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In this paper, we shall use the m-structure topological spaces to introduce new
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1. Introduction

In this work, m-space always mean m-structure topological
spaces on which no separation axioms are assumed unless
explicitly stated. In this paper, the structure topological
space on a nonempty set X is denoted by (X,m) or simply
by X.

For a subset A of X, the m,--closure and the m--interior
of A in X are denoted by m, -CI(A) and m, -Int(A)
respectively. The researchers Maki in 1996 [6], Popa in
2000 [8], Ali in 2018 [2] and Humadi in 2019 [4] introduced
and study the properties of m-structure space also introduce
some types of spaces via m-structure. A subset A of a space
X is said to be w-open set if for every point x in A, there
exists an open set U containing x, such that U-A = countable,
[1,3]. If U-A =finite, then A is called N-open set. In the same
context Humadi in 2020 defined supra w-open set, [5]. A
subset A of a space X is said to be b-open if A < Int(CI(A))
v CI(Int(A)) [9] and a set A is called wy-open if for every
point in A, there exists b-open set U containing x, such that
U-A = countable, [7].

2. my-@-Open Sets

In this section, we shall study the m-open set by using m-
structure spaces, we presented some of results and examples
regarding this concept. Also, we introduced other kinds and
concepts.

Definition 2.1, [2,6,8]. Suppose that X is a non-empty set
and P(X) the family of subsets of X'. Let m, be any
subfamily of P(X).Then m, is said to be minimal structure
(shortly m-structure) on X if &, X € my and the pair
(X ,my) is used to denote the m-structure space. Any
element of m, is said to be m, open (my-0) and the
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complement of an m,--open set is said to be m,-closed
(my-C). Clearly each topological space is m-space.

Note. From now on, we will denote all m,--closed sets by
Fmy.

Definition 2.2, [2,6,8]. Suppose that X is a non-empty set
and my is an m-structure on X. For a subset V of X, the
my-closure of V (m, — V) and the m-interior of V (m-
V") are distinguishing by:

1. my-V=n{W:VEW, X\W € my}.

2. my-V'=U{E:ECV,E e my}.

Lemma 2.1, [2,8]. Assume that the pair (X ,my) is a

minimal structure space. For any to subset U and V of X,

the following properties are holds:

1. me-(Z\U) =X \my—TU.

2. If (X\U) € my, thenmy-U = U and if U € m,, then
my —U" =U.

3. IfUcV, thenmy—U cmy-Vand my-U < my—V".

4. my—(my—U) = my-U and my — (my —U")" =
my-U".

Lemma 2.2, [2]. Assume that V is a subset of m-space X.
Then x € my-U if and only if K n U = &, for every K e
m, containing x.

Definition 2.3, [2]. An m-structure m, on a non-empty set
X is said to has property B if the union of any family of
my--open subsets belong to m.
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Definition 2.4, [2]. The pair space (X, my) which is
minimal space has the Property (I) if the any finite
intersection of m,--open sets is m,--open.

Definition 2.5. A subset U of an m-space (X' ,m) is said to
be:

1. my-denseifmy —U=X.

2. my-nowhere dense if my — (my — U)° = .

Definition 2.6, [2]. Suppose that Y is nonempty subset of m-
space (X ,my). Then the space (Y,my) is called m-subspace
of (X my)ifmy={VY:Vemy}

Definition 2.7, [2]. We have f: (X ,;my) —> (Y, my) is
called m-open (m-closed) if f(V) is an my-open ( my-closed)
set in (Y,my) for every my-open (my-closed) subset V in
(X my).

Definition 2.8. A subset V of m-space (X,my) is my-b-
opensetifVemy (my—U)umy— (my— 0)°.

Definition 2.9. A subset V of an m-space X is called m -
w-open set if every single x e V, there exists an m,--open
set U containing x, such that U\V is a countable set and the
complement of an m,--w-open set is called m, -w-closed
set. Clearly every my-open set is m,-m-open set, but the
converse might be not valid as a rule.

Example 2.1. Suppose (X,my) is indiscrete m-structure
space then any nonempty proper subset of it is my-m-open
set, but not m--open, where X is in finite countable.

Definition 2.10. Assume (X,my ) is a minimal space and V
is a subset of it then x e X is calledmy-w-int-point to V if
there exists an my--w-open set U, such that x € U < V. The
set of all m.--w-int-points for V is denoted by my-o-U".

Remark 2.1. Every m, interior point is my -w-interior
point but the convers is not true.

Example 2.2. Let X = {a,b,c}, my = {J, X, {a}, {b},
{c}}. Since each point is my-o-interior, then the points of
each set are its m--w-interior points.

Example 2.3. In Example 2.1, each point in X is my-o-
interior points to X.

Definition 2.11. Suppose X is a minimal space and V c X,
then x € X is called my -o-limit point to V if all my-o-
open set U containing x, we have (U\{x}) NV = J, the set
of all my-w-limit points for V is denoted by m,-o-d(V).

Remark 2.2. Every my-w limit point is my-limit point but
the converse is not true.
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Example 2.4. Let X = {1, 2, 3} t = indiscrete topology A =
{1, 2}, then 3 is a my-limit point to A, since {3} is ®-open
set containing 3and {3} N A=,

Definition 2.12. Suppose X is a minimal space and V < X
then x € X is calledmy -w-adherent point to V if every
single m--w-open set U containing x intersected with V.
(i.e., U NV = ), the set of all m,--w-adherent points for V
is denoted by m-w-adh(V) or my-o-V.

Example 2.5. Assume X = {1, 2, 3} and m, be any
minimal structure. Obviously 1, 2 € X are m,-w-adherent
points for the set {1, 2}.

Definition 2.13. Suppose X = & set and m, a minimal
structure on X. For a subset V of X, the m-o-CI(U) of V
and the m-wo —int(U) of V are characterized by:

1. my-0-U =U{W: W c U, o is an X-o-open}.

2. my-o-U ={E: U C E, E is an m,-w-closed}.

Example 2.6. Suppose X = R and my, = {J, R\{1},
R\{2}, R}. S0 my-o-Int(RY{1}) = R\{1} and m-o-CI(R\
{1H=R

Definition 2.14. A function f : (X ,my) — (Y, my) is called
m-w-open (Mm-o-closed) function if f(V) is an my-w-open
(my-w-closed) set in (Y, my) for every my--open (my -
closed) subset V in (X, my).

Example 2.7. Let X = {a, b, ¢}, Y = {1, 2, 3}, my= {O,
{b,c}, {ac}, {a,b}, X} m,= {J, {2,3}, {13} Y} We
define f : (X', my) — (Y,my) such that f(a) = 1, f(b) = 2,
f(c) = 3. It is clear that f is an m-w-open (M-w-closed)
function but neither m,--open nor m,--closed function.

Proposition 2.1. Suppose (X,m,) be a minimal space, the

following are equivalent.

1. The union of any family of my-®-O sets is an my-w-O
set.

2. The intersection of any family of my-w-C sets is an
my-®-C set.

Proof. 1. Assume Ve is a my-w-O set for each o € A. To

prove that W{Va, ac 4 } is an my-o-0. Let Xxe{Vq, o €

A}, then xeVqi for some aie A. Since Vi is an my-o-0,

then there exists U be an m-O set such that x € U and U \

Vi is a countable set. Since Vaic W{Vo, ae A }, then (UVq,

o € A})° < (Vui)®. So U N (W, ae A })° < UNn(Vai)s

Hence U \ U{Vs, o € A} < U \ Vai. Since U \ Vg is a

countable set, then U \ U{Va, o € A} is also countable.

Hence U{Vo, o € A }isan my-o-0 set.

2.Clearby (1). =

Remark 2.3. Suppose the pair (X,m,) is a minimal space.
For subsets A and B of X, the following properties hold:
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1. The intersection of any collection of my-»-O set may
not be an my--®-0 set.

2. The union of any collection of my-®»-C set may not be
an my--o-C set.

Example 2.8. Let X = Rand my = {J, R, (-1, 1], [, 3]},
then my-0-0 sets are {J, (-1, 1], [1, 3], (-1, 1), (1, 3), (L,
3], [1, 3), R \{finite set}, R }, we note that the sets {(-1,1]},
{[1,3]} are an m--w-open setand {(-1,11} n {[1, 3]} = {1}
not be an m,--w-open set.

Proposition 2.2. Suppose V is a subset of minimal space X,

then:

1. Visan my-0-0 set -if and only if and my-o-V° = V.

2. Visan my-o —C set -if and only if my-0-V = V.

Proof. 1. As the union of my-®-O set is m-m-0 set, then

my-w-V" is the biggest m,-»-O set contained in V. But V

is my,-0-O set, then my-0-V° = V. Conversely, whenever

Mmy-0-V' =V, then V is my-0-O set, (since my-o-V" is an

my-0-0 set).

2. As the intersection of my-o-C sets is my-o-C set, then
my-o-V is the smallest m,-»-C set containing V. Since
V is an my-o-C set, then my-o-V = V.

Conversely, whenever my-w-V =V, then Vis an my-
®-C set (since my-w-V is an my-0-C set). M

Proposition 2.3. Suppose V and U be two subsets of

minimal space X and V < U, then:

1. my-V' cmy-0-V'.

My-0-V < my-V.

My-0-V < my-0-U.

My-0-V'C my-0-U’.

myo-X =X and my-0-(2)’ = .

My-0-Cl(X) = X and my-0-Cl(QD) = .

Mmy-0-V'c V and Ve my-o-Cl(V)

Mmy-o-Int(my-0-int(V)) = my-o-Int(V)

9. Mmy-o-Cl(my-w-cl(V)) = my-o-Cl(V)

10. my-0-CI(V®) = (my-0-Int(V))C.

11. my-o-Int(V®) = (my-w-CI(V))".

Proof. 1. Suppose X € my- V", then there exists an m,--O

set Vi such that x € Vy <V, for this reason that every m -

O set is an m,-0-O set, then x € my-w-V".

2. Suppose X € my-o-V and suppose x¢ my-V, then there
exists M be an my-O set suchthatx e Mand M NV =
@. For this reason that every m,-O set is an m-o-O
set, then X g my-o-V and so my-o-V < my-V.

3. Suppose xe my -o-V, then each my -0-O set K
containing x intersect V, since V < U, then the set K
intersect U. Hence x € my-w-U.

4. Suppose X € my-o-V°, then there exists an m-o-O set
Vy, such that x € V,- < V. For this reason implies that
V c U, then x € Vy < U. Hence xemy-0-U".

5. For this reason that X and & are my-w-O sets, butm -
o-Int(X) =u{V: Visan my-0-O,Vc X } =X u (all
my-®-0 sets) = X. In this manner my-o-Int (X) = X.

NN
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So far by the as & is the only m,-»-O set contained in
&, then my-w-Int (&) = &.

6. Since my-o-cl(X) = n{U: X € U, U is my-o-C set}.
But X is the only my--®-C set comprising X. In this way
Mmy-0-Cl(X) = X. Thus my-o-CI(X) = X. Inasmuch as
My-0 -D , my-0-& = {U: & < U, Uis an my-o-
C} = @ n any my-o-C sets comprising & = &. In this
way my-o- T =.

7. By definition.

8. By Proposition 2.1, we note that my-o-Int(V) is an my -
®-0 set. So, by Proposition 2.2, we conclude my-o-
Int(my-0-Int(V)) = my-o-Int(V).

9. By Proposition 2.1, we note that m-o-CI(V) is an m-
®-C set. So, by Proposition 2.2 we conclude that my--o-
My — @ — V=my-0-V.

10. Suppose x € my-o-Cl(V®) and suppose x ¢ (my-o-
Int(V))S, then x € my-w-Int(V). Thus, there is an m-w-
O set Vy, such that x € V) < V. In this way x € V, and
Vy NVE=. So X ¢ my-0-CI(V®). Thus we get my-o-
CI(V®) < (my-o-Int(V))®. Now assume X ¢ my -o-
CI(V©). Thus there is an my-o-O set Vy, such that xe
Ve and Vy Ve = . Thus X € Vy < V, and in this
manner x € my-o-Int(V). So x ¢ (my-o-Int(V))°. Thus
we get (my-o-Int(V))¢ < my-o-cl(V°).

11. Assume x € my-o0-int(Ve), then there is an my-©-O set
Vysuch that x € Vy < VE. In this manner x € Vy and Vy
NV =07.So0x ¢ my-o-CI(V). Thus we get x e (my-o-
cl(V))¢, therefore my-w-Int(V®) < (my-0-CI(V))". Now,
let x € (my-0-CI(V)), then x ¢ my-o-CI(V) and in this
way there is an my-»-O set V- suchthatx € V) and Vy
NV =. So x e Vyand VycVe. Therefore x € my-o-
Int(V°) and hence (my-o-Cl(V))® < my-o-Int(V®). =

Proposition 2.4. A subset A of an minimal space X is an
my-®-0 -if and only if for every x e A, there exists an m -
open subset U containing x and a countable subset M, such
thatU\M c A

Proof. Let A be an my-®-O and x € A, then there exists an
my-O subset V containing x, such that V \ A is countable.
Assume M=V\A=Vn (X\A). Then VA M c A. Other side,
assume x e A. Then there exists an my -O subset V
containing x and a countable subset M, such that V\M c A.
ThusVVAc Mand V\Aiscountable set. m

Theorem 2.1. Let X be an m-space and M < X. If M be an
my-o-closed, then M < B U K for some m,--closed subset
B and a countable subset K.

Proof. Let M be an my-o-closed, then X' \ M is an my-o-
O and hence for every x € X \ M, there exists m,-O set V
containing x and a countable set K, such that V\K < X \ M.
Thus M < (X\V) U K. Let B=X\V. Then B is an my--
closed suchthat McBUK. =
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Theorem 2.2. If each non-empty m,--O set of an m-space
X is an infinite and X have the Property (I), then my-o-
CI(V) = my-CI(V) for each m-O set V of X .

Proof. Clearly my -o-CI(V) < my-CI(V) by proposition
(2.3). Now, let x € m,-CI(V) and B be an my-®»-0 subset
containing x. Then there exists an my-O set U containing x
and a countable set M, such that U\ M < B. Thus (U\ M) N
VcBnVandso (UNV)\McBNV.Since x € Uand
x € my-CI(V), U NV = &. Since X have the Property (1),
U NV is an my-O and by the hypothesis U n V is an
infinite set, so (U n V) \ M is also infinite. Hence B N V is
infinite. Therefore, B NV = &, which means that x € X-o-
CI(V). Hence my-CI(V) < my-o-CI(V) and therefore m -
CI(V) =my-0-CI(V). =

Corollary 2.1. If each non-empty m-O set of an m-space
X is an infinite and X have the Property (1), then my-o-
int(V) = my-Int(V) for each my--closed set V of X.

Proof. Clearly my-Int(V) < my-o-Int(V) by Proposition
2.3. Now, suppose X € my-o-int(V). Then x ¢ X \ my-o-
Int(V) and so x ¢ my -©-CI(V®). By Theorem 2.3, we
conclude that x ¢ my-CI(V®) and so x € my-Int(V). Hence
my-o-Int(V) < my-Int(V) and therefore my -o-Int(V) =
my-Int(V). |

Definition 2.15. Let X be a minimal space, V < X, V is
called my-o-dense in X if my-o-cl(V) = X.

Definition 2.16. An m-space (X, my) is called minimal
compact if every my-O cover of X has a finite subcover.

Definition 2.17. A minimal space (X,my) is called m-b-
compact if for every my--b-O cover has a finite subcover.

Definition 2.18. A minimal space (X',my) is called m-c-
compact if for every my-»-O cover has a finite subcover.

Definition 2.19. A minimal space (X,my) is called m-w,,-
compact if for every my-w;,-O cover has a finite subcover.

Proposition 2.5. Let (X, my) be minimal space, then:
(i) Every m-b-compact space is m-compact.
(ii) Every m-w-compact space is m-compact.
(iii) Every m- w, -compact space is m-compact, m-b-
compact and m-m-compact.

Proof. (i) Let (X, my) be m-b-compact space and ¢ =
{Uy: « € A} be my-open cover for X', but every m,--open
set in m,--b-open set, so ¢ is my-b-open cover for m-b-
compact space X, so X € UL, {U,,}, then X is m-compact
space

The proof of other parts is similar to the proof of (i). =

Proposition 2.6. Every m, -w,-closed subset of m-w,, -
compact space is also m-w,-compact.
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Proof. Let F be my-w,-closed subset of m-w,-compact
space X and ¢ = {U,: « € A} be m,-wj,-0open cover to F,
thatis F € UgeafUq}, SO:

X € (UgeafUaD U (X = F)
but X is m-w,-compact, then X' < (UiZ; Ug,) U (X — F)
thatis F € UL, Uy, therefore F is m-w,-compact. m

Definition 2.20. A function f: (XC,my) - (Y, my) is said
to be m-w,-continuous if f~1(U) is m-w,-0pen in X for
every my-open setin Y.

Proposition 2.7. Let f: (X, my) = (Y, my) be surjective
m-wy, -continuous function, if X is m-wj,-compact space,
then Y is m-compact.
Proof. Let ¢ = {U,: a € A} be my-open cover for Y, that is
Y € Ugea{Ug}, then:
X=f7
c f_l(UaeA{Ua})
= UaEAf_l({Ua})
but X is m-wy,compact, then:
X c UL, ' ({Us})
and so:
Y =f(X)
< UL ff ({Ua})
= U ({Ue})

Therefore, Y is m-compact space. ®
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