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1. Introduction 
Al-Saidy and Al-Saad [1] in 2014 obtained the degrees of 

pointwise summability in the "one-sided" approximation of 

functions. 

Al-Saidy and Jawad [2] in 2015 studied best one-sided 

approximation by different operators in weighted spaces, 

also Al-Saidy and Abeer [3] in 2017 achieved the best one 

multiplier approximation of functions by Bernstein-

Durrmeyer operators.  

Al-Saidy and Ali [4] in 2020 obtained the degree of best 

multiplayer approximation of periodic unbounded functions 

using trigonometric operators. 

 

2. Basic Concepts 
In the beginning, we will put the most important 

definitions and basic lemmas which are used later in this 

paper. 

 

Definition 1, [5]. A series 
0

n
n

a


=

  is called a multiplier 

convergence if there is a sequence  
0n n



=
 , such that 

0
n n

n

a


=

    and we will say that  
0n n



=
  is a multiplier 

for the convergence. 

 

Definition 2, [5]. For any real valued function g, if there 

exists a sequence  
0n n



=
 , in which ( )dn

x

g x x   , 

then we say that n  is a multipliers for the integral. 

Definition 3. Let , ( ), [ 1,1], [1, )
npg L Y Y p = −    be 

the space of all unbounded real valued functions f, such that 

( )dn
y

g y y    with the norm: 

1/

,|| || | ( ) | d ,
n

p

p
p n

x

g g y y y Y

 
=   
 
   

 

Definition 4. For , ( ), [ 1,1]
npg L Y Y = − , we will 

define the following concepts: 

1. , ,
| |

( , ) sup ( ) ( )
n n

p p
h

g g y h g y 


  = + −  is the 

multiplier modulus of continuity of the function g for all 

 > 0. 

2. , ,
( , ) ( ,., ) , [0, ), ,

n n
k p p

g g p k 
  =       is 

the multiplier averaged modulus of smoothness of g of 

order k. 

 

Definition 5. Let , ( ), [ 1,1]
npg L Y Y = −  be the degree 

of best "one-sided" multiplier approximation of a function 

g with respect to algebraic polynomials is given by: 




, ,

( ) inf : , , ( )

( ) ( )

n n
k p n n n n n np

n

E g p q p q P p y

g y q y

 
= −  


 

where Pn be the set of all algebraic polynomials. 
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Lemma 1, [6]. Let rg W  ( rW  be the class of all 

functions on [−1,1] with absolutely continuous (r − 1)-th 

derivative), r > 0, there is a sequence of algebraic 

polynomials Pn of degree less than n, n  r + 1, such that: 

( )
1

2

2
1

( ) ( ) 1

ln 1
1 , [ 1,1]

r
r

n r

r

r r

K
g y P y y

n

n
C y y

n n

+

+

−  − +

 
− +  − 

 

 

where: 

( )

( )

2

1
0

4cos 1

2 1

r

r r
m

K
m







+
=

=
+

 , if 
1

0
2

r   

 

Lemma 2, [5]. Let (t), t  0 be the modulus of continuity 

and  > 0 is constant, then there is a sequence of algebraic 

polynomials qn(y) of degree less than or equal to n, such that 

for all y  [−1,1] 

2
2

2
2

1
0 ( ) 1

1 1
1 , 0 1

r

n

r

y
q y y

n

C y r
n n

 −
  − − 
 
 

 
− +   

 

 

where C is a constant which depends on  only. 

 

Lemma 3. For any r  (0,1), there exists a sequence of 

algebraic polynomials ( )nq y+ , y  [−1,1], such that: 

2
1

0 ( ) 1n r

C
q y y

n n
+  

 − + −  
 

 

Proof. Consider the function: 

1
( ) | | , [ 1,1]

r

t t t
n

 
 = +  − 

 
 

for each m  , let Zm be the best approximation 

polynomial of . By Jackson's theorem [7], we have: 

( ) ( )m r

C
Z t t

m
−   

Putting 21t y= −   

( )2 2
1

1 1

r

m r

C
Z y y

n m

 
− − + −  

 
 

If m = n 

( )2 2
1

1 1

r

n r

C
Z y y

n n

 
− − + −  

 
 

1
( )

r

n r

C
Z y y

n n

 
 − +   

 
 

where 21y y = − . 

1
( )

r

nr r

C C
Z y y

n n n

 
−   − +   

 
 

1 2
0 ( )

r

n r r

C C
Z y y

n n n

 
  + − +   

 
 

1 2
0 ( )

r

n r

C
q y y

n n
+  

 − +   
 

 

where ( ) ( )n n r

C
q y Z y

n
+ =  + .     

 

Lemma 4. If r  (0,1), then there is a sequence of algebraic 

polynomials ( )nq y− , such that: 

1
( ) 0

r

nr

C
q y y

n n
−  

−  − +   
 

 

Proof. From the proof of Lemma 3, we have: 

1
( )

r

nr r

C C
Z y y

n n n

 
−   − +   

 
 

2

1
( ) 0

r

nr r

C C C
Z y y

n n n n

 
− −   − − +   

 
 

2 1
( ) 0

r

nr

C
q y y

n n
−  

−  − +   
 

 

where ( ) ( )n n r

C
q y Z y

n
− =  − . Thus: 

1
( ) 0

r

nr

C
q y y

n n
−  

−  − +   
 

     

 

Lemma 5, [8]. For g M , then ( , ) O( )g  =  ,  > 0 and 

 ⎯→ 0. 

 

The following lemma is easy to prove. 

 

Lemma 6. For , ( ), [ 1,1]
npg L Y Y = − , then 

,( , ) O( )
npg   =  . 

 

3. Main Results 
In this section, we will be get the approximation for 

, ( ), [ 1,1]
npg L    = −  by using two polynomials, 

, ( )n rp y+  and , ( )n rp y− . 

 

Theorem 1. If , ( ), [ 1,1], 0 1
npg L r   = −   , then 

there are two polynomials , ( )n rp y+  and , ( )n rp y− , for all

[ 1,1]y = − , such that , ,( ) ( ) ( )n r n rp y g y p y− +  . 

Proof. From Lemma 1, there is pn, so that: 

( )
1

2

2
1

( ) ( ) 1

ln 1
1

r
r

n r

r

r

r

K
p y g y y

n

C
y

n n

+

+

−  − +

 
+ − 

 
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( )
1

2 2
1

ln 1
1 1

r
r

r r

r r

K C
y y

n n n

+

+

 
− − − + −  

 
 

( )
1

2

2
1

( ) ( ) 1

ln 1
1

r
r

n r

r

r

r

K
p y g y y

n

C
y

n n

+

+

−  − +

 
+ − 

 

 

Adding ( )
1

2 2
1

ln 1
1 1

r
r

r r

r r

K C
y y

n n n

+

+

 
− + + − 

 
 to the 

both sides of the last inequality, implies to: 

( )
1

20 ( ) ( ) 1
r

r
n r

K
p y g y y

n

+

 − + − +  

( )
1

2 2
1

ln 21
1 1

r
r

r r

r r

C K
y y

n n n

+

+

 
+ −  − + 

 
  

2
1

2 ln 1
1

r

r

r

C
y

n n+

 
+ − 

 
 (1) 

From Lemma 2, we have: 

2
2

1
0 ( ) 1

r

n

y
q y y

n

 −
  − −
 
 

 

2
2

1 1
1

r
C y

n n

 
 + − 

 
  (2) 

The inequality (2) multiplied by rK , we get: 

2
2

1
0 ( ) 1

r

r n r

y
K q y K y

n

 −
  − −
 
 

 

2
2

1 1
1r r

CK y
n n

 
 + − 

 
 (3) 

From Lemma 3, we have: 

2
1

0 ( ) 1

r

n r

C
q y y

n n
+  

 − + −  
 

 (4) 

The inequality (3) multiplies by 
1

lnr

r

C

n +
, we get: 

2
1 1 1

ln ln ln1
0 ( ) 1

r

r r r
n r r r r

C C CC
q y y

n n n n n
+

+ + +

 
 − + −  

 
 (5) 

Adding (1), (3) and (5), we get: 

( )
1

2
,

2
0 ( ) ( ) 1

r
r

n r r

K
p y g y y

n

+
+ −  − +  

2 2
1 2 1

2 ln ln1 1
1 1

r

r r r

r r r

C CK C
y y

n n n n n+ +

   
+ − + + − +   

   
 

where:  

, 2 1

ln
( ) ( ) ( ) ( )r

n r n r n nr

C
p y p y K q y q y

n
+ +

+
= + +  

Since: 

2 2
2 2 1 2

2 1

ln1 1
1 1

ln

r r r

r r r

r

r

CK CC CK
y y

n n n n n

CC

n

+

+

   
+ − +  + − +   

     

 
2

2

max , 2
1

r r

r

C K C
y

n n

 
 + − 

 
 

 
2

2

2 max , ln 2
1

r r

r

C K C
y

n n

 
 + − 

 
  

Putting  2 max ,r rC K C  to be C, we have: 

( )
1

2
,

2 2
1

2
0 ( ) ( ) 1

2 ln 1 ln 1
1 1

r
r

n r r

r

r

r r

K
p y g x y

n

C C
y y

n n n n

+
+

+

 −  − +

   
+ − + + −   

   

  

( )
1

2 2
2

2 ln 1
1 1

r
r

r r

r r

K C
y y

n n n

+  
 − + + − 

 
 (6) 

Hence ,0 ( ) ( )n rp y g y+ − , and therefore: 

,( ) ( )n rg y p y+  (7) 

Similarly, we can prove that: 

( )
1

2 2
2

,

2 ln 1
1 1

( ) ( ) 0

r
r

r r

r r

n r

K C
y y

n n n

p y g y

+

−

 
− − − + −  

 

− 

 

and so: 

, ( ) ( )n rp y g y−   (8) 

From (7) and (8), we get: 

, ,( ) ( ) ( )n r n rp y g y p y− +       

 

Theorem 2. Let , ( ), [ 1,1]
npg L Y Y = − , then: 

, ,
,

1
( ) ( ) ,

n
n

n r rp
p

p y g y f
n

+




 
−   

 
 

Proof. From (6), we have: 

( )
1

2
,

2
2

2
( ) ( ) 1

ln 1
1

r
r

n r r

r

r

K
p y g y y

n

C n
y

n n

+
+ −  − +

 
+ − 

 

 

( )
1

2
, ,

,

2
2

,

2
( ) ( ) 1

ln 1
1

n

n

n

r
r

n r rp
p

r

r
p

K
p g y

n

C n
y

n n

+
+






 −   − +

 
+ − 

 

 

( )

( )

1
2

2 1
, ,

2
2

,

2 ln
1

ln
1

n n

n

r
r r

r r
p p

r

r
p

K C
y

n n

C n
y

n

+

+
 



 − + +

−
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( )
1 1

2
2 1

1

1
2

2
1

2 ln
1 d

ln
1 d

r
r r

r r

r

r

K C
y y

n n

C n
y y

n

+

+
−

−

 − + +

−





 

1

2 1 2

ln lnr r

r r r

C r C n C n

n n n+


= + +  

1

2 1

ln lnr

r

C r n nC n

n +

+
=  

1 1

2 2 1r r

C r C

n n −
 +

r

C

n
  

By Lemma 6, 
1 1

, O
r r

g
n n

   
   
   

. Then: 

,

1 1
, O

n

r r
p

g
n n

   
   
   

     

 

Theorem 3. Let , ( ), [ 1,1]
npg L Y Y = − , then: 

, ,
,

1
( ) ( ) ,

n
n

n r rp
p

g y p y f
n

−




 
−   

 
 

Proof. Since: 

( )
1

2 2

,

2 ln 1
1 1

( ) ( ) 0

r
r r

r r

n r

K C n
y y

n n n

g x p y

+

−

 
− − − + −  

 

− 

 

Then: 

( )
1

2 2

,

2 ln 1
1 1

( ) ( ) 0

r
r r

r r

n r

K C n
y y

n n n

p y g y

+

−

 
− + + −  

 

− 

 

( )
1

2
,

2

2
0 ( ) ( ) 1

ln 1
1

r
r

n r r

r

r

K
p y g y y

n

C n
y

n n

+
− −  − +

 
+ − 

 

 

Similarly, as in the proof of Theorem 2, it may be proved 

that: 

, ,
,

1
( ) ( ) ,

n
n

n r rp
p

g y p y g
n

−




 
−   

 
     

 

Theorem 4. Let , ( ), [ 1,1]
npg L Y Y = − , then: 

,

,

1
( ) ,

n

n

n p r
p

E g C g
n





 
  

 
 

Proof. 

, , ,,

, ,

( ) ( ) ( ) ( ) ( )

( )

n

n

n r n r n rp

n r p

p p p y g y g y

p y

+ − +



−



 −  = − + −

 

, ,, ,
( ) ( ) ( ) ( )

n n
n r n rp p

p y g y g y p y+ −

 
 − + −  

From Theorems 2 and 3, we get: 

, , ,
, ,

,

1 1
( ) ( ) , ,

1
2 ,

n
n n

n

n r n r r rp
p p

r
p

p p g g
n n

g
n

+ −


 



   
 −    +    

   

 
  

 

 

 

Hence: 

,

,

1
( ) ,

n

n

n p r
p

E g C g
n





 
  

 
     
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