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Abstract

Cone metric spaces may be considered as a generalization of determinist metric spaces or fuzzy
metric spaces. In this paper, we will construct fuzzy cone metric space using different approaches,
which is based on the definition of fuzzy points, and then study different types of compact subsets
of such spaces, as well as, the relationship among them.
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1. Introduction

The concept of fuzzy set was introduced
earliarly by L.A. Zadeh in 1965 as a tool to
model problems with uncertain phenomenon’s,
[9]. After that, this concept has been used in
topology and analysis by different authors and
then expansively developed the theory of
fuzzy sets and its application in different
directions of pure and applied mathematics,
such as dynamic system, linear algebra,
differential equations, etc. On the other hand,
there have been a number of generalizations of
metric spaces and among such generalizations
is the cone metric spaces which is introduced
by H. Long-Guang in 2007, [4], as a
generalization of the metric space.

In cone metric spaces, the authors replaced
the set of real numbers by ordering Banach
space. By using their concept, different authors
established many results of cone metric spaces
and fixed point theorems in such spaces. In an
earlier article given by T. Bag in 2013, [7]. In
which he introduced an idea of fuzzy cone
metric spaces and established some basic
results and fixed point theorems in such
spaces.

In this paper, we will introduce the basic
concepts of fuzzy points, and introduce the
definition of fuzzy cone metric spaces with
respect to fuzzy points as a modified direction.
Finally, as the main results of this work study
the compactness of fuzzy cone metric spaces,
the study of the relationship between different
types of compactness.
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2. Preliminaries:
In this section, some basic concepts and
results related to this work will be included.

Definition 2.1. :

[4]. Let E be alway a real Banach space and
p a subset of E. P is called a cone if and only
if:
1. Pis closed, nonempty, and p # {0};

2. abeR, ab=0, X,y EP=>ax+
by € P;

3. fxePand—x€P=>x=0.
Given a cone.

P C E, we define a partial ordering with
respectto p by x <yifandonlyify—x € P.
We shall write x <y to indicate x <y that
with x#y, while x < ywill stand for
y — x € Int(P), Int(P)denotes the interior of
P, [4].

Definition 2.2. :

[4]. The cone P is called normal if there
is @ number k > 0 such that forx,y € P, 0 <
x <y implies ||x|| < k]|ly||.The least positive
number satisfying above is called the normal
constant of P.

Definition 2.3. :
[4]. The cone P is called regular if every
increasing sequence which is bounded from

above is convergent. That is, if {x,}is
sequence such that
X1 SX <x3 <X, <<y
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for some y € E, then there is x € E such
that [|x, — x||— 0 (n — =), [4].

In the next definition, the concept of cone
metric spaces will be illustrated.

Definition 2.4. :
[4]. Let X be a non-empty set. Suppose the
mapping d: X X X — E satisfies:

1. 0 <d(x,y) for all X,y € X and
d(x,y) =0ifandonlyif x =1y,

2. d(x,y) = d(y,x) forall x,y € X,

3. d(x,z) <d(x,y) +d(y,z) for
X,y,Z € X.

all

Then d is called a cone metric on X, and
(X,d) is called a cone metric space.

Example 2.5::

[8]. Let E=R?, P = {(x.y) € E:x.y = 0},
X =R, where R is the field of real number,
and d:XxX - E defined by d(xy) =
(Ix — yl, alx — y|) where a > 0 is a constant.

Definition 2.6. :
[6]. Let (X,d) be a cone metric space,
x € Xand {x,}, n € N a sequence in X. Then:

1. {x,}, n € N converges to x whenever for
every c € E with ¢ > 0 there is a natural
number N such that d(x,,x) « c for all
n > N.We denoted this by lim,,_,,, X, = X
or x, = X.

2. {x,}, neN s a Cauchy sequence
whenever for every c € E with ¢ > 0 there
iSs a natural number N such that
d(Xp, Xm) < cforalln,m > N.

3. (X,d) is complete cone metric space if
every Cauchy sequence is convergent.

Next, some fundamental concepts in fuzzy
set theory are given for completeness purpose.

Definition 2.7. :

[9]. Let X be the universal set and A be any
subset of X, then A is called fuzzy subset of X,
which is characterized by a membership
function pz : X—— [0, 1], i.e.,

A={(x, pa(®)[x e X, 0< puz(x) <1}
Definition 2.8. :

[9]. Let X be the universal set, and A be
fuzzy subset of X with membership function

uz. A fuzzy point f)ﬁ (or fuzzy singleton) of a
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fuzzy set A is also a fuzzy subset of X, where
x € X is the support of the fuzzy point, and
A € (0, 1] is the grade of this fuzzy point, with
membership function:

A, IfxX=y
noy (y)=
pk {o,

and f)%(_7L is the complement fuzzy point of

if xzy

~ C . CxA
Py » which is also denoted by ™Dy .

Definition 2.9. :

[10]. Let X* be the set of all fuzzy points in
X, ie, X* = {d~ :x e X, L e (0, 1]} A

function d*: X*xX* —— [0, o) is called
fuzzy distance function if d* satisfies the
following conditions:

1 d*(qi‘i,qig) — 0 if and only if Ay < Ay
and x; = Xo.

2 dM@L02) = (a2 a0,

3. M@ 3) < AL 2 )+ @2,
a,)

4. If d*(qﬁi,qi”;) <r, where r>0, then

there exist 1’ > A3 > A, such that d*(q;”,,
~ho
q X5 )<r.

Then (X*, d*) is called fuzzy metric space.

Example 2.10. :
[10]. Let (X, d) be the universal metric

space, and let qﬁiqﬁ; e X*: and suppose d*

be defined as follows:

~M A
d*(85; . Gy2) = max{hs — Az, 0} + d(xe, x2)

where X1, X € X, A1, A2 € (0, 1], then
(X*, d*) is a fuzzy metric space.

Definition 2.11. :
[10]. Let (X*, d*) be fuzzy metric space, A

be s subset of X*, and {qin } be a sequence
n

of fuzzy points in A. Then
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1. {qX }, n€ N is said to be converge to
n

C& if for all @ > 0, there exist N € N,
such that:

~\
(@,

2. {q’x‘g }, neN is said to be Cauchy

qﬁ) < a, foralln > N.

sequence if for all « > 0, there exist
N €N, such that:

d*(qig : qim )< a, foralln,m > N.

3. A is said to be complete if every Cauchy
sequence is convergent.

3. Contraction of Fuzzy Cone Metric
Spaces:
The definition with examples and some
basic results of fuzzy cone metric space will be
given in this section.

Definition 3.1.:

Let X* be the set of all fuzzy points in X,
and let E be a Banach space and P € E is cone.
Then a function d*: X*xX* — E is called
fuzzy cone distance function if d* satisfies the
following conditions:

1 GG, G52) = 0 if and only if 2 < 4,

and X1 = Xo.
2 d*('«ll qlz) d*(CqXZ qul)

* A3 * Ao *( {2
3' d (qxl’qx3 ) S d (qxl’qxz) + d (qX2 1
0ss):
M A2
4. 1f d*(qxl,qX2)<< r, where r> 0, then
there exist A’ such that
A
d*(0y ,qxg ) KT
Also, (X*, d*) is called fuzzy cone metric
space.

> M > A

Example 3.2.:
Let (X, d) be the universal metric space,
let qM qKZ X* —and let E=R?

p={(xy)€E: x,y >0}, and suppose d*
be defined as follows:
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d*(qxi , qxg ) = (max{A1—Az, 0}, d(X1, X2)).
where X3, X2 € X, A1, A2 € (0, 1], then

(X*, d*) is a fuzzy cone metric space.

Solution:

L If d*(§2 q"2) 0 o (max{hi — Ao, O},

d(xy, xz)) =(0,0) ©® max{A; — A, 0} =0
and d(xz, X2) =0 & A1 < Ay, and X1 = Xo.
~M A
2. d*(qxi , qxg )=(max{ki—Az, 0}, d(X1, X2)),

which implies to
(max{(1-r2) — (1-A4,) 03,

d(xex0) = d*(8, "2 6, ") =
*(°T2 T

3. d*(qxl , qx3 )=(max{A1-As, 0}, d(Xs, X3))

= (max{(A1 — A2) + (A2— A3),0}, d(X1, X3))

< (max{(}\’l - }\'2)! 0}+ max{()LZ - }L3)10}1
d(X1, X2)+ d(X2, X3))

= (max{\1 — A2, 0}, d(Xq, X2)) +
(max{kg — kg, 0}, d(Xz, X3))

= (@ G2) + a2, G,3).

4. If d*(q q7‘2) «r, where r>»0 and

~A3

r=(ry, rg).
: aM g2
Since d*(qxl’qu) >0, then 1y — X2 >0,

ie., max{kl — Ao, 0}:7L1 — 2> 0.

Which implies to
(haha, 0) < d*(§2 q”Z) -

(max{A1 — Ao, 0}, d(Xl, X2))

= (7\,]_ — Ao, d(Xl, Xz)) KLKr= (rl, I'z).
Hence, (A1 — A2, 0) K (1, 1), i.€.,

(r1, r2)— (A1 — A2, 0) € Int (P), then
(ri—(A—22)) > 0,and r, > 0.

Hence, Ay — Ao <y, 1.6, Ay <Ty + Ao,
Now let A" € (0, 1] be chosen such that
M <A <A< min{l, r+ 7»2}

Which implies:

A <ri+i,andso 0<A' —A,<rp i.e.
rn— (A=) > 0.

Then, (rnn— (A= A2) , 12) € Int(P).



Or equivalently, (ry,r) —(A'—Ay,
Int(P). i.e. (A'— X2, 0) K(ry, 12).

0)e

Now:
(G 852 )=(max {2203, dxz, X2)

= (max{\'— Xy, 0}, 0)
=(M=22,0) KL (r, 1) =r.

A xho
Therefore, d*(qx2 ’qu) L.
Then (X*, d*) is a fuzzy cone metric space.

Definition 3.3.:
Let (X*, d*) be fuzzy cone metric space, A

be s subset of X*, and {qﬁn } be a sequence
n

of fuzzy points in A. Then

1. {q’x‘n } is said to be converge to q§ if for
n
all € > 0, there exist N €N, such that:
d*(d%, G.") ¢ foralln = N.
n

2. {C]i”z} is said to be Cauchy sequence if

forall € > 0, there exist N e N , such that:
~7Ln ~7¥m
d*(qxn : qu ) K¢, foralln,m > N.

3. A is said to be complete if every Cauchy
sequence is convergent.

Definition 3.4. :
Let (X*, d*) be a fuzzy cone metric space,

and let qi; be a fuzzy point in X*, then the
fuzzy neighborhood of a point qi; is the fuzzy
set Ug(qi) consisting of all points qﬁ such
that d*(qi, qﬁi) « &. The number ¢ is called

the radius of Ug(q;“), and q’; is the center of
the neighborhood, i.e.,

~0\'

~0\'
qX’) K &

ﬁg(qi) - {Ux

where ¢ > 0}.

~\
& x* | d=(Ux,

Main Result

In this section, some types of compactness
of fuzzy cone metric space are introduced and
some theoretical results are proved.
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Definition 4.1. :

Let (X*, d*) be a fuzzy cone metric space, a
fuzzy set A in X* is said to be fuzzy compact

it for all ) &
subcover U;, i=1,2, ..., n; of A, such that

A, there exists a finite

~ n ~
A & (0., where U; €U_,, vV i; and
i=1 o

qu is the fuzzy neighborhood system of qﬁ
X

Definition 4.2.:

Let A be a fuzzy subset of a fuzzy cone
metric space (X*, d*) and let € > 0. A finite

fuzzy set W of fuzzy points:

o pal omha A
W ={qxi,qxg,...,qX: b X, X2, <0y Xn € X
and Aq, Ap, ..., An € (0, 1]

is called an e-fuzzy net for A if for every
fuzzy point Pk & A, there exists qi' e W,
|

for some i € {1, 2, ..., n}; such that d*(ﬁﬁ,

~ i
K e.
0 )

Definition 4.3. :

A fuzzy set A ofa fuzzy cone metric space
(X*, d*) is said to be fuzzy pre-compact (or
fuzzy totally bounded) if A possess an e-
fuzzy net, for every € > 0.

The next theorem gives the first direction of
the relationship between compact and pre-
compact fuzzy cone metric spaces.

Theorem 4.4. :

If (X*, d*) is compact fuzzy cone metric
space, then (X*, d*) is pre-compact fuzzy cone
metric space and complete.

Proof:
Let (X*,d*) be a compact fuzzy cone metric

space (X*, d*). Let Oi be an open cover with

A : : :
center qx! with radius € > 0. Since X* is
i

compact, then there exist a finite subcover of

X*, ie., for each qﬁ & X* implies C& &
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n ~ ~
U Uj, i.e., for each qﬁ & X* there exist ip
i=1

. 5 20 (g0
€ {1, 2, ..., n}; such that Qy & Ug(q,.").
10

Then the set {q%qig qﬁn } is form an
n

e-fuzzy net for X*, i.e. (X*,
compact fuzzy cone metric space.

Now to prove (X*, d*) is complete. Assume
to contrary that there exists a Cauchy sequence

d*) is pre-

{(jin } of fuzzy point is not convergent, i.e.,
n

for each qﬁ & X* there exist € » 0, such that

{qk” } & Dg(q;‘), for finitely many n. From

above assumption we get {qX } & U U,,
i=1

e., there exist ip {1, 2, ..., n}; such that

{@,"

} & Ds(qi:g)’ for infinitely many n.

Which is contradiction. Then {qin} is
n

convergent, i.e., (X*, d*) is complete. [ |
The next definition is introducing the
concept of sequentially compact.

Definition 4.5.:

A fuzzy subset A of a fuzzy cone metric
space (X*, d*) is said to be fuzzy sequentially
compact if every sequence of fuzzy points

{qin } € A has a convergent subsequence.
n

Theorem 4.6.

Let (X*, d*) be a fuzzy cone metric space,
then (X*,d*) is a sequentially compact fuzzy
cone metric space if and only if (X*, d*) is a
complete and pre-compact fuzzy cone metric
space.

Proof:

If (X*,d*) is a sequentially compact fuzzy
cone metric space. Assume to contrary that X*
is not fuzzy pre-compact. Then, there exists
e » 0, such that X* possess no finite e-fuzzy
net.
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Y N . ~7\'1i -
Take Py & X*, hence there exists le S
i
L A M .
X*, such that d*(P,, le ) > &, otherwise
i

{q

M:
Xif} is an e-fuzzy net. Also, there exists
|

& X*, such that:

a=(p’, qx 1) > ¢ and d*(qx qXZ' ) >,

i Ao

- ~ | ~
otherwise {q Xy d,
on, we get a sequence of fuzzy points

2 A
(G qle }suchthatd*(q qXE:)

2? } is an e-fuzzy net. So
|

Xll
> g, V k # m. Therefore, {qX”i } does not a
nj

convergent fuzzy sequence of (X*, d*), i.e.,

(X*,d*) is not fuzzy sequentially cone
compact metric space, which is a
contradiction., i.e., (X*, d*) is fuzzy

sequentially cone compact metric space, which
implies that (X*, d*) is pre-compact fuzzy
cone metric space.

Now to prove X* is complete. Let {

An;
|

o }
be a Cauchy sequence in X*. Since X* is

~An:
sequentially compact, then {qx:f} has
|

~Mn: _ .
convergent subsequence {qxn' }, with a limit
nj

point C& Then qﬁ is also limit point for

S P
{qX }, ie., {qX } is convergent, then X*
nj nj

is complete.
If (X*, d*) is a pre-compact fuzzy cone
metric space, then X* possess an e-fuzzy net,

~ ~A A ~ A\
for every & > 0. Let W:{qxi,qxg, S0, Y
~ A
be an e-fuzzy net for X*. Let {qX:! } be a
|

subsequence of {C]i‘” }, then there exist
n

G 2 W suchthat d*(G.™ G4 « e, i.e
qx_ ’ anI ’qX| y 1.Cuy



~An;
{qxn' } is form a Cauchy sequence, and since
nj

~Anioo .
X* is complete, then {qxn' } is convergent.
nj

Therefore, the sequence {qin} has a
n

convergent subsequence. Hence (X*, d*) is
sequentially compact fuzzy cone metric space.
[

Lemmad4.7.:

If (X*, d*) is sequentially compact fuzzy
cone metric space, and Ga,Va eA is
infinitely open cover for X*. Then every ball
of radius € > 0 is contained in one of the open
sets G,

Proof:
Assume for contrary that for any neN

there is an open ball Bn with center qﬁ and
radius 1/n  which is not contained in
G, VaeA. Since X* is sequentially

compact, then every sequence in X* has a
convergent subsequence. Therefore, the

~An; ~ -
subsequence {qxn'} of {qi”} inB, is
nj n

convergent to qﬁ &€ X*. Since Ga is an open
cover for X* there exist an index o € A, and

an open set G, such that G &G,

0 0’

since G, is open and Gy &Gy then

0
S : A .
Ug(qx)eGaO, and since Qy is a limit
point for a subsequence of the sequence
~\ ~Ana~ i ah -
{qxg }, then {qx:}e U (Gy) for finitely

many n. Which implies {§" }& G, , which
n

a0
is a contradiction, i.e., every ball is contained
in one of the open sets éa ,forsome a0. =

Theorem 4.8:

Let (X*, d*) be a sequentially compact
fuzzy cone metric space, then (X*, d*) is a
compact fuzzy cone metric space.
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Proof:
Let éa be infinitely open cover for X* and

by using the above lemma, we have every
open ball is contained in one of the open set

G, - Since X* is sequentially compact then

X* is a pre compact by using theorem (4.6).
Then X* has an e-fuzzy net, for each £ > 0.

Let W= {qﬁiqﬁgﬁg} be an e-fuzzy

net for X*, then each qi; & X* belong to the

. ~ Aio .
union of ball US(qX: ), i=1,2,...,n. Now each

Ds(q;‘:) is contained in one of éa, say

éoc' , 1=1,2,...,n. Then the collection of éoc' ,
| I

i=1,2,...,n is a finite sub cover for X*. Then
X* is compact fuzzy. |

The following theorem show that every pre-
compact is compact.

Theorem 4.9:

Let (X*, d*) be a pre-compact fuzzy cone
metric space and complete, then (X*, d*) is a
compact fuzzy cone metric space.

Proof:

If (X*, d*) be a pre-compact fuzzy cone
metric space and complete, then (X*, d*) is a
sequentially compact fuzzy cone metric space
by using Theorem (4.6) and Theorem (4.8).
which implies (X*, d*) is a compact fuzzy
cone metric space. [ |

Definition 4.10:

A fuzzy cone metric space (X*, d*) is said
to be fuzzy countably compact if every open
countably cover has finite subcover.

Theorem 4.11:

Let (X*, d*) be a compact fuzzy cone
metric space, then (X*, d*) is countably
compact fuzzy cone metric space.

Proof:

Let éa,VaeA be countably open cover
for X*, and since X*, is compact, then
Gy VoeA has finite subcover which
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covering X*. Hence (X*, d*) is also fuzzy
countably compact cone metric space. |

Theorem 4.12 :

Let (X*, d*) be a fuzzy countably compact
fuzzy cone metric space, then (X*, d*) is also
fuzzy pre-compact cone space.

Proof:
Let Di be a countable open cover for X*,

with center E]z(”' with radius € > 0. Since X*
|

is countably compact fuzzy, then there exist a

finite subcover of X*, i.e., for each q§ & X*

T S L A
implies 0y, & U Uj, i.e., for each gy

g X*
=1
there exist ip € {1, 2, ..., n}; such that q;” =
- M Al vy
=10 1 2 n
Ug(qxio ). Then the set {qxl,qx2 SRR P }

is form an e-fuzzy net for X*, i.e., (X*, d*) is
pre-compact fuzzy cone metric space. [

Theorem 4.13 :

If (X*, d*) is complete and pre-compact
fuzzy countably compact fuzzy cone metric
space, then (X*, d*) is also countably compact
fuzzy cone space.

Proof:

If (X*, d*) is complete and pre-compact
fuzzy countably compact fuzzy cone metric
space, then by using Theorem (4.9) and
Theorem (4.11), which implies (X*, d*) is
countably compact fuzzy cone space. |

Theorem 4.14 :

Let (X*, d*) be a sequentially compact
fuzzy cone metric space, then (X*, d*) is a
countably compact fuzzy cone metric space.

Proof:

Since (X*, d*) is sequentially compact
fuzzy cone metric space, and by using
Theorem (4.8) and Theorem (4.11), then
(X*, d*) is a countably compact fuzzy cone
metric space. [ |

Definition 4.15. :
A fuzzy set A of X* is said to be fuzzy

locally cone compact if for all qﬁ e A xe

Vol.19 (4), December, 2016, pp.143-150

149

Science

X, A € (0, 1] there exists a fuzzy neighborhood

08(6&”) of C];“ such that Og(qﬁ) is fuzzy
compact set.

Theorem 4.16 :

Every fuzzy compact cone metric space
(X*, d*) is fuzzy locally compact cone metric
space.

Proof:
Since (X*, d*) is compact fuzzy cone

metric space, then every cover Oi has finite

n ~ ~
subcover, i.e., X* & U Uj. Now for each q;‘

i=1
Y n
€ X*implies U, (Gy) € U U;, i.e, for each
i=1
~A . ~ A .
gy € X* has compact Ug(Gy). (X*, d*) is

locally compact fuzzy cone metric space. ®

Theorem 4.17 :

If (X* d*) is pre-compact fuzzy cone
metric space and complete, then (X*, d*) is
locally compact fuzzy cone metric space.

Proof:

If (X*, d*) is pre-compact fuzzy cone
metric space, then by using theorem (4.9) and
theorem (4.16), we have (X*, d*) is locally
compact fuzzy cone metric space. u

Theorem 4.18 :

If (X*, d*) is sequentially compact fuzzy
cone metric space, then (X*, d*) is locally
compact fuzzy cone metric space.

Proof:

If (X*, d*) is sequentially compact fuzzy
cone metric space, then by using Theorem
(4.8) and Theorem (4.16), we have (X*, d*) is
locally compact fuzzy cone metric space. ®
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