, let ¢. : M — N be an abelian groups
homomorphism. A homorphism y : Mg —Ns is an Rs-
module homorphism define as follows.
y(rm) = ¢g1(Ng2(m), vm € M,r e R

In this case we also say v is RS-linear. We denote the
set of these as Homgs(M, N).

RxM— s M
@1 Q‘ﬁ'zi \Lcﬁz

S*xN——=>N

Definition 6.2. Suppose that R and S are rings
(associative, containing identity), and designate the
categories of right modules over R and S as Mod R and
Mod S. (respectively). We specify the functor category
for modules denoted by:
Crs = (mod R, mod S)

whose objects are the morphisms y : mod R — mod S
(as in Definition 6.3) and whose morphisms are the
natural transformations as in the diagram below:

143
i (M) "> ya(M)

w1(e) (o)

s

wi1(AM") w1(M")
Where oo : M —M' is an R-module homomorphism.

Proposition 6.1. Let Mod R and Mod S, respectively, be
the right R-module and right S-module categories. In
relation to the localizing subcategory, the category
Mod R is therefore equal to the quotient category of Crs,
MR ={F €Crs |F(M)=0, V M € modR}.

Proof. For an arbitrary functor F € Crs by F(R) denote a
right S-module defined as follows. We have that
F(R) (M) = F(MS)if M emodR. It is directly checked
that F(R) € mod S. It follows that the functors ¢:Crs —
mod R, F— F(R), defines an equivalence of categories
mod R and Crs/kerg. Clearly, MR=kerg. m
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