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Abstract  

Many numerical approaches have been suggested to solve nonlinear problems. In this paper, we 

suggest a new two-step iterative method for solving nonlinear equations. This iterative method has 

cubic convergence. Several numerical examples to illustrate the efficiency of this method by 

Comparison with other similar methods is given. 
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Introduction 

In this paper, we develop an iterative 

method to find a simple root x   of  

the nonlinear equation ( ) 0f x  , where 

:f D R R   is a scalar function on an open 

interval D. The design of iterative formulas for 

solving nonlinear equation ( ) 0f x   is a very 

interesting and important task in numerical 

analysis. Many iterative methods have been 

developed by using many different techniques 

including Taylor series [1,2], decomposition 

method [3-5], homotopy techniques [6,7] and 

quadrature formulas [8-18].  

It is well known that the classical 

Newton’s method is one of the best iterative 

methods for solving the nonlinear equation 

( ) 0f x   by using the following iteration 
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where xn is the n-th approximation of x*. This 

method is quadratically convergent in the 

neighborhood of x*. 

Weerkoon and Fernando [8] rederived the 

classical Newton's method by approximate the 

definite integral in Newton's theorem 
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by rectangular rule. Also, they used the 

trapezoidal rule for approximating the integral 

in (2) to obtain the modified Newton type 

iterative scheme,  
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where   
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This method is convergent of order three. 

Frontini and Sormani [10,11] used the 

midpoint rule for approximating the definite 

integral in (2) to obtain the third-order method: 
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Hasanov and et al [9]derived the following 

cubically convergent iteration scheme:  

1n nx x  
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by using  Simpson method. Rostam and Fuad 

[18] used the modified trapezoidal rule for 

approximating the definite integral in (2) to 

obtain the third and six order convergence 

iteration schemes: 
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and 

1n nx x  
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where 
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respectively. Ahlam, Kaleel and et al 

considered in [19] Newton's theorem by the 

modified Simpson's rule to compute the 
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integral of (2) and arrived at the following 

cubically convergent iterative scheme. 
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While Homeier in [20] derived the cubically 

convergent iteration  method 
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by considering Newton's theorem for the 

inverse function ( )x f y instead of 

( )y f x . 

Modification of Newton's Method 

In this paper, we give a new modification 

of Newton's method with locally cubically 

convergence. To do this, we approximate the 

integral in (2) by using the modified 

Trapezoidal method 
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and to find the solution  1nx   of the equation 

( ) 0f x   
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In [18] Rostam, approximate 1( )n nx x   in 

right hand side of (9) by Newton's method and 

Halley method  and arrived to iterative 

formula (6.a) and (6.b) respectively. 

In this paper we replacing 1( )n nx x  , with 
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from (3), and obtain an 

implicit formula 
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In order to obtain explicit new iterative 

formula, we replaced 1nx   in the right hand 

side of above equation by Newton's iterative 

method,  
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For the order of converge we can prove the 

following. 
 

Analysis of Convergence 

For the order of converge we can prove the 

following theorem 

Theorem:   

Let x D  be a simple zero of sufficiently 

differentiable function :f D R R   for an 

open interval D. If 
0

x  is sufficiently close to 

x , then the iterative method defined by (10) 

has third-order convergence, and it then 

satisfies the error equation 
2 3 4
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Proof: Let x  be a simple zero of the function 

f . By expanding f  as a Taylor expansion at 

x , we have: 
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Therefore,  
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By differentiating (11) one and by substituting 

nx x  in the resulting equation one can have 
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By continuing in this manner one can get 
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From (12) and (13), we obtain  
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Expanding   nf y   and  nf y about nx , 

one can get:  
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By substituting (14) and (15) into (16) and 

(17), and after simple computation one can 

obtain: 
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From (12), (13), (14), (18) and (19), and 

rearranging the resultant equations we can 

have 
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From (13) and (18), and simple computation 

one can obtain: 
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By dividing (20) by (21), one can get: 
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By substitute (22) into (10), we get the error 

equation 
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This mean that the method defined by (10) is 

cubically convergent.     
 

Numerical Examples 

In this section we experiment with several 

numerical methods. All computations were 

done using MAPLE using 32 digit floating 

point arithmetics (Digits := 32). We use the 

following stopping criteria for computer 

programs: (i) 
1 ,n nx x    (ii) ( )nf x   , 

where 161 10   . 

We employ the new method given by (10), 

(PM) to solve some non-linear equations and 

compare  with the Newton's method (NM), the 

Homeier method (HM), the Weerakoon and 

Fernando method (WFM),  the Frontini and 

Sormani method  (FSM),the Hasanov and et al 

method (HVM), the Rostam and Fuad method 

(RF) and Ahlam and et al method (AM). We 

introduce notations: x*- the approximate zero; 

x0 - initial point; D – divergent . The test 

functions are the same as in [8, 9, 10, 17]. 

In Table (1), we list the results obtained by 

proposed method (PM) and compared with 

Newton method and Weerakoon and Fernando 

method in some test functions. As we see from 

this Table, it is clear that the result obtained by 

our method is most effective as it converges to 

the root much faster from Newton method. 

Table (2) shows the number of iterations of 

each method from different initial points. We 

can see the present methods is also more 

efficient for nonlinear equations. 

 
 

fi(x) x* 

1
1( ) 1xf x e    1 

3
2 ( ) 10f x x   2.1544346900318837217592935665194 

3
3( ) ( 1) 1f x x    2 

4( ) cosf x x x   0.73908513321516064165531208767387 

2 7 30
5( ) 1x xf x e     3 

6( ) sin 0.5f x x x   −1.8954942670339809471440357380936 

7

1
( ) 1f x

x
   1 

8( ) sin(1 ) 0.2 xf x x x e    −1.5379542430019514733278331165978 

9 ( ) 1xf x e   0 

3 2
10 ( ) 4 10f x x x    1.3652300134140968457608068289817 

11( ) ln( )f x x  1 

2 2
12( ) sin 3cos 5xf x xe x x   

 
-1.2076478271309189270094167583561 
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Table (1) 

Comparison the Resulting Obtained by Present Method in this Paper with Newton’s 

Method and Weerakoon and Fernando Method in Some Test Functions. 
 

3
3 0( ) ( 1) 1, 0.1, 2f x x x x       

n NM WFM PM 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    
2 7 30

5 0( ) 1, 3.9, 3x xf x e x x       

n NM WM PM 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

19    

11 0( ) ln( ), 2.7, 1f x x x x     

n NM WM PM 

1    

2    

3    

4    
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5    

6    

7    

8    

9    

10    

 

8 0( ) sin(1 ) 0.2 , 1, 1.5379542430019514733278331165978xf x x x e x x       

n NM WM PM 

1    
2    
3    
4    
5    
6    

7    

8    

 

Table (2) 

Comparison of Various Iterative Methods and the Newton Method from  

Different Initial Point. 

fi(x) x0 
Number of Iterations 

NM HM WFM FSM HVM RFM AM PM 

f1 
-2 8 5 6 5 5 5 5 5 

2 7 4 5 4 4 4 4 4 

f2 
1.5 6 4 4 4 4 4 4 4 

2.5 5 3 3 3 3 3 3 3 

f3 

1.5 7 5 5 5 5 4 5 5 

3.6 7 5 5 5 5 5 5 5 

f4 
-1 8 6 3 6 4 7 D 4 

2.5 5 4 4 4 3 3 3 3 

f5 
2.9 7 5 6 5 5 4 5 5 

3.9 18 11 12 11 11 12 11 11 

f6 
-2 4 3 3 3 3 3 3 3 

-1 14 6 5 6 5 D 7 7 

f7 
0.1 9 6 6 6 6 6 6 6 

1.5 6 4 4 4 4 4 4 4 

f8 
-5 9 5 6 6 6 6 6 6 

0.5 5 4 3 4 3 4 3 3 

f9 
-1 7 4 5 4 4 4 4 4 

2 7 5 5 5 5 5 5 5 

f10 
-1 24 9 13 9 76 34 27 10 

2.3 6 4 4 4 4 4 4 4 

f11 
0.1 7 4 4 4 5 5 5 4 

2.7 9 4 8 4 6 D D 7 

f12 
-5 31 19 21 19 20 20 20 19 

4 111 D 17 D 17 D 15 12 
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Conclusions 

In this paper, we present a new third order 

convergence method for solving nonlinear 

equation f(x)=0. From numerical examples, we 

show that the efficiency of proposed method is 

about the same as third order convergence 

methods WFM, FSM, HM, HVM, RFM and 

AM in most case, and greater than NM.  
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 الخلاصة

 لِ ئاالمسلحَلّ  العدديةِ إقترحتْ  الاساليبمِنْ  ديدلعا

 تكراريةِ  طريقة خطوتِينِ  ، نَقترح  بحثفي هذه ال للاخطّيةِ.ا

تكراريةِ لَها ال لحَلّ المعادلاتِ اللاخطّيةِ. هذه الطريقةِ  جديدةِ 
. عِدّة أمثلة  تقارب    لتَصوير كفاءةِ هذهعددية معطاة مكعّب 

 .الطرقَ المماثلةَ الأخرى م قارَنَة مَعبالالطريقةِ 

 

 

 


