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The modular representations of the F,W,-Specht modules Sy (4,4) as linear
codes is given in our paper [6], and the modular irreducible representations of
the F,Wi-submodules N F (A, 42) of the Specht modules S;- (A1) as linear codes

where Wi is the Weyl group of type Bi is given in our paper [5]. In this paper we
are concerning of finding the linear codes of the representations of the
irreducible F, Wi-submodules N F (A, 1) of the F,Wi-modules M F (4, n) for
each pair of partitions (A, 1) of a positive integer n =4, where F, = GF(p) is the
Galois field (finite field) of order p, and p is a prime number greater than or
equal to 3. We will find in this paper a generator matrix of a subspace U ((’()2),1),(1))

representing the irreducible F, Wi-submodules NFp (20,) of the FyWy-
modules M,:p (2,D,®) and give the linear code of U((‘()Z)‘l),(l)) for each prime

number p greater than or equal to 3. Then we will give the linear codes of all the
subspaces U ((;‘5”) for all pair of partitions (A4, ) of a positive integer n = 4, and

for each prime number p greater than or equal to 3.

We mention that some of the ideas of this work in this paper have been
influenced by that of Adalbert Kerber and Axel Kohnert [13], even though that
their paper is about the symmetric group and this paper is about the Weyl
groups of type Bn.
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Remarks: Throughout this paper, let:
i- Fp be the Galois field (finite field) of order p ([8],

p.429), that is F, = GF(p).

ii- K be a field which is infinite (of characteristic 0) or
finite of order a prime number p=3, and X;,X5,..., X,
be independent indeterminates over K.

iii- W, be the Weyl group of type B, which is the group of
.5 Xny —X1, =X, ..
such that w(—x;) = —w(x;), foreachi=1,2,...,n.
iv- KW, be the group ring of W, with coefficients in K.
KW, is also a group algebra of W, over K.

all permutations W of {xy, X, ..

symmetric groups, (2) The infinite family of Weyl groups
of type B, , namely hyperoctahedral groups, (3) The
infinite family of Weyl groups of type C, , (4) The infinite
family of Weyl groups of type D, , (5) The Weyl groups of
type G,, (6) The Weyl groups of type F4, (7) The Weyl
groups of types Eg, E;, and Eg (see [9], p.40; [12], p.134;
and [15], p.36). In this paper we are concern with the Weyl
groups of type B, and the connection of the
representations of the Weyl groups W, of type B, with the
linear codes and more precisely we are concern with the
modular irreducible representations of the FyW,-
submodules NFp (A, ) of the FW,-modules MFp (A, 1)

) _Xn}y

1. Introduction
There are many types of Weyl groups which are; (1) The
infinite family of Weyl groups of type A, namely

48

as linear codes when n = 4, and for each prime number p
greater than or equal to 3.
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2. Preliminaries
Definition 2.1. Let {y, o YededEXx o £ X0
such that y . ;éiyj foreach i,j=1,..,r andi = j,
then we define:
2 U2y y

Im -y Iy,ifr>1
ALYy Y, ) =115 < ] o
P\ Yy 1<i<j<r (=1
Y, ifr=1

2_y2) ifrsl
AZ(yla---,yr): Kf}ﬁl’(yj y| ) o
if r=

(I2], p.8 and [4], p.15).

Example 2.2.
A, (X4:Xg:X3) = (X5 =XE)(X3 =Xg) (X5 =X )
=XSXE—XgXE+XEIXF—X2XS+
XZXg—XgxE
and
Al(x4’X91X3):X3X4X9 (AZ(X4,X9,X3))
=X5 X, X3 —XSXIXq+ X3 X] X,
—X3 X, Xg+ X3 X2 XS —Xa X5 X3

Definition ~ 23.  Let  (4,1) =((A, 4. A), (1,
Iy, .-, £4)) be a pair of partitions of a positive integer n,
and let Z *#) be any (A, i) -tableau, then:
f.(Z%) if |u|=0
f(ZU0)=1t,(z4) if |1]=0
f.(ZA)f.(Z#) otherwise
such that:

129 =T AZ L) D), 2993, D)

j=1
where 2; is the number of the indeterminates in the j"
column of the first tableau Z *, and
f,(Z*) =T A(ZFD (L ,2) s Z P (ad, ] ,2))

j=1

where 7 is the number of the indeterminates in the i
column of the second tableau Z “, f (Z *)) is called the
Specht polynomial of (A, 1) -tableau Z% (121, p.9 and
[4], p.15).

Example 2.4. Let Z@Y® pe the following ((2,1),(1)) -
tableau:

Xg X4 . =X,

X, '

f (Z2@VO) =[] A (Z @] 1),...
j=1

Z @O D) [T A, (Z COO(1,],2)
j=1

W Z @O (4 2))
=A,(Z @20 (111),Z @D (211))
Al (Z ((21).@) (:L 2,1) ) Az (Z ((22).(1) (1.1. 2))
=A (X3 'Xl)'Al (X4) “A, (_Xz)
=(X7=Xx2 X%, -X,-1

=X X3 X=X, XX,

Definition  25.  Let  (4,)=((A, 4. A ) (14,
Hy,-.., 14)) be a pair of partitions of a positive integer n,
and let Z**) be any (4, u) -tableau. Then the cyclic
KW,-module S, (4, z) generated over KW, by f (Z )

(i.e., Sy (A u)=KW,f (Z*#)) is called the Specht
module over K corresponding to the pair of partitions
(A, 1) of n([2], p.10 and [4], p.16).

Theorem 26. Let (4,)=((A4, 4. A) (14, 1,
.. J4)) be a pair of partitions of a positive integer n.

Then there are exactly HL distinct (A, 4) -standard
Au

tableaux, where Hi = H
2

P Hﬂ , such that

Hl:f[ ﬁhij , Where hij=i| +ij'—i—j+1, and

H :ﬁ f[e.j ,where e _u + 1 —i —j +1 ([2], p-20
uo ! 1) ! J
& p.21 and [4], p.13).

Theorem  2.7.  Let (A, u)=((A, A A), (14,
Hy,-.., 14)) be a pair of partitions of a positive integer n.
Then the Specht module S, (1,) has a K-basis
B(A,u)={f (Z*M)| Zz*# is a standard (A,p) -

tableau}, and dim, S, (A, 1) = HT (121, p.21, [3],
M

p.305 and [4], p.17).

Theorem 2.8 ([1], p.68 & p.87). Let (M —2,2),(n—m))

be a pair of partitions of a positive integer n, where

4<m<n.

1. If p divides neither (m-1) nor (m—2) . Then
S« ((m=2,2),(n—m)) s irreducible KW ,- module.
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2.

If p divides either (m-1) or (m—2) . Then
KW, - module S, ((m-2,2),(n—m)) has

following composition series:

the
the

)-

Theorem 2.9 ([2], p.64). Let K be a field of characteristic
p not equal to 2.

1.

3.

We know that dim, S, ((2,1),(2)) =

If p does not divide m, then:

Si (M=r+117),(n—m)),

Sk (M=r+117),(1"™)),
Sc((n—m),(m-r+1,1"), and

S (@ ™),(m—r+11"") are irreducible KW -

modules where O<r <m <n.

If p divides m, then we have the following composition

series:
OcN, ((m-r+1,1"",(n—m))
cSe((Mm-r+1,1%, (n-m)),

OcN ((Mm-r+1,1%, @ ™))
cSe((Mm-r+1,1%, 2™y,

OcN ((n-m),(m-r+1,1"1)
cSc((n-m),(m-r+1,1%),

0N, ((2"™),(m-r+1,1"")
< S (™), (m-r+1,11Y).

(e, Sy ((M=r+1,1"Y, (n—m)),

Sy ((M—r+1,17%), (1),
Sc((n-m),(m-r+1,1")), and

S (™), (m—r+1,1"")) are reducible KW -

modules and each one of them has only one proper
irreducible KW - module), where

1<r <m-1<n,and S, ((m),(n-m)),

S ((m), (@"™)), S¢ ("), (n—m)), and
S ((A™), (2"™)) are irreducible KW ,- modules.

The Specht Polynomials of the Standard
((2,1),(1)- Tableaux

41
3111

. =8, and

thus we have eight standard ((2,1),(1))-tableaux, which
are:

(210) _
Z, =
Z (e _

(21.0)
yA 3

1
Z 4((2,1,(1)) —

N

X x X X
w P
x
N
x
~

=
>

~
>

w

xX X
N
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z (1) _ 1 Xa ; XZ,
X3

Z (@10 X % , XZ’
4

Z (@) 2 X4 : Xl,
3

Z (@10 X2 % ; X
X4

The corresponding Specht polynomials are:
2,1,y — 2 2
f(Z, D) =(x] —x7) XXX,
_ 3 3
= X XX3 =X X X3,
2,1),(1 _ 2 2
f (Zz« )()))—(Xs _Xl) X1X2X3
= X1X2X§_X13X2X3'
21,y — 2 2
f (Zs(( )()))_(XZ_Xl) XXXy
_ 3 3
= X X3X, —X3X X,
2,0,y — 2 2
f (24(( )()))—(X4_X1) XXXy
— 3_y3
= X XXy =X XXy,
20,1 _ 2 2
f (Zs« )()))—(Xs _Xl) X1 X3Xy
— 3 3
= X XX, =X X3Xy,
(2D.M)Yy — (y 2 2
f (Zs )—(X4_X1) X1X3Xy
— 3 3
= X, X X2 =X XX,
2,0,y — 2 2
f (27« )()))—(Xs _Xz) XXXy
— 3 3
= XX3X, —X3X3Xy,
21,y — 2 2
f (Zs« )()))—(X4_X2) XX 3Xy
— 3 3
= X, XX 2 —X3X X,
The above polynomials f (Z,©@D®) f (z D@y
f (Z, D) mod 3 will be:
20).0))—
f(3)(zl(( 1)(1)))—X1X§X3+2X13X2X3’
22,0y —
f(3)(zz(( 1)(1)))_X1X2X§+2X13X2X3,
20).0))—
f(S)(Za« 1)(1)))—X1X§X4+2X13X2X4’
21),@0)\ — 3 3
f oy (ZLPD)=xXX3 + 2x 3% X
2,1),D)\ — 3 3
f gy (ZSEP)=xx3%, + 2x X X,
2,1),@))y — 3 3
f o (Z&EP D) =x XX § + 2% XX,
21),D))\ — 3 3
f oy (ZLPD) =X, X3% , + 2X3X X 4,
2,1),(1 _
f oy (ZePVD) =X X X3+ 2X3X X .
The above polynomials f (Z,@D®)  f (Z @Dy
f (Z®) mod 5 will be:
21),D)\ —
f(S)(Zl(( M) =X, X X5 + AX XX,
2,1),@)\ —
f(s)(zz« D) =x X X3 + AX X X5,

2,1),@)\ — 3 3
f o) (ZEPD)=x X Ix, + XXX,
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fe(Z LEDONY=x X X3+ 4X3X X, ,
f(&_J)(Z;‘z'l”(l))):xlxgx4 +4X3X X, ,
f o) (ZeEP D) =X, X X3 + 4% XX,
f(Z LDy =x x 3%, + 4X 3X X,

21),@0)y — 3 3
f o) (Zg PP D) =X XX+ AX3X X, .

4. The Symmetrized Specht Polynomials of the
Standard ((2,1),(1))- Tableaux

Definition 4.1. Let Z((,’“‘) be any (A, u)-tableau. Then

R(Z ((/1'/‘)) will be defined as the set of all permutations
w belong to the Weyl group W, of type B, , which permute
the variables in each row of Z['1 and in each row of Zfﬂ

without changing the sign of any variable in ZC(’“‘), i.e.,
REZM My =  (weW,|wz®*G,j,) =
ZAA(, 5,0, =1, .
Wz, j,2) =2 P4, j,,2), i=1, ... tand 1<

ji.d2< yi} ([5], p.211).

,sand 1 <jy, jop £ 4 ; and

Definition 4.2. Let Z[(’“‘) be any (4, u)-tableau, then

the symmetrized Specht polynomial f [Z C(’“‘)J will be

defined by f [Z C(/Lﬂ)]: s f (W Z[(’“‘)).

weR(Z ()
If we take the coefficients of the polynomial
f [z C(/lv#)] modulo a prime number p, then f [Z ﬂ(’“‘)J

i (A1) i i
will be denoted by f(p)[zf } , which will be called

the p-reduced symmetrized Specht polynomial of the
(A, u)-tableau ZU(’W) ([5], p.211).

Remark 4.3. The F,W,-module generated by any p-
reduced symmetrized Specht polynomial f(p)[z((ﬂvﬂ)}

will be denoted by N (4,4), ie, N (4,u4)=

(A1) i i i
FWof () [Z#] - Ng (2, will be irreducible
F, W,-submodule of the Specht module SFp 4, )

where F is afield of order p ([5], p.211).

The pair of partitions ((2,1),(1)) of 4 have the following
symmetrized Specht polynomials of the standard
((2,1),(1))-tableaux:

f [Z@OO]=f (ZEDD)4f ((x, X,)Z CHD)

= (XX BXa=X XX 3+ (X, X5) (XX X 3=X X X3

51

(since f (w z C(’“‘))wvf (Z((’“‘)) vz i) TRk

and V w € W, by [4], Remark 1.6.7, p.16)
=X XX =X XX 5+ XX 3X 5 =X X X 3
= 2X XX, = XXX 5 =X X X3,

f [Z 2((2,1),(1)):|=f (Z 2«2,1),(1»)+f ((X1 X,)Z 2((2,1),(1)))
= (XXX 3-X3X 2xg,)+(x1 xz)(xlxzxg—xfx2x3)
= XXX 3 =X XX 5+ XXX 3 =X X 3X
= 2X XX 3 =X 3, X 5 =X X 3X 4,

f [Z@OD]=f (ZEDD)4f ((x, X,)Z L)
=(x1x§x4—xl3x2x4)+(x1 x4)(x1x§x4—x13x2x4)
=X XX, =X XX+ XXX, =X XX 3
= 2X X 3X = XXX, =X XX 2,

f [Z@OO]=f (ZLOO)1f ((x, x,)Z ID)

(XXX 3=X X X4+ (X, xz)(xlxzxj—xfx2x4)
=X XX = XXX, XXX 5 =X X 3X,
= 2X, XX 3 =X 32X X, =X X 3X

f [ZEOD]=f (ZLOD)4f ((x, X,)ZLHD)
:(x1x33x4—x13x3x4)+(x1 x4)(x1x33x4—x13x3x4)
=X XX, = XXX, XXX, =X XX 3
=2 X X3X, =X XX s =X XX 5,

f [Z@OO]=f (ZEOD)4f ((x, Xx,)Z L)
= (XXX 3=X X oX g ]+ (X X5) (XXX 3—X XX )
=X XX 3 =X X, XXX 2 =X x 3X,
=2 X XX 3 =X 3 X, =X X 3X

f [Z@OO]=f (ZLDD)4f ((x, x,)Z {CDD)
:(x2x33x4—x§x3x4)+(x2 x4)(x2x33x4—
= XXX, =X XX 4+ XXX, —X X 5X 3
=2X,X3X ;=X XX, —X XX 5,

f [Z 8((2,1),<1)>}:f (Z @D@) 4 f ((Xz X,)Z 8«2,1>,(1)))
:(x2x3x43—x§’x3x4)+(x2 X3) (XXX 3-X KX )
= XXX 2 =X 3X X, XXX 3 —X,X3X,
=2 X, XX 3 =X 3X X, — XX 32X,

Then f [z 1«21),(1»} f [z 2«21),(1»} o [Z 8«21),(1»}(m0d 3)

Fig [ 2P ]=2x P X5 +2X,X X5 +2X X X3,
F g [Z3EPO =200 X5+ 2X X 3X 5 + 2X,X X3,
f o[ Z8EPO |=260% X+ 2X X 3X 4+ 2X X X 5,
Fig [ 28D =200, X, +2X XX +2X XX 5,
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=2X XX, +2X X 3X , + 2X X X 2,
J=2x1x3x F2X XX, + 2X XX 2,
7“21)(1”}:2 X 3X X 4+ 2X X 3+ 2X,X X 2,
} 2X 3X X+ 2X X 3X, + 2X,X X 2.
@O]=f  [ZHO],
o[ZP0],
o[Z2EP0],
b4:f [Z (o] = [Z@DO)],
Then B{® ={b,, bz,b3,b }
submodule N F, (2D, =FW,f, [21«2’1)'(1»} of the

[z oo

||
— — N

]=f
[z o] =f

is a basis of the

Specht  module SFg((Z,l),(l)):F3W4f(3)(zl((2*1)'(1»)-
f[Z OO, .. f [Z{#®] (mod 5) will be:

f o[ ZEP =Ax P X5 +2X,X X5 +4X X X3,
f(S)[Z““)“”J AX3X X 5+ AX X 3X 4+ 2X XX S,
F [ Z8EDO =0 0X X 42X X 3K + 4K XX ],
fs)[Z§ O =dx X X 44X, XX 4+ 2X X X3,
f o[ 283D D [ Px X+ 2X XXy +4X X X 5,
f o[ 288D D J=x 0% X, + XXXy +2X X X 5,
f(s)[Zﬁ“)‘l»} AX3X X 4+ 2X,X 3K, HAX XX,
Fiop [ ZEEPD |=AK3X Xy +AX X 3K 4+ 2X X X ]
Let b, =f,[Z@Y®]i=1,...,8, then Bg’l)v(l»:
{b,b,,...bg} is a basis of the submodule

NE (2D, @)=FW,f [z 1«21»(1»} of the Specht
module SFS ((20,@)=FW, f © (21((2,1),(1))),

5. The Subspace U ((é)z’l)’(l)) as a Linear Code

The 3-reduced symmetrized Specht polynomials
f(a)[zl«lnv(l»],...,f (3)[25@1)’(1»] give the following
matrix:
2 2 2 00000000 O]
2 220000000 0 0| R-R
00022200000 0 2R
5 3
0002220000 0 0 Rro-R,
00000022 20 0 0]R,+2R-Rs
000000222000§4+2R39Re
6+2R5aR7
000000O0O0O0 2 2 2|Rr+2r R,
0 000O0O0O0O0GO0?2 2 2

52

OO OO OON
OO OOOON
OO O OO NOo
OO OO oOoONOo
OO OO oOoNOo
OO oOoONMNOOo
OO oOoOoOoMNMNOoOOo
OO oOoOMNOOOo
OO O nNO OO
OO oOoOnNO oo

OO OO OoOOoOoOoN
OO O OONOO

0 00O0OTGO 0 0 0 O]
The above matrix will give the following generator
matrix Z((g(fvl)ﬂ» ([10], p.2 & [11], p.49) of the subspace

U@O®  (which

represents  the  submodule
N ¢ (2, (1)) of the vector space F,? (which represents

the module M  ((2,2),(1)):

222000000000
;(((2*1)*(1)):000222000000
@ 000000222000

000O0O0O0O0O00O0?2?2°?2

The rows of the above generator matrix D@ are
representing the elements of the basis
{b,,b,,b;,b,} of the submodule N (2D,0)=

2,0,
FW, f o, [Z{tP®] of the module M ((2,2),(),
where:
b_ 3 3 3
| =2X XX 5+ 2X XX 5 +2X X X 5,
D, =2X X X 4 +2X X 3X 4+ 2X X X 3,
b, =2X XX, +2X X 3X , +2X X X 3,

((20.Q) —
B ® -

B, =2X3X X , +2X XX 4 +2X X X 3.
Hence k,=dim; N ((22),(1)) =4, and the minimum
distance d,=3.

Therefore the four-dimensional subspace U ((3<)2’1>’<1>)
(which represents the submodule N ((2,1),(1)) ) of the
vector space F;* (which represents the module
M F, ((2,1), (1)) ) can be considered as a linear (12, 4, 3,

3)-code ([7], p.16), where 12 means that each vector of
this subspace has 12 coordinates, and 4 means that the

dimension k, of this subspace U {#2® is 4, and 3 means

that the minimum number of nonzero coordinates of any
nonzero element of the subspace U ((3()21)'(1)) is 3 (the
minimum distance of this code U((é)z’l)’(l)) is 3 ([14],
p.195)), and 3 means that this subspace U ((3()“)’(1)) is over a

field of order 3.
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6. The Subspace U ((é)z'l)'(l)) as a Linear Code

The 5-reduced symmetrized Specht polynomials
(22),1) (21, ; ;

f(s)[z1 ],...,f(s)[zg ] give the following

matrix:
(4

o

R—R;
R;—Rs
Rs—Rg
R;—R;
R,+4R, >R,
R,+4R;—R,
Rg+4R5—>Rg
Rg+4R;—>Rg

O O OO OO M
N DO OOOO

_ (@D
=2

OO O OO OoO N

OO O0OO0O0OO0ODONN ODOOOOCOCOM~DN
A O O OO OO

OO0 O0OwWhAhoo ©OOCOCONMNPMOO
OO0 RrROOOO OORMPMOOOO
OOMNNOOOOD ©OCOBM~MDMNMNOOOO
OO0 WhNoooo ©OODNPMPOOOO
MNNOOOOOO PN OOOOOO

OO0 O0COO0ODO0OWNA OOODOCOON DM
OO0 o0OoOPMNOO ©OOOCO P PpMpOO
OO0 O0OONNOODO ©DOoOOoOBM~NMOO
or,OOOOOOD PPPOOCOOOO

0 3
which is the generator matrix of the subspac_e U §>@ of
the vector space F;?. The eight rows of the above
generator matrix y Egz)’l)’(l)) are representing the elements of
the basis B((é)zvl)’(l)) ={b,,b,,...,bg} of the submodule
Ng (2D, @)=FW,f [Z@D®] of the module
M F, ((2,0),(@)) , where:

b, =4X X )X 3+ 2X X 3X 3 +4X XX 3,

b, =4X X X3 +4X X IX 5 +2X X X3,

D, =4X X X, +2X X IX , +4X X X3,

b, =4X X X, +4X XX 4 +2X X X 3,

b, =4X X X, +2X X 3X , +4X X X 3,

b, =4X XX, +4X X 3X 4 +2X X X 3,

b, =4X3X X, +2X X 3X , +AX X X 3,

Dy =4X XX, +AX X IX , +2X X X 5.

Hence k5=dimF5 N F (2,D,@) =8,

minimum distance d = 2.

and the

Therefore the eight-dimensional subspace U ((5()2,1),(1))
(which represents the submodule N . ((2,1),(1))) of the
space F'? (which represents the module
M ((2,1),(2))) can be considered as a linear (12,8,2,5)-

code ([7], p.16), where 12 means that each vector of this
subspace has 12 coordinates, and 8 means that the

vector

53

dimension K of this subspace U (¢"® is 8, and 2 means

that the minimum number of nonzero coordinates of any
nonzero element of the subspace U ((é)2~1)'(1)) is 2 (the

minimum distance of this code U((S()Z’l)v(l)) is 2 ([14],

p.195)), and 5 means that this subspace U (V™ is over a
field of order 5.

7. The p-Modular Irreducible Representations for
the Submodules N_ (4,u) of the Modules

M F (4,u) Corresponding to all Pairs of

Partitions (4,u) of 4 as Linear Codes when p is

a Prime Number and p >3
The linear codes of the representations of the submodules
N F, (A, ) of the modules M F, (A, 1) corresponding

to all pairs of partitions (A4, u) of 4, when p > 3, are as
follows:
1) For the pair of partitions ((4),()), we have that
I
m(M )=dim_ |\/|F (4, ( )):i:L and we have

4
41

i = = d th h
dImeSFp((4),()) 1391 1, and thus we have

only one standard ((4),( ))-tableau Z )
Specht polynomial is f  (Z ) =x,x,x X,
(i) If p=3 then f [ZO]=41 (mod ?3)
fo(ZL27)=24 (mod 3)-xx,X;x, =0 (since
24 (mod 3) = 0). Thus:
ky=dimg N ((4).())
=dimg FW,f,,[Z{®0)]=0,

hence the minimum distance d, does not exist.

whose

Therefore, the subspace U () (which represents
the submodule N . ((4),( ))) of the vector space
Fs (which represents the module M ((4),())) is
a linear (1, 0, —, 3)-code.

(iDIf p=5 then f [Z®]=4l(mod p)
f o) (Zl((4)‘( ») =24(mod p) X X X X, #0
(since 24 (mod p)= 0). Thus:

k, =dim,:p Ne (@®,()
=dimg, FoW, f ) [2{0]=1
since N F, ((4),()) is a nontrivial submodule of the

module M ((4),()). hence the minimum

distance d, =1. Therefore, the subspace U {}(?”



Al-Nahrain Journal of Science
ANJS, Vol.24 (2), June, 2021, pp. 48-63

2)

3)

(which represents the submodule N _ ((4),())) of
the vector space F, (which represents the module
Mg ((4),()))isalinear (1,11, p)-code.

For the pair of partitions ((3,1), ( )) we have that

m(M)=dim; M ((31)())—ﬂ_4

and we

- 4'
have dimg Sg (BL.()=4511

have 3 standard ((3,1),( ))-tableaux whose Specht
polynomials are:
f (p) (Zl«s’l)'( ))) =X X XX 3+ (P —1) XXX X,

f o) (zfene )’):x1x2x§x4 +(P —1) XXX X,

i (2690

p > 3, then by theorem 2.9 (1), we have that
st ((31),()) isirreducible F, W, -module. Hence:

N (BD.()=FW,f,[Z20]
=S F, ((3,1), ( ))’

=3, and thus we

X, +(p— 1)x1x2x3x4 If

Since:
f oy [ 287 ]=6(mod p)x, X, X ;X3 +(p—2) X,
X, X5X 4+ (P =2)X, X, X3X  +(p —2)-
X, X3Xo X+ (P —2) X2X, X5 X, # 0.
Thus:
k, =dim. N (3D.())=dim. S (31.()=3,
and the minimum distance d , =2, since each Specht

polynomial (which we give above) consists of 2
monomials.
Therefore for each p >3, the subspace U (VY

(which represents the submodule N ((32),())) of
the vector space Fp4 (which represents the module
Mg ((31),())) isalinear (4,3, 2, p)-code.

For the pair of partitions ((2,2),( )) we have that

m(M)=dim; M ((2,2),())= =6, and we

2' 2'

4 =2, and thus we

have dim, S, (2.2.()= 551
have 2 standard ((2,2),( ))-tableaux whose Specht
polynomials are:
F oy (ZLE2 ) =x 00X 3X 3+ (p=1) XX X3, +

(P =D XX XX+ XX XXy,
f oy (ZEF2 ) =x XXX 3+ (P =1)- X, XX 3X 4 +

(P =) XX X X 34+ x3x % 3X .
(i) If p =3, then:

54

2,2), _—yv3y3 3 3
f g [Z O = XXX X, + XXX X, +
3 3 3y 3
XXX X 3+ XXX 32X, +
X X 3X X 3+ XXX X 3,
2,2), _yv3y3 3 3
f g [Z 22O =X XX X+ XX XX+
3 3 3y 3
XXX X 2+ X X 33X, +
XX 3X X 3+ X XX 3X 2.
The above polynomials modulo 3 give the
following matrix:

111111 R-R
11111 1R+2R->R,

111111
0000 O0 O
The first row of the matrix above form a basis of

the  subspace U{?0).  Hence  k, =
dimg N ((22),())=1 and the minimum
distance d,= 6.

Therefore, the subspace U {#?Y  (which

represents the submodule N ((2,2),( ))) of the
vector space F36 (which represents the module
M ((2,2),())) isalinear (6,1, 6, 3)- code.

(if) If p =5, then by theorem 2.8 (1), we have that
SFp ((2,2),()) isirreducible F,W, - module.

Hence N F (2,2),())= FpW4 f(p)[zl«z,z),( ))}:

Sg, ((2.2).())), since:

F oy [Z{E2O )= Ax I 3X X 4+ (P = 2) XXX 3X , +
(P—2)X X, X X3 +(p 2)x31x3x33x +
(p-2)- x1x3x3x +AX X, X 3% ;#0.

Thus:

kp = dime N F (22),())

=dim,, S, (2.2).())=2
and d, =4, since each Specht polynomial (which

we give above) consists of 4 monomials.
Therefore for each p >5, the subspace U ((‘(]2)'2)'( )

(which represents the submodule N ((2,2),( )))
of the vector space Fp6 (which represents the
module M ((2,2),())) is a linear (6,2, 4, p)-
code.

4) For the pair of partitions ((2,1,2),( )), we have that

4
PIBIRL

we have dim. S¢ ((2,12),( ))=%

we have 3 standard ((2,1,1),( ))-tableaux whose
Specht polynomials are:

mM) =dim. M, (2L1D,()=, 4. =12, and

=3, and thus



Al-Nahrain Journal of Science
ANJS, Vol.24 (2), June, 2021, pp. 48-63

5)

f

(10.(0) = 3,5 3 5
(p)(Z1 )_xlx2x3x4+(p—1)~x1x2x3x4+
(P —DX XX 3x 4 +(p —1) - XX X 35 +
XX XX o+ X 2X X 35X
(210,00 = 3 5 3 5
f(p)(Z2 )—x1x2x3x4+(p—l)-x1x2x3x4+
3 3
(p5—1)x15>3<2x33><45+(p—1)-x1x§x3x4+
XXX gX J+ XX 53X gX 4,
2,11),
f(p)(Zé( )())):xlx§x§x4+(p—1)-x13x2x35x4+
5,3 5,3
(gfl)>3<1x2x33x45+(p71)~x1x2x3x4+
XXX 53X 4+ XX 5X X 4.
If p >3, then by Theorem 2.9 (1), we have that
S¢ ((21,2),( )) isirreducible F,W , - module. Hence:
p

N (@1D,() =FW,f, [2C0]

=5, (210.0)),

Since:

o [21((2,1,1),( ))J = (P =D XXX 3x 4 +(p D)X x5x 3%, +
XXX X, +X XXXy + XXX X 3 +
XX oX X 34 (p —2) XX X 5x 3 +
(P =D XX XX+ (P ~DX X XX 5+
2X, XX 3% 2 #0.

Thus:

Ky =dim,. N (2:10,())

_dim, S, (210,())=3
and the minimum distance dp =6, since each Specht

polynomial (which we give above) consists of 6
monomials.
Therefore for each p > 3, the subspace U((éZ)-lvl),())

(which represents the submodule N . ((2,1,2),())) of
the vector space F,* (which represents the module
Mg ((21),())) isalinear (12,3, 6, p)- code.

For the pair of partitions ((1,1,1,1),( )), we have that

m(M ):dian M Fo (@11D),0)) =ﬁ:24,
and we have dimFp SFp (1,110),()) zﬁ -1.

Thus we have only one standard ((1,1,1,1), ( ))-tableau
whose Specht polynomial is:

1141), 3, 5,7 3y 5,7
f(p)(Zl« )())):xlx2x3x4+(p—1)-x1x2x3x4+

7,35

(p —1)X15X§X3XZ +(P—1) X X XX, +

7,,5,3

(P =DxX3X3% 4 +(P =1 - XX 7x3%3 +

3y 7y 5 o5y y3y 7
(P =X XX 35X, + XXX 3X 4 +

3y 7y 5

3y 5 7 7 5,3
XTX XX g + X1 XoX3X 5 + XXX 3X 4 +

XX 3X X5 XXX Ix 4 +x X ax3x 5 +

5y T3 1y 3y o Ty 5 4y 5y 7y 3
XXX gX 5 + XXX gX 7 + XXX gX y +

55

XTX3X3X 4 +(P ~DX{ XX 3% + (P ~1):
XPXpX 3% + (P =X XX 3% +(p ~1)-
XX aX X 5 +(p —DX X Jx3x 4 +
(P XX 3X3X 4,
and f [Z (L »J fo, (i Z (@1 »)
f(p)(Zl(<1~1v1~1)v())),for each p > 3. Hence:

N (G11D,() =S, (G11D,0)).

Thus:

k, =dim;. N, (LL1),( )

= dime SFID (111D,())=1
d, =24, since the

f(p) (Zl((lvlﬂ)v( ») has 24 monomials.

and Specht  polynomial

Therefore for each p > 3, the subspace U(('gl)'l'lvl)'())
(which represents the suomodule N ((1L,1,11),( ))) of
the vector space F2* (which represents the module

M A (@1,11),())) isalinear (24,1, 24, p)- code.
For the pair of partitions ((3),(1)), we have that

: 41
m (M ):dlme Me ((3)’(1)):ﬂ:4’ and we
: 41
h - _a
ave dim. S¢ ((3),(1)) 3911 4
(i) If p =3, then f [Zl«sm))}:

3!(mod 3) f ; (Z,@®) =6 (mod 3)-x,x,x, =0
(since 6 (mod3)=0), where Z®@® s g
standard ((3),(1))- tableau. Thus:
ky =dimg, N ((3),(1))

=dim, F,W, f,[Z@®]=0
Hence the minimum distance d, does not exist.
Therefore, the subspace U {® (which represents
the submodule N ((3),(1))) of the vector space
F,' (which represents the module M ((3),(1)))

is a linear (4, 0, —, 3)-code.
(i) If p =5, then by theorem 2.9 (1), we have that

Se, (3).(1)) is irreducible F W ,- module. Hence
Ne (3).@)=FW, f, [Zl(@*(l”} =

S ((3).(1)), since f\[Z®]=31 (modp)-
fip)(Z{@®)=6 (modp)x,Xx,X;# 0 (since
6 (mod p) = 0). Thus:
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kp =dime N ((3),(1))

=dim, S, ((3).(1)) =4,
and the minimum distance d; =1, since the Specht
ZO)=xx%,
only one monomial).
Therefore for p >5, the subspace U ()@

(which represents the submodule N F ((3),(1))) of

polynomial f (which has

the vector space Fp4 (which represents the module
Mg ((3),(1))) isalinear (4, 4,1, p)- code.

7) For the pair of partitions ((2,1),(1)), we have that

; 41
m(M)=dim. M ((2,2),(1)) =m=12, and
; 41
we have d|mFp SFp ((2,1),@) =3111 =8.

(i) If p = 3, then the subspace U (@, which
represents the submodule N ¢ ((2,2),(1))) of the
vector space F312 (which represents the module
Mg ((2,0),(1)) is alinear (12, 4,3, 3)- code (see

(5) of this paper for the full details).
(i) If p =5, then by theorem 2.9 (1), we have that

S, ((20).() is irreducible  F ;W ,-module.
Hence N (21.(1) = F,W,f,[2@P®] =
S, (2.), f[20020]=
(P=D) XX, X5 + (P XXX+ 2X X, X3 #0.
Thus:

k 0= dime N F, (2,1,

=dim S, ((21),(1)=8,
and the minimum distance d , = 2, since the Specht

since

polynomial:

Fio) (Z D) =x,x 2X: +(p _1)X13X X3
(which consists of 2 monomials).

Therefore for each p > 5, the subspace U (3™
(which represents the submodule N ((2,1),(2)))

of the vector space F,” (which represents the
module M ((2,2),(2)) is a linear (12,8, 2, p)-
code.
For the pair of partitions ((1,1,1),(1)), we have
that:
m(M)=dim; M, ((LL11),Q))
4!

“manaa 2

56

and we havedimy S, (L11),(1) =5 o7 =4

Thus we have 4 standard ((1,11),(1))- tableaux
whose Specht polynomials are:
F oy (Z O =xx x5 + (P =) XX X5 +
(p- 1);<1x2>é +(p-Dxpx3+
XXX 3+ XXX,
F oy (Z 59O ) =x 303+ (p -1 XX X3 +
(P =) XX3%, + (p-1) x X33 +
XSX X 3+ X2X5X
F oy (Z5EDON) = xx 3%+ (p -1 XX x5 +
(B =D XXX, + (P =D xx3x +
5y 35 S35
XX 2+ x3x3x,,
f(p)(Zi(l’l'l)’(l)))=x2x§x§+(p—1)x§x3xf+
(B =D X3x3x, + (P-1) x,x3x5 +
XXX 3+ x3x3x,
((11,2),1) 1 7 (@12),2)
and 1:(p)[zl ] f(p)(l Z )
f (o (Z D)), foreach p > 3.
Hence N (L11),@)=F,W,f,[Z20®]=
FW,f (2 1((11,1),(1))]=st (11D,@), for each

p=3.
Thus:
k,=dime N ((L12),()
=dim: S ((L12),(1) =4,
and the minimum distance d =6, since each

Specht polynomial (which we give above) consists
of 6 monomials.

Therefore for each p >3, the subspace
U G+ (which  represents the submodule

N ((1L1),()) of the vector space F2* (which
represents the module M ((1,1,1),(1))) is a linear
(24, 4, 6, p)- code.

8) For the pair of partitions ((2), (2)) we have that

m(M)=dim. M, ((2), (2))—ﬂ 6, and we
have dim;, S, ((2).2)= 51y g

((2),(2))-tableaux

=6. Thus we have

6 standard whose

polynomials are:

f (Z ((2),(2))):)( X,
(Z @@ =x
(Z ((2)(2))) X,X )
[Z (@} (2))J

4 (mod p)f ,,(Z,®®), foreach p > 3.

Specht

i (Z2@)=x.x,,
f ) (ZL0@)=xx,,
fo(Z (<2><2”) XX, and

4 (mod p) X, X, =
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9)

Hence:
Ne ((2,(2)=FW, f,[Z/@@]
=F,W, f( (2 @)
=S¢ ((2),(2)), foreach p >3.
Thus k, =dim. N ((2),(2)=dim S ((2).(2) =
6, and the minimum distance d, =1, since each

Specht polynomial (which we give above) consists of
only one monomial.

Therefore for each p >3, the subspace U
(which represents the submodule N . ((2),(2))) of the
vector space Fp6 (which represents the module
Mg ((2),(2))) is alinear (6,6,1, p)- code.

For the pair of partitions ((1,1),(2)), we have that

I
m(M)=dimg, M (10,2) =11, f' =12, and
we have dim, S, ((11),(2))—%_6 Thus we

have 6 standard ((1,1),(2))- tableaux whose Specht
polynomials are:
f oy (Z{P)=xx 3 +(p =D xx,,

f (Z ((11)(2))) X, X3 +(p—1) x3x,,
f oy (ZS9@) =x x5 +(p-1) XX,
f oy (Z8D)=x,%3 +(p =D X3X5,
f oy (ZED@)=x %2 +(p 1) X 3X,,
f oy (ZEDO) =x 3 +(p-1) x3X,,
and

f o[ 28 ]=2%,%3 +(p -2 xx,
:2f(p)(zl(1:1)v(2))), foreach p > 3.

Hence:
Ne (LD,(2)=F,W, f,[2@]

=F,W, f, (Z0@)

=SFp (@,2),(2)), foreach p > 3.
Thus:

kp =dim. N ((11),(2)=dim. S¢ ((11),(2)) =6,
and the minimum distance d =2, since each Specht

polynomial (which we give above) consists of 2
monomials.

Therefore for each p >3, the subspace U ;)
(which represents the submodule NFp (0,D),(2))) of
the vector space Fp12 (which represents the module
Me ((12),(2)) is alinear (12,6, 2, p)- code.

57

10) For the pair of partitions ((2),(1,1)), we have that

m(M)=dim. M, ((2),0) = 2. g =12 and
we have dimg S ((2), (l,l))—2 i 2 1—6 Thus we

have 6 standard ((2),(1,1))- tableaux whose Specht
polynomials are:
f (Z ((2)'(1'1)))=x X, X2+ (p —1) x XX 2,

Z @) =y x x 2 +(p —1) xx 23X,

fol )=
f(p)(z((Z)(ll))) XX3X4+(p 1)X1X2X4.
f(p)( Z @ (11))) XX 24 (p 1) x2X X5,
fp(28247)
fol )=

7 (@.a1)

® XX 2%, +(p =D XXX,

Z D) =x2x x4+ (p =) X XX,

and

f oy [Z8PD ]=2x,x,XF + (P—-2) XXX}
:2f(p)(zl((2>’<1’1>)),for each p > 3.

Hence N ((2,(LD) = FW, f,[2{®®] =

F,W, ( 200 = S ((2).(1D),

p=3.
Thus:
kp =dime N ((2),01)

=dim; S, ((2),(LD) =86,
and the minimum distance d , =2, since each Specht

for each

polynomial (which we give above) consists of 2
monomials.
Therefore for each p >3, the subspace U(<S>v<1v1))

(which represents the submodule N . ((2),(L1))) of

the vector space Fp12 (which represents the module
M F, ((2),@,2)) isalinear (12, 6, 2, p)- code.

For the pair of partitions ((1,1),(1,1)), we have that

m (M) =dim; M (LD, @1) =g 35 =2%
and we have dim. S ((Ll) 1,1) = 214'2 1 =6.

Thus we have 6 standard ((1,2),(1,1))- tableaux
whose Specht polynomials are:
f oy (ZEPED) = xx3xE +(p - 1)x1x§x§+
(P =D XX, X5 +x7%,%2,
f o) (Z38DED) = x3xE +(p - l)x1x2x3 +
(p- 1)x1x3x +x1x2x3,
f(p)(Zé(l'l)'(l'l)))=x1x3x4+(p Dxx2x3+
(p—l)x1x3x4+x1x2x4,



Al-Nahrain Journal of Science
ANJS, Vol.24 (2), June, 2021, pp. 48-63

12)

10.0D)) —
f oy (Z 8D ) =030 E + (p D) xPx x5 +
(P-D) x3xx 2 +x2x3x,,
10,01) ) —
f oy (ZEDED) =3 x I3+ (p - Dx x5 +
(P ~1) X3X3X 4 +X{X3Xy,
10,1
o) (ZEDED ) =x2xox 3+ (p —Dxfx x5 +
(P ~1) XX 3X 4 +X{X3X,y,

f

and

fo[ZDAD]=f (i ZEDD) =f (7 (@00D),

for each p > 3. Hence:

Ne (LD, QD) =FW, f,[Z0]
=FW, f(p)
=SFp (@,2),(1,2)), for each p > 3.

[ Z 1((1,1),(1,1)) J

Thus
kp =dim. N ((L1),@1)
= dime SFp ((lvl)! (111)) = 6’
and the minimum distance dp=4, since each

Specht polynomial (which we give above) consists of
4 monomials.

Therefore for each p >3, the subspace U (>4
(which represents the submodule N ((1,2),(L2))) of

the vector space F* (which represents the module
Mg ((1),(12)) isalinear (24, 6, 4, p)- code.
For the pair of partitions ((2), (3)) we have that

m (M) =dim. M, (0.@) =5 =4,

— 4.

and we

41

have dime. Se, (,G) =135

(i) If p =3, then:

fa [Z 1«1)'(3))] =3!(mod 3)f (Zl‘(l)’@))
=6 (mod 3)-x, =0

(since 6 (mod 3)=0), where

standard ((2), (3))-tableau.

Thus:

Ks :dimF3 N F (@.(3)

=dimg, F,W, f,[Z®®]=0,

hence the minimum distance d, does not exist.

Therefore, the subspace U {*®  (which

represents the submodule N ((2),(3))) of the

ZO® s a

vector space F34 (which represents the module
Mg ((D,(3))) is a linear (4,0,-,3)-code.

(i) If p =5, then by theorem 2.9 (1), we have that
S¢ ((0,(3)) is irreducible  F,W,-module.
Hence:

58

Ne (@).(3)=F,W,f ,[Z2/0®]
:SFp ((1)1(3)),

since £, [Z@@ =31 (mod p)-f ,,(ZO)=

6 (mod p) x, =0 (since 6 (mod p)=0).

Thus:
k, =dim, N ((1).(3))
=dim. S, (@.(3))=4,
and the minimum distance dsz since the
Specht polynomial f ,(Z @®)] consists of only

one monomial.
Therefore for p >5, the subspace U ((gl))’(s»

(which represents the submodule N . ((1),(3)))
of the vector space Fp4 (which represents the
module M ((),(3))) is a linear (4, 4,1, p)-
code.

13) For the pair of partitions ((1),(2,1)), we have that

41

m(M)=dim, M. (@.Q.0) = o1 1 =12
!

and we havedim,. S, ((),(2, 1))_% 8.
HIfp=3 then

f i (2O )=x,X 7 +2x,X 3,

f g (250D ) =x,x 3 +2x,x 2,

f i (Z5OCD)=x,x 7 +2x,X3,

f 5 (Z5OCD) =x,xF +2x7x,,

f ) (ZEOE) =x X7 +2x0x,

f i (ZEPE) =x 2%, +2x0x,

f o (Z{OCD)=x2x, +2x7X,,

f o (Z8PCD) =x3x, +2x7X,,

and the 3-reduced symmetrized  Specht

polynomials are:
f | Z{OCD | = 2x,x 2 +2x,x +2x,X 2,

@CD = 2x,x 2 +2% X5 + 2X,XZ,

Z (@D = 2 X, +2X X E + 2X,X

®

@
@ 280D | = 2¢ X, +2X X5+ 2X X ],

fol2
falZs
fol
f o [Z40C]
fal
falZi
folZs

2 2 2
2X X3 +2X )X 5+ 2X X 7,

Z D0 )= 2x 2y +2X 2X 5 + 2K X 2,

®

| 28D = 2% 2X  + 2x X+ 2X $X 4,

@ 28OV = 2x X, +2X3X 4+ 2X0X .
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The above polynomials f(3)[Zl((l)’(2'l))]...,

f o[ 240 ]give the following matrix:
(2 2200000000 0]
222000000000
000222000000
000222000000
000000222000
000000222000
0000O0O0O0OO0O0Z2?22
00000000022 2]
R1—>R1

R3—>R2

R5—>R3

R7»R4

R,+2R,—R,

R,+2R,; >Ry

Rg+2R;—R;

Rg+2R;—Rg

(2 2200000000 0]
000222000000
000000222000
0000O0O0O0OOO?2?22
0000O0O0OOOGO OGO OGO OO
0000O0OOGOGO OGO OGO OO
000O0O0OOOO OGO OGO OGO OO
000O0O0O0OOGO OGO OGO OGO OO

The first 4 rows of the matrix above form a basis
of the subspace U {»® (which represents the

submodule N ¢ ((1),(2,2))).

Hence k,=dim; N ((D,(21)=4 and the
minimum distance d,=3.

Therefore, the subspace which
represents the submodule N ((2),(2,2))) of the
vector space F,? (which represents the module
Mg ((@,(2,0)) isalinear (12, 4,3, 3)- code.

(i) If p >5, then by theorem 2.9 (1), we have that
S¢ ((0,(21) is irreducible F,W,-module.
Hence:

Ne (@.D)=F, W, f,[Z@e]

=S, (.(21),

Since  f [ Z @D ]=(p-Dx,xJ +(p—Dxx]

+2x,x 2 # 0. Thus:

ko =dimg, N, (0. (21)

=dim S, (0,21)=8,

and the minimum distance dp =2, since the

f o (Zl((l)m))) =X X2+

(p—12) x,xZ, which consists of 2 monomials.

((1).(2.0))
U ©)

Specht  polynomial

59

14)

15)

Therefore for each p > 5, the subspace U ((,()1))'(2'1))
(which represents the submodule N ((2),(2,1)))

of the vector space F;? (which represents the
module M F (@,(2,2)) is a linear (12,8, 2, p)-

code.
For the pair of partitions ((1),(1,1,1)), we have that

m(M)=dim; M, (@©,Q1D)=, 2 =24,

w.arar.a
. 4
and we have dim. S ((2),(1,1,1) =1391" 4.
Thus we have 4 standard ((1),(1,1,1))- tableaux
whose Specht polynomials are:
f oy (ZEOEED) =x X+ (p =D XXX 4 + (P —1) XX 5%3
+(P—1) XXX F + XX X5 + XX 2X 5,
oy (ZSDEED) =5 x 2 4+ (p 1) XXX + (p =1) XyX X
+ (P =1) X XgX 2 + XXX 2+ XX X5,
F oy (Z5OEAD ) =xx i + (p 1) X x4 + (p ~D) X% 2x,
+(p=1) XXX 24X XX 2 +X XX,
f o) (Z8OED) = x2x3x,+ (p-1) -xPx3x,+
(p =) X% 2%, + (p —1) -xjx2x, +
XX 2x, + X259,

((@,@LY) - i 7 (@.@11)
fo] 2 ] =tz )
f ) (Z{®1D), foreach p > 3. Thus:

k, =dim, N, (@,(1D)
~dim S, ((0,0L1D)=4
and the minimum distance d, = 6, since each Specht

and

polynomial (which we give above) consists of 6
monomials.

Therefore for each p >3, the subspace U ((l()l))'(lvl’l»
(which represents the submodule N - ((2),(1,11))) of

the vector space Fp24 (which represents the module

Mg ((D),(L1)) is alinear (24, 4,6, p)- code.

For the pair of partitions (( ),(4)), we have that
. |

m(M )=d|mFp M_(().(4) :%: 1, and we have

dim, S_(( ),(4)):%:1 and thus we have

only one standard (( ),(4))-tableau Z ™) whose

Specht polynomial is f ) (Z,®)=1.

) If p=3 then f [Z®]=41(mod3)-
f o (Z{®)=24(mod3)-1=0 (since 24
(mod 3) = 0). Thus:
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ky=dimg N¢ (().(4)

=dimg F,W, f o [Z,0®] =0,
hence the minimum distance d, does not exist.
Therefore, the subspace U {’®*?  (which
represents the submodule N (( ),(4))) of the

vector space F; (which represents the module
Mg ((),(4))) isalinear (1, 0, —, 3)-code.

(i)If p=>5, then f(p)[zf“v(“»]:m (mod p)-

f ) (Z{O)=24(mod p)-1#0 (since

24 (modp)=0), where ZO® s the
standard (( ), (4))- tableau.
Thus:

kp=dimg N (().(4))

=dim. FW, f, [ZW]=1,
since N r (().(4) is a nontrivial submodule of
the Specht module Se, (().(4), hence the
minimum distance d , =1.
Therefore, the subspace U ({)*)  (which
represents the submodule N (( ),(4))) of the
vector space Fp (which represents the module
Me ((),(4))) isalinear (1,11, p)-code.

16) For the pair of partitions (( ),(3,1)), we have that

m(M)=dim; M ()BD)=5 =4, and we
: 4
have dim. S, (( ),(3,1))_74.2.1.1_3, and thus

we have 3 standard ((),(3,1))-tableaux whose
Specht polynomials are:

f(p) (Zl(( )’(3'1») :XE + (p _1) X12,

f(p) (Zz« )’(3'1))) :X32 + (p _1) X12,

f oy (Z8OCD)=x2 + (p D) x;.

If p> 3, then by theorem 2.9 (1), we have that
S, (().(31) is irreducible F W, -module. Hence

N Fo (( )’(3!1)) = I:pW4 1:(p) |:Zl(( )'(311)@ :SFp (( )! (3,1))
since ) [Z0CY]=6 (mod p)x +(p—2) x5 +
(P=2) x5+ (p—2)x; #0. Thus:

Ky :dime N ((),3BY) :dime Se, ().ED)=3
and the minimum distance d , = 2, since each Specht

polynomial (which we give above) consists of 2
monomials.
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17)

Therefore for each p>3, the subspace U ()¢
(which represents the submodule N F ((),(31)) of
the vector space Fp4 (which represents the module
Me ((),(31)) isalinear (4,32, p)-code.

For the pair of partitions (( ),(2,2)), we have that

: 41
m(M)=dime Mg ((),(2,2) =5, 5 =6, and
we have dim. Sp ((),(2.2)=5ap =2 and

thus we have 2 standard (( ),(2,2))-tableaux whose
Specht polynomials are:
f oy (ZLOCD)=x3x T +(p~Dx 5% +(p ~Dx %]

2,2
XX 3,
(22)\ —y 22 2.2 2 9
f(p)(ZZ(()( )))_X2X4+(p—1)X2X3+(p—1)xlx4
2,2
+X1X5.
(i) If p =3, then:
22— 2,2 2.2 2.2 2.2
f(S)[Zl«)( D] = %G X G XX X5,
2 2 2 2
FX X, + X X,
o200 ] x3rndad el ol
2 2 2
XX, + XX,

The above polynomials modulo 3 give the
following matrix:

111111 RoR
11111 1 RH2R-R,

111111
0 00O0O O

The first row of the matrix above form a basis of
the subspace U{®? . Hence k,=
dimg, Ng ((),(2,2)=1 and the minimum
distance d,=6.

Therefore, the subspace U {>*? . (which
represents the submodule N (( ),(2,2))) of the

vector space F36 (which represents the module
M (():(2,2))) isalinear (6,1, 6, 3)- code.
(i) If p =5, then:

f(p)[Zl(()’(z’z))J=4xfx22+ (p-2)-x7x2+
(p—2)x]§x§+(p—2)x§x§+
(p-2)x5x2+4x2xZ,

f(p)[ZZ«)'(z'z)q=(p—2)x12x22+4x12x32.+
(P=2) XX +(p=2)x3x3 +
4x3xZ +(p-2)x2xZ.

The above polynomials modulo p give the

following matrix:
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4 p-2 p-2 p-2 p-2 4
p-2 4 p-2 p-2 4 p-2

and the minimum distance d =6, since each

Specht polynomial (which we give above) consists
of 6 monomials.

R R
R,T (pl—I))Rll—> R Therefore for each p > 3, the subspace U ()
4 -2 -2 (which represents the submodule N ((),(2,11)))
—6 (modp) 6 (modp) O of the vector space Fp12 (which represents the

module M ((),(211)) is a linear (12,3, 6, p)-

p-2 p-2 4 code.
0 6 (modp) -6 (modp) 19) For the pair of partitions (( ),(1,4,1,1), we have that
The rows of the above matrix form a basis of the m(M)=dim. M 1111 :L:M
subspace U((g))~(2'2». Hence: (M) m M, (O ) a1
k, =dim. N (().(22)=2 and we have dim, S, ((),(L111)) = 4‘34'!2‘1 -1

and the minimum distance dp:4, Therefore,
for each p >5,the subspace U {()}*? (which
represents the submodule N ((),(2,2))) of the
vector space Fp6 (which represents the module
Me (().(2,2))) isalinear (6, 2, 4, p)-code.

18) For the pair of partitions (( ),(2,1,1)), we have that

Thus we have only one standard ((),(1,111))-
tableau whose Specht polynomial is:
Foy ZEOBD ) = x4 (p -1
x{x3xg +(p =1 x/x5x§ +(p -1)-
XX X3 +(P =) XX 3% 3 +(p ~1)-

6y 4, 2 2,604 4, 2,6
XoX3Xg +(p—1) X5X3X, +X{'X5X,

m(M)=dimg, M ((),21D)= # 12 FXLXIX G HXIXGXL + XXX g+
R Ve (LS 2 xPx3x 4+ xx3x g +xSx2xd +
and we have dim, S, (( ),(2,11))=$=3, XXX G +XTXEX G + XX EX ] +

and thus we have 3 standard (( ),(2,1,1))-tableaux
whose Specht polynomials are:
f(p) (Zl(( )'(2'1'1») =x2x4+ (p-Dx 2} +(p -Dx;}x2 +
(P —D)X3XZ +X,X2+X7X3,
oy (ZEOED ) =x 3%+ (p-x x4 +(p -D)
x]:x§+(p—l)x§xf+xl4xf+
X1 X2,
f oy (Z5OC)=x3x5 + (p-Dx x5 +(p -Dxix] +
(P —DX X2 +X,/ X2+ x 7% .
If p >3, then by theorem 2.9 (1), we have that

XPX3x3 +(p—1) xPx3x{ +(p —1)-
XPX5XE+ (P =D xPx x5 +p-1)-
xEx5x 3 +(p—Dxix5x 2 +(p -1)-
X{X X3,
(().(@111))
and f [Zl }
(()121)
f(p)(zl ),foreach p>3.

Hence N ((),111D))= S¢ ((),@11D).
Thus:

_ i Z.Oau) _
= f(p)(' Z, =

Se,((),(211) is irreducible F W, -module. k, =dim. N ((),(LLL1D)

Hence: =dim; S¢ ((),(111D)=1,

Ne (().@2LY))=F,W, f, [20eW] and the minimum distance d, =24, since the
=S¢ (().(211), Specht polynomial f  (z D) (which we

Since:

f(p)|:zl(( )‘(2‘1'1))J=(p—1)X14X32+(p—1)X§X32+
XEX4 + X2Xg+ XPX2+ XX 2+
(P=2) x5xi+ (p—1) XX+
(p-1) x3ix;+ 2x2x; #0.

Thus:

kp =dime N, (), (21.2)

give above) consists of 24 monomials.
Therefore for each p > 3, the subspace U ((é )),(1,1,1,1))

(which represents the submodule N ((),(1111)))
of the vector space sz“ (which represents the

module M r, (( ),(@,1,1,1))) is alinear (24,1, 24, p)-
code.

=dim: S¢ (().(211)=3, Finally, we summarize the above linear codes in the

following Table 1:
61
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Table 1
No. (A,u)ofn=4 m(M) Ky d, kp,p25 dp,p25
1 (4.0 0 - 1 1
2 ((3,1),() 3 2 3 2
3 ((2,2),()) 1 6 2 4
4 ((2.11).0)) 12 3 6 3 6
5 (L,1,1,2),() 24 1 24 1 24
6 ((3),) 4 0 - 4 1
7 ((2,2),() 12 4 3 8 2
8 (L.1.1).@) 24 4 6 4 6
9 (2),(2)) 6 6 1 6 1
10 (@,0,(2) 12 6 2 6 2
1 ((2),(LD) 12 6 2 6 2
12 ((RONEED) 24 6 4 6 4
13 (1),(3)) 4 0 - 4 1
14 (@,(2,1) 12 4 3 8 2
15 (@.(1.1,2) 24 4 6 4 6
16 (().(4) 0 - 1 1
17 (().(31) 3 2 3 2
18 () (2,2) 1 6 2 4
19 (). (21D) 12 3 6 3 6
20 ((),(11,1,1) 24 1 24 1 24
where m(M) is the dimension of the vector space (i~ 11,)! then U ((;»jp) is a linear

Fr™) which  represents the  F,W, -module

Me (2,)=F,W, g4, (Z%*), Kk, isthe dimension of

(A1) m(M ) (A p)
! of Fp ,  Where U(p)

represents the irreducible F W, -submodule N Fo (A, 10)

the subspace U

of M (4,4), and d, is the minimum distance, which is
P
the least number of the nonzero coordinates in any nonzero

vector of the subspace U (%t

8. Conclusions
When p is a prime number greater than or equal to 3 and
n = 4, we conclude the following:

1) If (A,u) and (A, z) are two pairs of partitions of 4,
such that A=z, w=A and U{ is a linear

(m(M),k,.d,,p)-code, then U((pi)';*) is the same
linear (m(M),k,,d,,p)- code.
2) It (4, )=(Asr A), (44, 1)) b @ pair of

partitions of 4 and p divides (A,- /12)! or
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(m(M), 0, —, p)-code.
(Ap) - :
3) IfU " isalinear (m(M), k,,d,, p)- codeand

4) If U is a linear (m(M ), k,,d,, p)-code and
kp=1, then dp = m(M )
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