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Abstract

In this research, a quantum system consists of three qubits is considered; it has eight states
(1000>, 1001>, 1010>, 1011>, 1100>, [101>, 110> and I111>). Each of these states is passed through a
quantum circuit made of a sequence of quantum gates. The circuit applies X- gate on the first qubit
from the left, then using CNOT-gate on the first and second qubits and using the Hadamard-gate on
the first qubit. Finally, Hadamard—gate is applied on the third qubit. When the state 1000> is passed
as input through the proposed quantum circuit then the output includes four entanglement states; for
the other input states the output will be another non-repeatable entanglement states. So, for using all
states in quantum circuit the result will be eight equations each one consists of four entanglement

states; which called ML- Quadripartite.
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Introduction

The aim of this research to study the effect
of a proposed quantum system consists of
quantum gates on a quantum system consist of
3 qubits to produce a set of entanglement
states. In quantum mechanics the entanglement
is very important. In the literature, the
entanglement states for two qubit have been
introduced by applying a quantum circuit
include Hadamard-gate and CNOT-gate; this
introduced circuit had generated the Bell states
(or EPR pairs) [1, 2].

In 1998, Plenio and Vedral have discussed
a special aspect of quantum mechanics,
namely the possibility of entanglement
between two or more particles. They
established the  basic  properties  of
entanglement using quantum state
teleportation. These principles allowed them to
formulate guantitative measures of
entanglement. In this paper we will show that
the same general principles can also be used to
easily investigate the seemingly difficult
questions regarding entanglement dynamics.
This may be useful to manipulate
thermodynamics of entanglement [3].

In 2004, Macchiavello gave a tutorial
review on the role of entanglement of quantum
systems in some tasks of quantum information
theory and described in particular how it can
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be exploited to achieve secure communication
channels [4].

In 2009 Felloni and Strini have explored the
entanglement in composite quantum systems,
and how its peculiar properties are exploited in
quantum information and communication
protocols by means of Diagrams of States;
which is, a novel method to graphically
represent and analyze how quantum
information is elaborated during computations
performed by quantum circuits. They
presented quantum diagrams of states for Bell
states  generation,  measurements  and
projections, for dense coding and quantum
teleportation, for  probabilistic  quantum
machines designed to perform approximate
quantum cloning and universal NOT and,
finally, for quantum privacy amplification
based on entanglement purification [5].

Theoretical Basis

Quantum entanglement is an attractive and
key idea from the quantum field that has no
counterpart in the classical world. The qubit
l> is said to be entangled if it cannot be
written in the product state [2,6,7]. The
entanglement quantum system can be obtained
using quantum circuits. The quantum circuit
can be modeled using from the quantum gates;
in this study the X-gate, Hadamard-gate and
CNOT-gate have been used.
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The Pauli-X Gate or quantum NOT gate for
qubits can be defined as a process that take
|0> and produces |1> and vice-versa. However
in case of superposition, the NOT gate acts
linearly on the state «|0>+ £|1> to produce
the state a|1> + B|0> [8].

The matrix representation of quantum NOT
gate is:

0 1
X=ax=1 0

And the matrix representation of the state
a
a|0> + B|1>is [ﬁ]

If the quantum NOT gate is applied on the
state «|0> + B|1> then:

ay_ 10 191%1_ 81 _
xlgl= [0 ollel=[2) =

So that Pauli — X Gate = Quantum NOT
Gate = bit flip

The other gate is Hadamard gate acts on a

single qubit. The matrix representation of
Hadamard gate is defined as [9]:

1y 1
H _ﬁ[1 _1]
For the |0> output is %qo > +|1>) and

for |1> the output is \/%(|0 > —|1 >). Here,

the CNOT- Gate is also used. The CNOT-gate
is the prototype of multi qubit quantum gate.
The CNOT Gate has two input qubits:

i. Control Qubit: the control bit is
represented by first qubit from the left.
ii. Target Qubit: The target bit is

represented by second qubit.

The CNOT gate works in the way: "if the
control qubit is set to O then the target qubit
remains unaltered. If the control qubit is set to
1, then the target qubit is inverted. This will
change the input state into a set of states [9].

Entanglement States for Three Qubits
System

A system consists of three qubits has
eight quantum states (i.e., the number of
states= 23=8; these states are 000>, 1001>,
010>, 011>, 100>, 101>, [110> and [111>.
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To get the entanglement state the quantum

gates must be applied but with a certain order.

Case 1 (for input state 1000>): the quantum
circuit to produce the entanglement state
is shown in Fig.(1).

SF 512 ST3
1
l l — (10> —I1x)
1 11> 11> " V2
> ] i
1=
10= t
5T4
\%(ID>+I‘1>)

Fig.(1): The entanglement state output for
the input state 1000>.

Several stages are applied to get the
entanglement state from state 1000> (as shown
in Fig.(1)). These stages are:

Stage (1): in this stage apply X-gate on
qubit O:
XI0> — 1>

Stage (2): in this stage the CNOT-Gate is
applied on state [10>:

1 00 07(0
3 _|o 10 offo
CNOT —Gate 110> = |5 oo 1|3
o0 01 ollo

0

_10f _

= lol—|11> ...........................................
1

Stage (3): the third stage is applying
Hadamard gate on qubit [1>:

e =3[! [
== (10> —1>)

Stage (4): in this stage the H-Gate is
applied on qubit 10>:

H — Gate 10> = \/% H _11] [(1)]
== (10> +]1>)

Stage (5): in this stage tensor product result
of stage (3) with qubit [1> is applied:

(10 > -1 >)®|1 >= %001 > —|11>)
(8)

V2
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Stage (6): In this is a final stage the tensor
product is bone between the results of stage (5)
and stage (4). The result of this stage
represents the entanglement states. So that
after all these stages we get:

after the acts the
gates as figure(1) 1

000> E(|010> +1011> —
BT SR £ (9)
Results and Discussion

The above six stages have been

programmed using Mathlab programming tool,
as depicted in the following:

X=[01;10]

H=1/sqrt(2)*(1 1;1 -1]
CX=[1000;,0100,0001,0010]
SW=[10000010,0100,0001]
C21=[1;0]

C22=[0;1]
C41=[1;0;0; 0]
C42=[0; 1, 0; 0]
C43=[0;0; 1; 0]
C44=[0; 0; 0; 1]
C81=[1,;0,0;,0;0,0,0,0]
C€82=[0;1,0;0;0,0;0,0]
C83=[0;0;1;0;0;0;0,0]
C84=[0;0;0;1;0,0;0,0
C85=[0;0;0;0;1;0;0;0]
(C86=[0;0;0;0;0;1;0;0]
C87=[0;0;0,0;0,0;1;0]
C88=[0;0;,0,0,0,0;0;1]
ST1=X*C21
STS=CX*C43
ST3=H*C22
ST4=H*C21
ST5=kron(ST3,C22)
STF=kron(ST5,5T4)

Case 2 (when the input state is 1001>): same
stages as in the state 000> are applied to other
states, so the output entanglement for input
state 1001> will be:

001> — §(|o10> —1011> — 1110> + 1111>)

............................. (10)
ST1 572 5T3
l . i . l %(l(h—ll:-)
. [y | [y |
o x] ]
1=
10>
31'4 .
— (10> —113)
\Z

Fig.(2): The quantum circuit output for
the state |001>.
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Case 3 (for state 1010>): As depicted in
Fig.(3), the output entanglement state when
this state is passed through the introduced
quantum circuit is:

010> - %(|000> +1001> —1100> — 1101>)

............................. (11)
ST ST2 ST3
l " l " l V%(Ilb*lb]
o ] +]
10=
1= i
s
l — (10> + I13)
V2
10> E

Fig.(3): The output of quantum circuit for
the state |010>.

Case 4 (for state 1011>): as shown in Fig.(4),
the entanglement states after passing the state
|011> through the quantum circuit is:

1
011> - §(|000> —1001>—1100>+1101>)

.............................. (12)
Sl"i ST2 ST3
l l(IIII>—I].>:)
11> l > V2
o E I E 2
10=
11>
514 )
—(10>— I1»)
VZ
1= E
Fig.(4): The quantum circuit output for the
state 1011>.

Case 5 (for state [100>): the entanglement state
when this state passes through the quantum
gates of the circuit is:

1
100> — §(|000> +1001> + 1100> + 1101>)

1
ﬁ(llb 1 13)

1>

10>

10> 1

1
fz(llb +11>)

N

10>

Fig.(5): The output of quantum circuit for
the state 1700>.



Case 6 (for state [101): the
entanglement state for this input state is:

output

101> — %(IOOO> —1001>+1100> — 1101>)

............................. (14)
SIi S'JI"Q ST3
N l L(10>+11>)
" E 10 10> E vz
l 10>
10> 1
514 s
—2(ID>—11>)
1= E v
Fig.(6): Quantum circuit output for the state
[101>.
Case 7 (for state [110>): the output

entanglement state in this case will be:

1110> — §(|010> +1011> + 110> + 1111>)

............................. (15)
ST 512 ST3
l l L L (10> + I1>)
,—| 10> 10= ,—| Wz
11> X H
1=
11> 1
5T4 1
— (10> + I1>)
V2
10= H

Fig.(7): Quantum circuit output for the state
|110>.
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Case 8 (for state [111>): the
entanglement state for the case will be:

output

111> > §(|010> —1011> + 1110> — 1111>)

............................. (16)
ST 512 ST3
l 10> l 10 l \/LE(ID>+II>]
[y | Tyl
1= X H
1=
= T
81'4 1
— (10> —I1>)
N
= H

Fig.(8): The quantum circuit output for input
state |111>.

So, in general for each input state there is
an output entanglement state which differs
from other output case. The set of output
entanglement states output is called the ML-
Quadripartite. Table (1) summarizes the
input/output list of the introduced quantum
circuit.

Table (1)
Input state and the corresponding output Entanglement states for three quits system.

Input States Output Entanglement States

- =

000> 5(|010>+ 011> —1110> —1111>)
1

001> 5(|010>— 011> —1110> + 1111>)
1

010> E(|000>+ 001> —1100> —1101>)
1

011> E(|000>_ 001> —1100> + 1101>)
1

100> §(|000> +1001> + 100> + 1101>)
1

101> §(|000>— 001> + 1100> — 1101>)
1

110> §(|010>+I011>+|110>+I111>)
1

> §(|010>_|011>+|110>_|111>)
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Conclusion

When putting superposition state on the
quantum circuit with certain arrangement of
gates we get four states not product state so
that those are entanglement states as in
equation 9. When the input state different from
another, a new case of tangles can produced as
in equation 10, 11, 12 13 14 15 and 16.
Through the use of the quantum circuit, and
the introduction of eight states we can get to
four states for each input state as shown in
Table (1).
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