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1. Introduction

Babenko in 2012) [1] estimated the rate of best one-sided
approximation of characteristic polynomials. In 2015,
Soltani F. [2] studied some classes of Dunkl multiplier
operators and gave an application of the theory reproducing
kernels to Tikhonov of regularization which gives the best
approximation of the operators on Hilbert space. In 2017,
Saheb Kehaid Jassim and Abeer M. Salih [3] studied the
multiplier approximation of unbounded functions by
Bernstein-Durrmeyer operators.

In 2020, Saheb Al-Saidy and Ali H. Zaboon [4],
obtained the multiplier approximation of periodical
unbounded functions by Trigonometric operators. In 2020,
A. M. Pasko [5], studied the point wise estimation of one-
sided approximation of the class W5, 0 < r < 1.

2. Basic Concepts

Definition 1, [6]. A series Yo, a, is called a multiplier
convergent if there is a sequence {vy, }o,, Such that
YmoAn Py < oo and we will say that {, }o—, iS a
multiplier for the convergence.

Definition 2, [4]. For any real valued function f defined on
X = [0, 2m] if here is a sequence { ¥, }n=o, Such that
Sy fn (x) dx < o0, X = [0,2], then we say that v, is the
multiplier integral.

Definition 3. Let f € Lp, ¢, (X), X =[0,2m ], p € [1,00) be
the space of all real valued unbounded functions f, such that
S, f ¥n(x) dx < oo, then the norm:
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1 F Mo 0 = (I FonGOP) 7 x € X
is the norm on Lp, ¥, (X)

For f € Lp, Y, (X), X = [0, 2x], 0 < &, we will define
the following concepts:

o(f, 0D, Pn =supjp<s lf (x + 1) = FO L pyrc)
the multiplier modulus of continuity of function f

Tk(fVB)p' l/)n: “wk(f' 6)“ Lpyn (X)) p € [1700 )! keN
is the multiplier averaged modulus of smoothness of f of
order k, where the k " modulus of smoothness.

The smoothness for f is defined by:

o(f,x,8)p,Yn =supjp<s{ {”Aﬁf(f' Ol Lpyn )i b

t+khe [x—"z—‘*,x+%}

where The k ' symmetric difference of function f is:

MF 0 =Ei () DY (- + k), xF e X

Definition 4, [7]. For f € Lp(X), X =[a, b], 0 < &, we will
define the following concepts:
o(f,80)p=supp<sllf(x+h) = FC Lpx)
the modulus of continuity of function f
(.0 p=llw(f, )l Lpx) PE[L, )k EN
is the averaged modulus of smoothness of f of order k.
where the k " modulus of smoothness.
The smoothness for f is defined by:

O (f,%,8)p = sup| nj<s (MK (f, Ol Lpery: £, € + kh €
ks k8
=5 x+ 51}
where the k ™ symmetric difference of function f is:

AF) =30 (5) (DR F (x =22+ ih), x F "z—h €X
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Definition 5. For f € Lp, ¥, (X), X = [0, 2n], 0 < &, we
will define the following concepts:

w(f,8)p, Yn = SUp|p<s If Cx+h) = fFCol Lpahn(X)
the multiplier modulus of continuity of function f

T (f ), Yn =l (F, O L py, x) P E[L, ),k EN
is the multiplier averaged modulus of smoothness of f of
order k, where the k " modulus of smoothness.

The smoothness for f is defined by:
w(f,%,8) D, Yn=supn <5 L AKF F Ol Ly )i Lt + K
hel[x-2,x+2]}
Where The k " symmetric difference of function f is
AF ) =30 (Y) (D f (x-S Hih) xFEX

Definition 6, [8]. The degree of best one — sided
approximation of f is:

Ex(f)p =inf{ll pr — aull, , x : 3 ()= FO< Pr(X)}
Also, the degree of best approximation of a function f €
Lp(X) is define by:

En(f)p:mf{"f - pn”Lp(X) ‘Dn € Pn}

Definition 7. The degree of best one-sided multiplier

approximation of f is:

En (f)p;lpn = Inf{ I Pn — qn”Lp,wn x) “qn (X) <f (X) <
Pn(X)}

Also, the degree of best multiplier approximation of a

function f € Lp, ¥, (X) is define by:

En(f)pﬁlpn = Il’lf{” f- pn”L pabn (X) ‘Pn € Pn}

3. Auxiliary Lemmas
Here we will study some propositions of a functions in the

Lemmal. Let f € Lp, ¢, (X), X =[0, 2], then:
E.()p, ¥ < En(f)D, ¥

Proof. Consider p; to be the best polynomial
approximation of f and let q,,, p,, be the best one-sided poly
of f, where:

n(X) < f(X) < pn(X)
En(f)pvlpn = mf{” f- pn”L Pabn (X) ‘Pn € pn}

=1 = pallp e
= (FJCF = )G Y@ 1P dx) 7

< l(Pn = 4) () P () 1P dx) 7
= ”pn - qn”p,wn
=En(f)p'¢n u

lemma 2. Let f € Lp, ¥, (X), X =[0,2x], then:

En (f)p,lpn < CpEn (f)p,l/)n
Proof. Consider p” € P is the best approximation of f €
Lp, Y, (X) and let s;, s, € B, be the best one-sided
approximation of f such that s;(x) < f(x) < s1(x)

f() =s1(x)

5100 < 2 (), 5, (%), 5,(x) € Py
E, (f)p,lpn = inflls,, — Sm”Lp,llln(X)
= |ls; — 52||Lp,zpn(x)

= (51 = $)(x) ¥ (0)Pdx)
= ([ I[s1 @) =55 (%) I (x)[Pdlx)
< ([ 2F GO = GO 14, (0)Pdx)™"”
= ([ ll2f 0) = p" () +p"(2) —

FEO] Yn ()P dx) "
= (Jl12f ) = p* O n(®IPdx)"” +

(fIF () = p GO ()P dx) "
=112f = 2" llipyn) * If = 2" lpyncxy
< 2En(f)p‘¢,n. |

1/p

1/p

Lemma 3. Let f, g, ¢ € Lp, ¥, (X ), X = [0,27] be 27-
periodic functions, if:

IIf () — gC)]hn(x) | < @)y (x)
Then:

E.(f )P, Yn <Cp (E, Q) DYn + 2E, (@)D, Y0 +

2l ol Lp, x))
where C is constant depends on p.
Proof. Let p;, is the best approximation of f and g;, is the
best approximation of ¢

En(f) o, =InfIIf = pull, . ) Pn€Th
=1If = il oo
If = Pill oy = (L1 = D3 ¥ (0 IPdx)
=(JI(f+g+o+gn—9g—9-
Gn DX Pn()Pd x)'"
< ([ g —po) puPdx)"" +
(S JCf = 9) dnPax)"” +
([0 = g1 ) P IPdx) " +
(o = g1 ) P IPdx)"”
<Cg=pidlpy, o+ NCF-
D 00 1o =gy *
ICo + gl 0

< En (g)p,lpn + En(f)p' l/)n + ”((p)”p' l/)n+

En(@)p, Y + En(®)D, Y
from Lemma 1 and Lemma 2, we get:

En(f)p' 1/}n < Ezl(g)p' l/)n + 2”(p”Lp,1/Jn X) +

B B 2En((p) pYn B

En(f) < C(En(g) PY¥n + 2”( QD)HP' lpn + ZETL((p)p,Ipn)
|

Lemma4. Let f € Lp, ¢n(X), X =[0,2x], then:
o(f,8)p, Yn < & ||f[|p. 1m

Proof.

o(f,8)pYn=sup{ [[f(x+h)—f)]Y, (O) |:
|h] <6, x,x+heX}

x+h

O Y, (1) dt]
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x+h

<sup [ |f (8) i (0)]dlt
< |h|sup |f (x) ¢y, (x) 1
<l fll o n
< & fllpw,- ™

Lemma 5. Let f € Lp, ¢, (X), X =[02%], 1 <p < oo,
then:

En (f)pllpn SC (K)wk (f:s)pllpn,d >0
Proof. Let p;, is the best approximation of f, where T, is
the set of all trigonometric polynomial.

En(f) Y =InfIIf = pull 1y, ) Pr € T
=11f = il o
= ([ JCF = Pi ) YO IPdx) "
< sup(f IICF () = P (O] () Pdx)
=sup(f J[(fCO) = F(x + h)] o (O IPdx) """

= cpsup([ |A% £ () P @)IPdx)”?
= cpSUP||AK f COIl L pap, x)-
= Cp Wy (f,5)p,l/)n
Then:
En (f)p' lpn < prk (f' 6)p' wn- u

Lemma 6. Let f € Lp, ¢, (X), then:
,wk(flé‘)p' lpn < wk—l(fﬁ)p' wn
if fexists.
Proof.
AR f () (x) = AT Dy f (%) Y (%)
=05 L (e +h) = f (x)) P (x) ]
=AU (x4 Dy (0 dt
| 8K f () () | = (F (x +1) 3y, (x) dlt |

max(0,h) 1
< L mim oy | K72 F (et ()t

(o,h) .
< mimiory @1 (f 8) P, adt
S h wk—l (fl 5 )p;lpn

< 8wy (1 8) P,
Wy (f!5)p'l/)n:6wk—1 (fv6)p'l/)n u

Lemma7. Let f € Lp, ¥, (X), then:

wk (fy5)p’1/)n S 5k||f(k)||p' l/)n
Proof. From Lemma 6 and Lemma 4

Wy (f- 5)p,l,[}n < ka—l (f"(?)P'an
<8 8wi, (f.6)p,n
<8 k-1 a)(f(k‘l,d )p:lpn
< 871 8[|F 9 p,
< [fF®llpv, m

Lemma 8. Let f € Lp, ¥, (X), f% € Lp, ,, (X)
Then:

En(f) b, l;bn < Ckn_k ”f(k)” D, ¢nv n>k
Proof. From Lemmas 2, 5 and Lemma 7, we get:

Eo(f) D, n < CPEL(f)D, n ()
E.(f)p,n < C(k) wy (f,8)p,1n . (2)
Wi (f,8) P, Y < 8[| ®||p, ..(3)
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Then:
En (f)p. ¥ < C(k) 8 [|f ®|p.yp, m

Lemma 9. Let fe Lp ¢, (X), X = [027], with
wy (f, x,h)p, P, is a function of x, then:
(@ 2.0), )P, P < TH(F DD, P
Proof. Set g(x) = w«(f .x,h)p, Y,
wl(g,x,é)p, wn =sup {lAB g(t) lpbn (t)l tLt+0 € [x -
2% %3]
:Sup{|[g(t+9)—g(t)]1,m|:t,t+9€[x—
preelh
<sup{g(t):te [x—;,x +5]}
=sup {sup {|A % f()n(s)| :s, s+ km e[t —g,
t+21tex -2 x+2]}
< sup {|A% F()Pn ()| 1 s, s +km € [x —g
— K+l
2’ kz 2
= Wi (f:x:h'l';) b, ¢n
5
llo(g, %, $)lIp, ¥ < || (£, 0 +3)|| .1
‘El(g,x,h,6)p, lpn < T (f!x h+£)p! l/)n

t(we(fxh), )P, o < T(F X AP, Y, W

Lemma 10. Let Lp,¢¥,(X), X = [ 02x], g, (x) =
wi(f 0™ p, Py, then:

En(gn)p' lpn <Cmu (fvz n! ) b, ¢n
where C is a constant.

Proof. From Lemma 9, letting h = § = n™%, we have:

Tl(gnvn_l)p' 1/}71 < Tk(f,n_l)p, l/)n
from Theorem 1

Er:(gn)p' 1/}n <Cu (gn:n_l)p' 1/}n
< Crk (flz n_l)p' 1/}71 u
Lemma 11. Let f € Lp, 1, (X), f exists, then:

)
W )P, Yn < Terlf = 6)P, ¥
Proof. Since:

AYIfOPn (D] = A5 A[f (P ()]
= ANIF(E+ B~ FO1 ()
=2 ([ TF e+ % w)]du) b >0
AKF@Pn@®1 < Jy 1A F(u+ D @) du
sup { [AK[F (O, (O] it t+khex -2 x+2]
<sup {4 |4 X7 F (u + ), (wdu} N[, b]
Wi (f X80P, Yn < hea(f X;8)p,

< Swki(f, x5 8 )P,y
w1 (f, x5 8) llp, hn < Sllwr—1 (f, x5 8) [ P, Y

T, 8)PYn SO Tt (f, 5 8)p ™

Lemma 12. Let f € Lp, ¢n(X), X=][0,2n]
Tl(f, 6)}9,1/)” < 6||f|| p,l/ln, 6 € [0, 27-[]
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Proof. .
w(f, x, &) p,Pn=sup {I[f () — f O (DI 1, tE
e=5x+3D

—sup{f f(t)l/)n (t)dt| {tex - —x+—]}

I 2 @@l
- <f

lw(f,x; 6)||p,¢nsf s |/ C+0 papn dt
Tl(fla)prlan(Y”f”p'lpn u

|f(x + t)lpn(t)|dt

Lemma 13. Let f € Lp, ¥,,(X), then:

T (f, 8) P < CUO) 8% ||F9) | p,
Proof. From Lemma 11 and Lemma 12

Tk(f 5)p'lpn <5Tk I(f 5)29 lpn
<6 T z(f 5)P Yy
<6 T 3(f 5)10 Y

<&k 'r (f(" B 26)p,Yn
From Lemma 4, we get:

T (f.8) 0, Y <2 8%||f©]| p, 1y,
<ck) s | ®pp, m

Lemma 14. For even natural number k and even h > 0
there exists a function f, , € L p, ¥, (X ), B=1[0,2r], then:

- |[f(X) - fk,é' (x)]wn(x)| < C1 Wk (fl X, 6 ) b, lpn
- If = fesll < e (£, 8) p,n

1
- \Ifis | powon < Coz @i (f, 8) pn
Proof (1). We can define the function [8]

fes() = (=8)7 [ [ (—f (X + 1t 1) Py ()
+ (kO)f [x +% (t, ...+ )] P (E)F ... .. +
CDF(ED £+ g, (O dt . die
(F - fes) ¥u@| = 5 f) ke + @]
{c—ldti
< ol ¥ 0P D) fuo
— i o S A T ) e (6) +
() flx + == (B, b N (©) + o+
DR L + 2 (26) o 0
ko dt
1 = fs lIoton < 20002 sk pr,wn

<clwk (f 6)p.wn3)f<” (x)
T LB f (BT ) Y (O
(k b (Z tk r) lobn

( 5)" f
+(D L A@ flx+
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1

® + .+ D) ke A% flx+
(02 tk r)}H 1 dti

I3 Sl £ (e
(2 Lt n@ |, + () (L
||A(k_1>5f[x+
T O b ()
K A%f[ v a0 [
k_ldti

|17 (T)” _—_ = 6_1k{w (f6)phyt (k) (kkl)rwr (f,

P I D) )
< CZF(DT f:8) py, ®

4. Main Result
Theorem 1. Let f € Lp, Y, (X),X =[0, 2m ], then:

En(f)p:lpn < CT(f! nil) PPy, 1< i < oo,
where C is a constant.

Proof. Let xi=inm/n,i=01....2n
yi=(xi1txi)/2,i=12...2n

Let us define the linear continuous 2m — periodic function

Sp.and y, for x € [x;_q,y;] andforx € [y xi],i=1,2, ...,

2n,yi=(xiat+txi)l2

Sp(x) = sup{f O, (1) : t€[xia,xil}, x =yi, i=12,....2n
such that:

5n(0) = sp(2m)

Vo (x) = Iinf{f (O)Pn(t) : t€[xi-1,xi ]}, for x=y; i=1,....2n
such that y,,(0) = y,,(2 ).

Obviously:

@) < f(x) < 54(x), x €0, 271]

The derivatives S, and y,, of the function y,,(x) and s, (x)
exist in [0, 2r] except at the points x;, i =1, ... 2n,y;,i =
1,...,2n . Using the definitions of the function s, and y,
we obtain set § = 4rn!

Let x € (yixi) since s, is linear in (yi, x i), we have:

I50 0] < T Isn G =50 Ol S 5 0 (F, 2, 8) P
Also |y, (x)| < Co= w1 (f, x, 8 ) p, 3, again from the
definition of the S,, and y,,, we obtain:

0 < 5,(x) = yu(x) < @ (f, x, 8) P, P

llsnllp ¥n < Ch @ (f,%,68) lIp, Yn

sl o), ()
vallp ¥ < 1€ w1 (f,%,8) llp, n
< Cot(f,0)p, Yy (2

Also:
Sn(x) ~—In (x) = ﬂ)(fn X, 5) p, l/)n
152 () = yu I, < l @ (f, %, 6)1l D, Y
< 71(f, 6) . ¥ ()
Applying Lemma 8 in (1), (2), we get:
En(sn)p' l/)n =< Cn_l Cﬂ Tl(f: 6) b, l/)n
< Coty(f.6) p, Y --(4)
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Also:
En(yn)p' lpn < %Cn Tl(fr 5)}9, lpn
i < Coty(f, )P, Yn ..(5)
Sine~En (f )p: wn = inf ”Sn - yn” b, lpn
En(f )p' wn < ”~sn - yn” b, wn
= Eln(sn ) b, lpn"' ”sn -
En(yn) D, ¥
From (3), (4) and (5), we get:
En(f )p'lpn < CnT (fr 6 )p'lpn-" (51 (f! 6 )Pﬂl}n‘*
Cn T1 (fr 5 )p'lpn
< (2C1+ 1) (51 (fr 5 )Pﬂl’n
= CTl (f- 6 )p'lpn
where 2C,+1 = Cisaconstant. ®

Yull s pnt

Direct theorem
Theorem 2. Let f € Lp, ¢, (X), for every natural number k
there is a constant C(k), then:
En(F)P, o < CUOT(F, 2P, P
Proof. Applying Lemma 3 and Lemma 10 to the functions
fv fk,5 and
?(x) = W (f! 2n71)p~: lpn _
En(f)p' lpn = CP (En (fk,8 )p'lpn + 2En((p)pv lpn+ 2
lwie (f,%,8 | D, vn
< Cl(En(fklg) p,Yn+2Cp Tk(fl6) D Yn,
2C, 7 (f, 8 ), Yn -..(6)
Enfies )0, < CNIASE 12,
< Cu(k) wy (f,8) p, Y

< Co(k) 7w (f, 8) Y (7
From (6) and (7), then:

En (f) p,l/)n =< C2 (k) Tk(fl 5)p'l/}n + ZCP Tk(fl 6)
P, Pnt 2Co T (f, 6 ), W
< 4Gy Co (k) Tie(f, 6 ) 0,y
sCpP k) n(f.6)pY, =

Theorem 3. Let f € Lp, P, (X), there exists C(k)
k 1 ~
Te(f, PP < S B o(s + 1) En(f) P

Proof. Let a,,, y,,, € T,, are trigonometric polynomials
E (Ao, Y= inf llay, — Vull D, Yn, ¥a(x) < f(X) < @y
(x),x€[0,2m]
If AK £ () Py (t) = 0, then:
B f () Yult) = Thaco D™ (n) fIE+ (k = m)RIYR ()
< 3l () an It + (k-2)R] -
Y PGE ) valt+ (k — 21 — 1) ]
- Alicl an(t) + Zk 1/2(2”1){]/71 [t + (k -
2i — 1) h] — a, [t + (k — 2i — 1)h]}
= Af @ (9 + 55 P (A K anlt +
(k—2i—1Dh—a,[t+ (k—2i—
Dh] = [an (x) = vu (O]} +
220 (50 [an(x) = v ()]
= A;{l an(t) + Zk{wl (an Yo X5 k6)
b, l)bn+ [an(x) - yn(x)]}

44

< |A;(1 an(t) |+ 2k [wl(an Y X; k6)
Do n + lan(x) — v ()] -.-(8)
Now if AK £ () ¢, (t) < 0, then in the same way, we
obtain:
|8% £ ¥ | < [AF ¥ (O |+ 2(w; (@ — Vn x5 k6)
D, ¢n+ [an(x) - Vn(x)] (9)
From equations (8) and (9), we get
wk(f! X, S)p,lpn < Wy (an! X 5) b, lpn+ wk(}/nl X, 6)
D, ¢n+ zk[wl (an ~— Y X 6) p:lpn +
oy () = Yu ()]
Tk ( f! 6)p,lpn < Tk (an! 6) b, lpn T Tk (yn: 6)}7, lpn +
Zk[Tl (an — Yo ka) D, lpn + En(f)
P ¥l

From Lemma 4, we get:

|47 £(O) v (0]

(51 (an - Vn'k 6) pilpn <ké ”an - Vn” p'lpn
Using the Bernstein inequality:

T Nlp p N NTp
Thus:

T1 (an ~ Y k6) pxlpn <nké ”an - yn”p,zpn

:k6ngn(f)p'¢n ...(10)
Equation (10) implies
Tk (f: 6) b, lpn = Tk (an: 6) b, lpn+ Tk (yn: 6) b, ¢n+
2(kén + 1) Ex (f) P, ¥

Let us set n = 2%, then:
Tk (f' 6)p' ¢n < ng1[ Tk ( a,i — Ay, 6 ) b, lpn+
Tk (]/Zi - Yyi-1, 6]p' lpn+ Tk (0.’1 — o,
)P, YuTi (Y1 — Vo0, 0)D, Yut
Zk(k on+1)E; (f)p, vn ...(12)
Now

T (ayi — ayic1,8)p, P, < k¥ ||(0(2i — tyi1 )k”mpn
< k8*2% ||y — azi—1||pw
< k6*2%[||layi — fl| p,n+l ayis = fll 2, n]
< k8*2*[||ayi — v,illp ot || @gi-1 —
Vai-1||p. ¥n]
< 2k6%2%Eia(f)p, Y ...(12)
T (Vi = Vyim1)D, P <k6* ||(}/2i = Vi1 )k”pzp
n
< k8 2%y, = vy,
< k8 2%[|ly,i = fll oot || vair = fll 2 0a]
< k8 2% [[|layi — v,illp, Yt || ayin —
Vaim1||p. ¥n]
< 2k6%2%Eia(f)p, Y
From inequalities (11), (12) and (;S)Lwe get:
T (f, 8) D S 4 k* 32, 2% Eyiea () p, on+
2k Eq (f) p, o+ 25 (k Sps1)
En (f) DY
Let § =n7L, then:

T (f,8) P < 4 Uen ™ B o(s + 1)1 E(f)
D, + 2% (k + 1) B, (DY

< 23RS (s + 157 Eo(f) P

T (f,8) P R Sho(s + DL E(f)p g, ™

..(13)
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