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Abstract

Many numerical approaches have been suggested to solve nonlinear problems. In this paper, we
suggest a new two-step iterative method for solving nonlinear equations. This iterative method has
cubic convergence. Several numerical examples to illustrate the efficiency of this method by

Comparison with other similar methods is given.
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Introduction

In this paper, we develop an iterative
method to find a simple root x* of
the nonlinear equation f(x)=0, where

f :Dc R—R isascalar function on an open

interval D. The design of iterative formulas for
solving nonlinear equation f(x)=0 is a very

interesting and important task in numerical
analysis. Many iterative methods have been
developed by using many different techniques
including Taylor series [1,2], decomposition
method [3-5], homotopy techniques [6,7] and
quadrature formulas [8-18].

It is well known that the classical
Newton’s method is one of the best iterative
methods for solving the nonlinear equation
f (x)=0 by using the following iteration

f (x
Xna =Xp — ,( n)

f(x,)
where X, is the n-th approximation of x*. This
method is quadratically convergent in the
neighborhood of x*.

Weerkoon and Fernando [8] rederived the

classical Newton's method by approximate the
definite integral in Newton's theorem

FO)=F )+ [ F O )

by rectangular rule. Also, they used the
trapezoidal rule for approximating the integral
in (2) to obtain the modified Newton type
iterative scheme,

N=01... e (1)

2f (x,)
X=X — ) e 3
n+1 n f ’(Xn)-‘rf y(yn) ( )
where yn:xn—%, n=01...
n

This method is convergent of order three.
Frontini and Sormani [10,11] used the

midpoint rule for approximating the definite
integral in (2) to obtain the third-order method:

f (o) o1

n— N =
f,[xn_ f (Xy) J
2t (x,)

Hasanov and et al [9]derived the following
cubically convergent iteration scheme:
X X, —

X X

n+l =

n+l =

6f (xn)
f ’[xn i (X”)j+4f ’[xn _ ) J+f "(X,)
f'(xn) 2f '(x,,)

by using Simpson method. Rostam and Fuad
[18] used the modified trapezoidal rule for
approximating the definite integral in (2) to
obtain the third and six order convergence
iteration schemes:

Xn+l =Xp —

121 ()¢ f'z(xn>f2<xn>[f”(xn>— ik ”)JJ
(%))

2 ’ ’ f(xn)
6f (xn)[f (x,)+f (xn— f,(xn)]J

,n=01...

and
Xnp1 = X —

[12f (6 F2060)+ F206) (F706) = £7(¥a )|
[6£200)(F(%)+ ()]

where
21 (%) '(%,)
(267206 = £ (%) £7(x,)

respectively. Ahlam, Kaleel and et al
considered in [19] Newton's theorem by the
modified Simpson's rule to compute the

Yo =



integral of (2) and arrived at the following
cubically convergent iterative scheme.

Xnp1 = Xp —

60 F(x,) f20¢,)+ F206) (£706) = £(y,)) ]
[26206) (7 (v,) +16F'(2,)+ 7 F(x,)) ]

where

F00) g 5 oy - F0W)
f'(x,) 21'(x,)
While Homeier in [20] derived the cubically
convergent iteration method

ng( 1 1 J
Xn =Xp — +
2 (F'(xy) T, —F(x,)/F'(x,)

Yn =X, —

by considering Newton's theorem for the
inverse  function x= f(y) instead  of
y="f(x).
Modification of Newton's Method

In this paper, we give a new modification
of Newton's method with locally cubically
convergence. To do this, we approximate the
integral in (2) by wusing the modified
Trapezoidal method

ijGXHzgtgiqu@+meﬂ
+ (X_Xn)2

12
to obtain:

F) = f(x)+ X2%)

_ 2
+ (X 1;(n) [ f ”(Xn) _ f H(X)]

and to find the solution x,,, of the equation
f(x)=0

f0)+ 222 10 )+ ()]

[£7(x) = T"(x)]

)[f ')+ f'(x,)]

_ 2
s ) )

Therefore

L2 (%) + (e = %) [ (%) = F"(%,0)]

n+1 n

6 (%) +f'(X)]

In [18] Rostam, approximate (X, —X,) in
right hand side of (9) by Newton's method and
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Halley method and arrived to iterative
formula (6.a) and (6.b) respectively.
In this paper we replacing (X, —X,), with

-2 f (Xn)
/(%) + T (Vn)

implicit formula

Ka =% ~[ 20 00) (106 + /(3,))+ 2 (£ 04))
(f"(xn)_ f"(xn+1)):|/|:( f ’(Xn)+ f’(yn ))2
(f'(xn)'i' f’(XnJrl)) J

In order to obtain explicit new iterative
formula, we replaced x,,, in the right hand

side of above equation by Newton's iterative
method,

1 =% ~[2F00)(F/04)+ £(3)) 45 (G
(£700) = ) /(100 + 1/(3))

where

from (3), and obtain an

F(x,)
(%)

For the order of converge we can prove the
following.

Yn =X —

Analysis of Convergence

For the order of converge we can prove the
following theorem

Theorem:

Let x" e D be a simple zero of sufficiently
differentiable function f:DcR—R for an

open interval D. If x, is sufficiently close to

X", then the iterative method defined by (10)
has third-order convergence, and it then
satisfies the error equation

en+l :CZZer? +O(e:)

where, e, =X, — X"
f(J)(X )

RS

Proof: Let x* be a simple zero of the function
f . By expanding f as a Taylor expansion at

X", we have
f(x)= EI

Therefore,

andc =

J=L2,....

f(J)(X YX=X)D e, (11)
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f(xn)zi_i!

j:l

FOOC) (%, —x7)!

Z

l

= f’(x*)cher{
=L

By differentiating (11) one and by substituting
X =X, in the resulting equation one can have

1

f(J)(X)
'(X)

1
oy KX

00 =2 f 0 =X
1 (X) j-1
()Z(—l)lf()( X')
= f'(x )Z JCi8 T (13)

By continuing in this manner one can get
fOx)=fOX +e)=

f’(x*)ij(j—1)---(j—i+1)cjen1 =12,

From (12) and (13), we obtain
(%)
")
+4c3)e! +(4c, —10c,c,
+20c.c? —8c,)e’ +(5¢c, —13k.C,

-52¢,c; +16C5)e° + -,
Expanding

f(¥a)
one can get:
F/(y,)= F/(x, +d,) = F/06)+ £7(x,)d,
+% f@(x,)d? +% f @ (x,)d2 +% f©(x,)ds

=—e, +C,e° +2(c,—c)ed +(3c,

+33c’c,

and f"(y,)about x,,

1. s . 1@ 6
+af (Xn)dn+af (x,)d, +

.................................. (16)
And
f(y,)=f"(%+d,)=f"(x)+ ¥ (x))d,
1. 2, 1 i 3, 1< 4
+3 % (x,)d, 3 f™(x)d, + Al 2 (x,)d,
1o ) 6
+5! f(x,)d; + ol f®(x,)d, +
.................................. (17)

—7c,C,
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—17c,c, +28¢c,c? +33cZc, —6¢?
~17c,c, +28c,c2
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By substituting (14) and (15) into (16) and
(17), and after simple computation one can
obtain:

f'(y,) = f'(x)L+2c] ~C;)e; +(6c,C, —
11c,c? +8c;)e; +(8c,c, — 20c,C + 28c,C; —16¢;)e]
+(10c.c, — 26¢.c7 —16¢,c.C, +60c,Cc] +12c] —68c.C,
+32¢5)e8 + -+,

e’ +4(c,c,

and

f"(y,) = f'(x")[2c, +6c,c.e’ +12(cs —c,c5)e’ + (18c,c,
—42cic, +24c,co)e! + (24c.c, —48¢,C}
—36¢; +120c’c’ —48c.c,)e’ +(30c.c, +20c.C) —
78c.c.c, +72cic, —54c,ci —96c,c.c7 +144c,Cl +
198csc, —312cics +96¢,c5)el + ---,

+12c,c? ~12¢,c.C,

From (12), (13), (14), (18) and (19), and
rearranging the resultant equations we can
have

2f (6 )(F' (%) + F(y,))? +§ F206)(F"(%,) =
= f°(x")[8e, +24c,

f(¥x))
eZ +(36c, +40c’)e’ + (48c, +100c,c,

+8c))el + (18?4 C, +144c,c, +42¢7 +52¢,C; + 24c;)e’

260

+(76¢, 5 +116¢,c, +24c,c? +134cc, +

68c.c5 —56c7)e’ + -

From (13) and (18), and simple computation
one can obtain:

(F'(x,)+ f'(y,))° = £°(x")[8+24c,e, + (36¢, +48c2)e]
+(48¢c, +120c.c, +8c))e’ + (60c, +168c,c, +54c;
+72c.C7 +48c, e +(72c, +216¢c.C, +1440c C,
+48c,c; +198c7c, +144cic, —120c))e’ +

(84c, +264cc, +180c.Cc, +60c.C. +792c +
360c,c.c, +360c,cS +171c? —102c2c’ +792c.c; —
1248c,c} +296¢;)el + -

By dividing (20) by (21), one can get:



s, =€, —coe’ +(3c; —gc3c2)e;‘ + (% ¢ —3c,C, _§C32

25

+%C3C22 —6C,)e’ + (%c6 — g &L —20403 +

31, 43

12C4C22+ZC203 - G +9co)el + .-+,

where
v =[2100)(F/06)+ F(y,)) +

g F2) (F7(x,) T ”(yn))}/( )+ ()’

By substitute (22) into (10), we get the error
equation

% % 5
e, +X =e +x —e +cie’—(3c —Ecacz)er‘]1

—(% Cs —3¢,C, —%cgf +%<:3c22 -6c;)e’ - (%c6 —%csc2
7 31 43

—5CCs +12c,c? +Zczc§ —703023 +

9Gel+ -,

Therefore

5 1
e, =ce’+(-3c+ > C,C,)en + (- A C; +3C,C,
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This mean that the method defined by (10) is
cubically convergent.

Numerical Examples

In this section we experiment with several
numerical methods. All computations were
done using MAPLE using 32 digit floating
point arithmetics (Digits := 32). We use the
following stopping criteria for computer

programs: (i) |x,_, —X,|<e, (i) |[f(x)|<e ,
where £=1x107",

We employ the new method given by (10),
(PM) to solve some non-linear equations and
compare with the Newton's method (NM), the
Homeier method (HM), the Weerakoon and
Fernando method (WFM), the Frontini and
Sormani method (FSM),the Hasanov and et al
method (HVM), the Rostam and Fuad method
(RF) and Ahlam and et al method (AM). We
introduce notations: x"- the approximate zero;
Xo - initial point; D — divergent . The test
functions are the same as in [8, 9, 10, 17].

In Table (1), we list the results obtained by
proposed method (PM) and compared with
Newton method and Weerakoon and Fernando
method in some test functions. As we see from
this Table, it is clear that the result obtained by
our method is most effective as it converges to
the root much faster from Newton method.

+§C§ —§c3c§ +6CY)eS + (_106 +§C5C2 N Table (2) shows the number of iterations of
2 2 2 6 each method from different initial points. We
7 » 31 5, 43 5 5\ can see the present methods is also more
5 CiCs ~12,6, =G,y + —-CC, —9C )ey + L efficient for nonlinear equations.
.................................. (23)
fi(x) X"
fox)=e -1 1
f,(x)=x>-10 2.1544346900318837217592935665194
fa(x)=(x -1)°-1 2
f4(X)=CosX —X 0.73908513321516064165531208767387
f5(x):eX2+7X_3° _1 3
f(x)=sinx —0.5x —1.8954942670339809471440357380936
fo(x)= Xl -1 1
fa(x)=xsin(l/x)-0.2e ™  —1.5379542430019514733278331165978
fo(x)=e* -1 0
flo(x)=x3+4x%-10 1.3652300134140968457608068289817

f11(xX) =In(x) 1

2 . 2
f1o(x) =xe* —sinx +3c0sX :15076478271309189270094167583561
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Table (1)

Method and Weerakoon and Fernando Method in Some Test Functions.

fa(x)=(x-1°-1

XO =0.1,

Science

0.81152263374485596707818930041152

WEM

1.4632576386520168412771121548058

1.9845694324253029747553053400167

10.257750722223883243639484692040

1.6263232602903079014454818009391

1.9999962004495652433326529931571

7.1757230820070643304109087237217

1.8779748096901266088440408727783

1.9999999999999999451470212943043

5.1258885539924874102871010504658

1.9972463628710245683115638979021

2.0000000000000000000000000000000

3.7701737702486287045434472898704

1.9999999754963829292145593201171

2.8902200032757366158481151407129

1.9999999999999999999999828352531

2.3534407379736089735637127052660

2.0000000000000000000000000000000

2.0842640186274130433041001153110

O | Nl of o1 || W N| —,I>

2.0063789697432367939263102790987

[EEN
o

2.0000403479026014518190158157890

[y
[N

2.0000000016278656694211586266017

[ERN
N

2.0000000000000000026499466319283

[ERN
w

2.0000000000000000000000000000000

f5(X) =eX2+7Xf30 _:L

XO =3.9,

NM

WM

PM

3.8324326817278617200877015323239

3.8010864807209749487504507096972

3.7897295481086238586994183457564

3.7642431694726651443996829141557

3.7008310326196107960047480572312

3.6777825231484655513266482403106

3.6954147337597595264215325679816

3.5991827777636035545087084992780

3.5640903970001388438377087424812

3.6259311140012600417091144249902

3.4961041471215461833381042009959

3.4486210292232167322346869604022

3.5557787149268878956014790613350

3.3916282287042965226830392689184

3.3315540162326649866186024736804

3.4849526975668257340725080493612

3.2861074961948581037026398071703

3.2141670184916651133541720035427

3.4134736965576197127531157854961

3.1812651629746155227634954521537

3.1029638869528867711020914376975

3.3414333975562795040222212526994

3.0842252760113656152498022791765

3.0222644057018820103745198266724

n
1
2
3
4
5
6
7
8
9

3.2691175786414452948901069295428

3.0170654501368628607598789343149

3.0003973776492139554323749917197

[ERN
o

3.1973304550639394014773168330615

3.0002494794832895461963821056933

3.0000000027049878178874505264663

RN
[EEN

3.1281954222268669322718671966201

3.0000000008962944011323008695115

3.0000000000000000000000008561335

[EnY
N

3.0667775303210421988813295572437

3.0000000000000000000000000416462

3.0000000000000000000000000000000

[EnY
w

3.0224542246358675457453874341472

3.0000000000000000000000000000000

[EnY
[(e]

3.0000000000000000000000000000000

f1;(x) =In(x),

Xo =217,

NM

WM

PM

0.0182202128722348465470905085753

2.6640480941415019683947382890706

2.6523045688445659191329758233127

0.091196241356043331930008732179307

2.5609124625683948503644110932174

2.4898048094831067693427779863393

0.30958767392587643772296325593077

2.2898465387222767028281920346811

2.0297050644508993978638653374809

0.67258354064923297684767957265237

1.7343573614792705116579789483294
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5 0.93934964497641725950387094165854 1.1421768540649930056227880171602 1.0063455247028848973503503408983

6 0.99812241348385004665611217421354 1.0011513062178431153542762089176 1.0000000638101067645879392658841

7 0.99999823623021465671368928073555 1.0000000006356402761515789407031 1.0000000000000000000000649543764

8 0.99999999999844455715767375066793 1.0000000000000000000000000001070 1.0000000000000000000000000000000

9 0.99999999999999999999999879029878 1.0000000000000000000000000000000
10 1.0000000000000000000000000000000

fg(x)=xsin(l/x)-0.27%, x4 =1, x " =—-15379542430019514733278331165978

n NM WM PM

1 —1.0491160215191835583632832798149 | —1.2502871227013327249379102513368 [ —1.6979563307337326814249734971666
2 —1.9728787823800764521047762729861 || —1.5198914493122902935041135904788 [ —1.5393341473468288466497948028865
3 —1.6286417581291860334290628699112 | —1.5379513807765664343918392447833 [ —1.5379542441122579942433515166426
4 —1.5428834681416290941016891598410 | —1.5379542430019514622070310883222 [ —1.5379542430019514733278331171774
5 —1.5379699779596987211769425401703 | —1.5379542430019514733278331165978 [ —1.5379542430019514733278331165978
6 —1.5379542431630679830127531766232

7 —1.5379542430019514733447256868422

8

—1.5379542430019514733278331165978

Table (2)
Comparison of Various Iterative Methods and the Newton Method from
Different Initial Point.

Number of Iterations
FSM HVM

-2 8 5 6 5 5 5 5 5
f 2 7 4 5 4 4 4 4 4

15 6 4 4 4 4 4 4 4
fe 25 5 3 3 3 3 3 3 3

15 7 5 5 5 5 4 5 5
E 36 7 5 5 5 5 5 5 5

1 8 6 3 6 4 7 D 4
fs 25 5 4 4 4 3 3 3 3

2.9 7 5 6 5 5 4 5 5
fs 39 18 11 12 11 11 12 11 11
) 2 4 3 3 3 3 3 3 3

-1 14 6 5 6 5 D 7 7
¢ 0.1 9 6 6 6 6 6 6 6

15 6 4 4 4 4 4 4 4
. 5 9 5 6 6 6 6 6 6

05 5 4 3 4 3 4 3 3
f -1 7 4 5 4 4 4 4 4

2 7 5 5 5 5 5 5 5

1 24 9 13 9 76 34 27 10
o 23 6 4 4 4 4 4 4 4

0.1 7 4 4 4 5 5 5
fll

27 9 4 8 4

5 31 19 21 19 20 20 20 19
fz 4 111 D 17 D 17 D 15 12
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Conclusions

In this paper, we present a new third order
convergence method for solving nonlinear
equation f(x)=0. From numerical examples, we
show that the efficiency of proposed method is
about the same as third order convergence
methods WFM, FSM, HM, HVM, RFM and
AM in most case, and greater than NM.
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