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Absimaer

i this paper we examine low the matrix exponertial e s affccted by perturbations in A4, whers

Aenmes from using the HOC seheme 1 find the numerical

selutiun of the iuitial valoe problen in parabatic

: = A g . - .
P.DE. We find Lhat @™ has less sensilivily to the rounding emmoe when A is nonnal i where we Lee lo

nonns and the Jordan factorizarions, Vsing the condition number of
usifig HOC finie difference method to problen (1),

; i i
cigensystem of A and the sensitivity of 2™’ .

Intraduction

Ihe mast well koown matris {unetion is the
matrix exponcutial, which has several applications
bl contral theory. In [S] and {7] the parturhiation
thoory of the matrix expancitisl and errar bounds
was diseussed | in [9] Lhe sensitivily of the matrix
expanential using the ordinary Fnite dillerence
OPCIElor was investigaie, in our paper we will v
the HOC  finite difference mcihwd operator to
analysis eficel of the  pertorbations in A the

n A
expancntiale .
Congsider the constant coeflicient diffusion
equatiun in one dimensional spage , whick has the
tarm
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£
with 4 =1 subject to initial conditions
wlxfl=gix), 0<x<X,
and boundary conditions
aii=ulX =0 r=0,

where 2/ ) is 4 vontinuous function af

The interval 0 £ x £ X is divided into (¥ +1)

each of  width h 50
thaly A" 4 f )4 = &, and the time wvariable js

subintervals

disereticed with steps of length & . The OpCn
region R = (0 <x< Xix(r>0), .wih its

bowndary R Jhas been covered by a reotangu bar
mesh where the mesh polos baving coordinalas
{ wify, nik ) wm=0f N7

wilh anul

Ue exponential matrix arfsing from

we made ¢ connection belween the condition of the

=002 Yhe nowtion i) = uf nrhonk )
will be used to denare the numerical solinion of (1)
ar the mesh peint (i, k) while T will be
n5ed 10 denale the exact solution of the HOC Tinite
differance scheme 10 the piven problem .

The space derivative in (1) i3 replaced ase
the HOC finne difterence tiat is

o2 - iy

e " ] i En .
;:afn:——- Ff— + (k") . und

Ax 3 1z " A

thon subsiituting in (1) we have

Jw ;s R BT .
— =8y - =47 Foih'y, and
£t 12 ot

. i .
il we tnke —as a common factor wo have

of
-:I r
e e ) = 52 b alh Y send2)
& 12

. :
where & #represent  the central  diMfercuee
aneratar whicl Liag the forn

Sty =

o H

wlx-hop)=2ulr 0 N alx+b, )

[f we apply (2) to all % indedor mesh
puinls at time f=nk(n= 4.1,2,...0, then we
have o system of andinary diffcrential squationy of
the [eom

J%ﬂﬁ —E R R ) [P {3

‘n:'\f'hcl'l.,: QI:I:' = EF —{EJT‘I, -'r;.,...:i-r-'r_f:l}?‘ ﬂ"d
T denotes the tapspose, the matdices B and

Clare N = N mardices wlich hive the formy
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whers gl =5, a2 =2 a3 —;—fand ud = h': ]

How if we zet 4 = Cﬁ'_l,wc can «zline

the exponential of a real Hx R matriv 4 hy
o
o= > f‘i:l._, and many mechods
o &

exisl Jor the eomputation of the above matrix
expatcitial T3], Owr hasic approach iz to
itvestigate the upper bound for ¢4 ) where
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When A and  foommnde, the bounding of
@{F bis trivial since

CAGEIL | Al _ LA H P (Ex1*
e et oy Lhoe m.;l“”“”!
and thus
AE = B4 = p{p) £ |£], eV

I A md E il

pAVEN o E'ME'& and we will nol cansider such
vast: We will uze  the fellowing identity which
appears in Belloan |2):

g B 5
Atk =e"f'+f,€."’[“ 3 IRELR-Y e dT)

And with simple, wanipulutivm wilh the
abwrve egualion we have

||.E | | . |
wp A L AT
P#(r) < | Ar .Lf|€ |
£
Bounding of the matrie exponential (8, ars

descrived in § 2, Tn 83 we use e resull, giving in
§2 to find the upper hounds targd(#). The bounds

ty gemmure, than

|€|4-y1:

iﬂ’.ﬁ'

indicate that @™ is least sensitive when 4 is
otmal  and s has s well  conditioned
cirensystens, lowever, e oosulls i § 4 do not
answer the mpartant question of whethar poorly
conditionsd cincnsysteris Unply sensitivity of Lhe

RS ™Wrnum

exponcntial, and inn the end o §4 we upplizd the
bounds we mationed in §2 to one dimensional
marabolic problem.

lu wnatempt fo more Tully charactorjze

Al —_ PoE
¢ sensidfivity, the Frecher derivntive i3 usefl,
recall that when it exists, the Frechet derivative of

amap £ from C7F W™ can not he used b
the following miup can be uzcd

BE) O™ — O which saristying
Fid+ FE)- FlA)- DIF{ANLE + GE[).

il we substilake

AT At Arz—
l:‘-“{ o =g 4 fei.s r:IEE{.-’fIJ.-,I.Idrj
1

inl (7) ,where @™ "is the set of complex
H ¥ Fmatrix, we find

SMER et Ieac:—ejﬂﬁq.c_'_ﬂqiﬁjb

Thus, Lthe Frechet derivative ,.D{EA!.)JHJ" the map
f{d)= eV is aven by
D{e¥YE = E.ff A8 o M s

; £
The nonm of  the  operator D¥e !]I

elberively quantifies the rate af chamge of &
with respect o A . This iz 8 precise measure of
sensitivity which can be incorporaled inoan
Texponential condimion wanber® and i the subjeel
of aur discussion in § 4,

We will vse the following notation. Lot

"% denate the ser of complex 1% A tatrices.
wa-= {u#} e O™ then

4 =(a)

Atd) — (Ajdet{d - Af) =0}

A2 e AcAt A

|d]| = max{

»
swid)=|alla] e agan:
el 4) = max{RelA)d e A(4))

For vorvenicnee we will use the 2-nonm.
Hewever most of the results that we present in this
paper, with lttle modificalion, & valued for the
other porms (e for uniform norn)
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Bounding e™ In this section we smomurize and

Al
[ N

compare virious approaches for whicl

hes bennded.

{a} Power series. By taking the norn ol

. (At F
P - :;ﬂ% we trivially abtan
3 !‘j.:'
”Eﬁ” || g L (%)

(It} Loy norms. Dahlquist {1] has shows duel i1
il Ay = max{ ,u|,u 2 A(A"+ 4320,
Tlun

| i
E

|£€

The scalar g A)is the lep norm of 4 with

respeet b the 2-notn. A genem) discussion of log
nomms moy be found in Strom [9]. T the mairix

Acmn e puted  as A= ¥YBY then
e _¥e™ ¥ aud thus we have
A=VRY Lo le™ < e(F)e ™ a0y

(c} Jderdan cagonical farm. Reeall the Tordau
decomposition

ir4 = C™" then there exists an invertible matrix
X 2 U™ sich thae
Alax=J, (A)O.8J, (L)=J....012)
whers

(2, 1 o

! A
I‘jr.';'=""’l.|l,.'L"".'i}_l g

i i,
TSR L e (13

The matrix X is not unique Lit is well
known, [8], that i’ Lhe Jordim canonical form (JCF)

ol A5 specified by (12) aid (11) then

I ¢ o N B B (14
whers
1 ¢ iz ¢l
1 f !
PR : -
to
R I J
P =N cission sepgpie s, (1%
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Seience

Vising the fast thar if |5 <gmaxby| for

Be O™ len tram £15] wo can show that

y r T
ek max 4 )

W, L

A
[ﬁmke 4

Taking  the norms o (14 and  defie
M MAXP L, | we alitain
L aldn P i'.ﬁ:]
e S mElX e max 0 Spleel
LIEA B PR

To illustcate how to compoe the abosvo
bounds we will redauce the parabelic equaton, (15
using HOC finiwe difference methed to 2 system of

limear ordinary differcntial ecpuatin
Y5 ) - ,
; —LB Xy = AY {¢y . 200 Cquation
e
(37, where
—f B n _
¢ o=1p7
=7 -2 -l-¢ n
] 4 -2+

1

then naing (9%, (147, (10, and (11 wo have

{a}i'ﬁ' AF | < g THREA |

(b I.; # |~=. 10048 w1 " abt o

Ai, 1568
& | =

@ |
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In able {1} we compare these bounds for a selevicd
valucs of t,
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Wa can conslede from Tabled 1y that soune
el the wpper bouads may fail o decay along




withe ! where the behavior of g™ depends o
the sign of GE!':/E_-] acecgding to following relzCon:

lim &™ =

S

e a4 i
Jordan  hound  (14)

precisely when @ decays while the uther bound
erows regardless of the sign ofes (:;i) Jthe example
when  Aiws gn ilieonditioned
cigensystent {Le. K(X) lurge) then the decay af

henee,  the doeay

alse  showsy

Jordan bonnd will et becoms slow. In weneral, the
clectiveness | (o the rounding errar of coe Lound

relative to the other depends on the matriz 4 and
ime f. However, when dis the
elA) = w{ Ahin Oy, 1 = £(A)=1 in (16

andd, thus vwe have

o || < erzr,.-i_lr

normal,

also  since we  have |'|€’” || > IEAEI for
alld e 4 (.d}.th&n !IEM
A" A= AA" then 'e"”

When A f: ol nermal, i
1ri

i
| S gl imply that i

el‘?[_.‘!]r )

i% possible

€ to grow initially cven thongh g{AY is

Reprative, In thie
N ! ih
factor| g o (X)) max —.
Ve zm-1 fl J

far

e TR

i (18], will

sueommodate the “hump” juo the graph

LA ], :
€ |‘ and thus whether or not le‘ ”gaws will

DesEssmY,

of

depends upon the sign of g2(4).

)
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S

d7 n

i-lu diAl = 0
The aburve result follows ram (10) and the
taet that 22 A)is the derivative of flity= _q’;:"l{'f |J

att—o,

Perterbation bouwnds. In this sectjon we will
use lhe resuils given in the previvus secrian Lo ().
Tr simplity this process il is convenicnt ta use the
Tullowing letnma which is wiven in AN
abd|3]
lemma(l): 7 AM(f)is monetone  increasing
. - l-'! - lﬁ. .
{eenctiog om [D?'I::] and llf I" <M1 torall
|

£ =0, then

F.5. Magum

'!t,!l_ A+EN

glit="

Al
4

< || J'_*?']!.-’l»;l’ ()2 Lot i |

Using the above Temina wilh fallenving tieoren we
can shaw thay ¢{¢) ks the fore

Theorem (L
@{1) = 1||£] ce 174
Proof. By virtue of (9) we can apply Lemmarl)
with £2({)= L and 8= |4
Thenren (2): :

: Ay-wian Kl
p(t) < (| Ejetlt e £l
Prool. Ly osing (10) we can sct 24{f) =1 and
A = g A and invoke Lesmal

Theovem(S) I{ e Jordan decomposition of A iy
2lven by {12) and (133, then

e [ A }—"E ||!]r

]
L E

#) < B ()2 M

¢
where M () = ma(X) may —.

g pm-1 jl

Fraof. Af;({}is a2 menotors incressing

furction and from (14), ‘ic’h_ < M J.(r}e"'*"'-“

we can apply Lemmad 1)

M) =M ,(t)and F = 1(A)
o by using (2,123, the Tollowing resnlr

can he obrained as a cornllay o any of abave
Theorems (2) or(3),

It A A= A4" then (1) <d|E

The uppet bounds appearing it L7314 ae
Just an upper bounds. They are not necessarily

wiLh

' £?|Ei|F 1

gecurate measuwres af the sensilivity of's A Rines
these bounds are smaller when A is nonnal, and
sueh result suzmest (il there iz 8 conmection
briween the normality of A4 and the mensitivity

- .'{I - - "
e 10 A rounding cerer we will shed s feht
ot this connectinn ju e nest section,

The condition nonber of the cxpanentinl
m:trix,

in [R] Hioe gave n pencral Lieory of the
cendition number, and thas using this theory 1o
icasure the sensitivily, at any point 4 € Y, of
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map £ fooin a metrie space Xt 8 metric space
Y In this section we will investizaw: the sensiriviry

SRR ,
of 27 o m'ljl'llhﬂg CImor b}, iip[.‘l}ri"!'l" Rice's
definitivns 1y F) = ¢ i)

Before we hegin, it is instruclive w look ar
the idea of conditioning in a more Tamiliar seting,

. 35 ol -t " .
It &(A) = hA“‘A " bi: the "condition mumber
of a marix with wespect o inversion". The

sensitivity of A "o rounding ceror con be justify
frown the Kllowing incgquality

Ay i A
i;n’ e |L il A |[2 l- |E "_ |E1 - ”
{12 2!,4-'"2 E0 S A (20)

[t is always pussible to clhoose ke
perturbation marrix £ such that the abuve upper
bound is nttained. Thos, it &(4) is lage, it i
pussible that g small clange in the element of A
will induce a relatively larze change in the clement
of A7), tht is we claim K A} measures the
sensilivily +f the map (,.-f A4
We now formulite 2 celevant condilien wmober
consistent with Rice's thapmy,

Definition.  The nimber of the
exponential matix A altime? is defined by
v(iAd.1)=limv.(4,7),

&=

conwdilim

where
|!P|_.4—ﬁ.':|r et
velA, 1= spp il
= r
[Ef=d]4] §|Is.- . ||
Gennelrically £ = t;il:?m ’Vﬁ (A.ryis the

wr

tadius of the smallest sphere in N which 1w

centered at &7 and encloses the image of the set
L |4 - 8] a4 under the

mapping & 1 e « when small relouve changes
in the clemeni of A produoce telatively large
alterations  in the element of @™ i then
Va( A0 corespondingly large.

Cur inyestigation  of  the  condition
mueberv{ A, ¢)  beging  with U

1AeorEm,

[l oweings
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Helenpe

Thearemidy M n {e pdenotes  the Trachet
derivalive of }"{_'n"j,l = E:'m Lhen
"1‘_‘.! (et :I||j | 4f,

v{ A1)
I|4"4"
wliere : -
! A = A A I Are ] LA 1
|D|{e ]!|2 = 'L'."n I_Lnﬂ. Ee ™ oy
[ sk :
Proct, As Wi turted i the
Ldrod wetiom, _
| A+ : . 4 Al
e —e™| = Die™ ) E 1 of| ) where

Die®yF = _Ge M=l Bol® oty thus,

. _ |:I.H'$“1£ +o{|!?|_‘_l|:
viA.rr= lim s —

aE LIEY PR & e
Ay .
- lim EfTe! ”ﬂ ff‘ L ” _|"“ | 2 o [ 14 |k
R N Y T I o ||,.4 I| |j¢4- | 5 | * |

a4 L :
= 1 (e = _ I PEE |
::']']:'I' [P }EI ||e: oA iL - ||’1 Le re " "{, a ||
Cornllary{D) i (4.0) 2 f|4 far all 1 =0
Proof,
iy

— = .I'[.*l‘ll.J i

a“

E

!E.h

Nkl ther

rld. fiz

L ; ]
'L gttt e "'f."rl

k]

Corollary{Z} Ar Ais
v(A, 1) -4 A

Proof. In view of lhe previces corollary, all

n-
-

we most show s Uit when A4 is normal, then
v{A,0) < 2| 4] buc this result follows by taking
v{:1,7) and then

lhe narm i the expression
using (2,12} we have

I 5, _ I..-"! I_
vid,1}) = L|..u."'” | !|e:'" ey ,l I
I T I I_,-‘“
AT -4 3[;&}.: "“j i
= ettt gy S — 4]
]

tor e above corollary we con canclindz
that, if the matrix A is normal, then, e cendition
number (1,43 is small as pessible, It is rathe

minte difficult o identily the case when A o
which v{ 4.} >= 1|4
mdlrix mversion problem where 1he ill=conditioned
nacsice s can he eharacterized throuph the sinoular
value decamposition. We can conelude this sectian
a resulr analogaus v (200, and te do s we need W
introduse Yo folowing functinns:

. This is in contrast to the




P(4,0) = maxv(4,s),
1l

wiEr

A _[r:

the function #{ .4, ¢ ) can be regarded as an

S P | e
it‘. it’

clr..'l' »

cxpancntial condition number of a mawix A over
the interval [04]We also remark that (A 1)is
monotane  increasing  fwetion and  thus
A2 (Incidenally, @{A,2) =f anly if
A=A +5 where §* = 5

Thearem(S): il ¢ 4 DL = 1.then

]E-'H +F]I_ﬂ_|r
1

L AL s
e Tl 1-Tefetdn
Proct: seelT).
Our numerical shows that when A s
normal we may replace T(A,7) with v{A4/}in

(2i) and, again we ahserve that the upper bowund |
dose not inergase . Finally the Bounds disenssed in
§2 are tasted with ilie Nallowing problem:

congider the heat equation in one duncnsional

Lpace
£u iy .
&t gt

with baundary conditions #{0,7) =u(2,)=10),
£ 0,
and initiat condtions , (e 0y = |for 0= x <3,

Ler fi=0.2 the dimension of - matrices
Band . piven in (4) will be un 9x 9, the
bounds (9, (163 (10), and {113 illustraled on in
Table {27 belew for a selected values of .

Tahle (2)

Fower  Jurdan L
{ud ih)

[ LT
4]

1 14142
JARE- 9 AEE+
Il
1135+
13

154 43

1912
232+ B |.37E+
14 7 19
-+ B 315 | P WAV B
LIE] iz
IGIE+ ]
14 27
#0300
1. —3
JASL=E2 Y
31586
38
141F-
43

4091+ 14

4.7+l

R.5.Macum

the symbal [al vefer toa nomber greater than
1.797 74308 which the computer canpot holed it .
agiin we can conclude that the Tordan bound decay

A .
when €7 decays while the other bownd are not.
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