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Abstracl

The main resulc of this paper is to present a new method W appraximate wnllidimensicos) Emetion by
using feedforward ridge nenral network with application of Radon Transform, and its inverse, to reduce the
dimenzwn af Ue space. This method consist ol loer siages: First, by using the Radon Transfosts, the
multidimensional function can be reduced to seveeal simpler one dimensional functions. Second, cach of the
ane dimensiona] lunetions is approximaled by using neum] network techoique fmo seural subociworks.
THurd, these nzural submorwaorks wre eombine:d together 1o form the final approximation neural netwock, Loar,
using the inverse of Radon Transfarm 1 this lnzl approximation neural notwork (0 get Tie apgoosimation G
the puven functian. Alse, in this paper presenting zn upper bound of the Lo, approximaiz erear. Alsa, apply
the above method 1o in eaurnple and compars the results with those in |2, end our nomerical results are
supcrior to thase in |2

Iniroduetion combined togethzr Lo form tie {inal upprosinuition

Approximations  of  mulidimenstanal netwark. Fannth, using fuserse Badoon Trnsfonn w
fiation ave been smdied by many rescarchers this  lmal  approximeation necesdl o pel tw
such as Cigsiclski and Sacha [2]. Llacoll |4] and epprosimation 1 1he given peahtem,

Binkus [3]. Cleselshi and Sachw, [2], fooused an a

A imation of 1-I} Funetias
developmaent ol a comsiructive formaln for fhe RREDINETnY uiberacuts

This section dissusszes the approximeation of

upper hound of L., ¢1mor approximation. Ellacott, ane dimensionsl funetion (¢ % (X is a normed

4], proved that & scmilinear foedforward network lincar apacch.

with one hidden layver can uniforaly approsina: Definition (1]

any comtintiots funclion in C{K) where K 15 a A rdee lunclion 15 a mallivariaw Tunclion

compact sel in R® and « i u positive integer. F'R® =T oftha farm

Pinkns, 7%], prosended  aso glgorithms  loe . ' C
(PP o ' . £, X =gl —ax 4. Aox]-#ax

approximating fhe multidimenszicnal funstion by e )= T @) - #a.sl

using ridze fzadtamward newrnd nerwork, where g R—K, a={aj,a» T R* 4103

E 7 H AtV WAL, £ o

Iohann Fadan, [6], showed that if [ Qs
combineous funetion and s & compact sapport,
then the ERadon Transfonn of f s wniquely
determinad by inteerating along all lincs in the

amid 5 i prwilive inteyrer,
In ather wards, it iz a pmBivariate foncticn
eonstant om the parallel hyperplanes ax=c, ¢ .

domain X C(EY. The veotor as R¥YI0F s generally ealled the
The maim result of this paper s the dircetion.
constrection of a cew medind (or gppooxitating o Dicfinition {2)
Multidioensionad looeion by Gedivreand norwork Lot 1 ke o eontinuouws fimerion on 2 normed
with one hidden layer of sigmoidal units and 5 lincar space X which can be well appreximated by
linear oulpul. Alse, presenting om opper bound of a linenr combination of ridoe functions where
T.,. &t irniati : Ists 3 T v ar¥
w. BrTOr approximation. The method consists of 2. e C(RY und € X (X i the seu vl all
four stages: Ficst, with the vac of Radon ; . S——
£ . linear conlinuons  {inctional am X1|1 .
Lransloom, [6].  the  probklem o o T
multidimensional approximation s replaced b
pp s rep ¥, P D eigoby o e 42)

sesveral simpler, ome diomengional

problems, Svcond, o each of e one
dimersional - prablems e approximaion
subnetwarks s found, 1hikd, the subnetaorks zre

i=1
For some appiicaaons, such as m neusal
networlis technique, it is vory desirable w employ
4 sinpEle
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lunetion g in the sidge function:.
(e Hidden Lavered Weural Nebworks (5)

An amificial  ncoral  metwerk 5 e
mathemalizal mndal of the hurnan brain, Ia may
literature ditfercnt vypes of neura] aetvork models
bad been studied, but this paper Lake e cnse of a
feedforward nelwork with Inpui layur, one hidden
Iayer and cutpul Layer. This netwerk consiss of a
large number  of computing  units arranged
sckematically in three Invers az shown v fipure
(1

L4
Onztpot. Tayver .:'
a "..l 1
Mididen Layer(Sh 702 (G
W 1| Wi
Input ayer () ------ ﬂ)
x .

TFigure (1) Layers Tn g neurdl netwnrk

Cach wnit of (ke bpui laver can be
conneeted 1o cacl umit of the hidden kaer ‘This
colnectivn has nssociaied with il a waight, whicl
15 a real number. The weight altached to the link
from inpaL init § o unit § on the hidden layer is
denoted by wyi. Tn i iypical operation, each unit

an the imput Taver will contain o renl number, Lot
the ™ wiit cankein the real numinr X ;. Then nnit [

on the hidden Tayer will receive fram wnit | an Qo
inpuel kver the quantity Wik The Lld input ¢hat
wnit 1 oeesives from all the ioput unids s Lheg

2 it i oo the hidden Lever mow
- d

Fain T™ 1

oY
processes this mpot with a contiovows sigeoidal
function O: K- » R whivh i: a given fived
univariate function [ catled the activation funstian)
but it slill to the argument by a weal sealar b
(which iz called the bias) and outputs the reul

number | ¢ *. Thiz curput iz then
gl » ow ¥t by
- J

transmitted, with a weighi a;, to the outpul unir.
The tolal oulput is then

5 " T Iy
|_.-:[.1-::-=Z Ep R Z Wk + b

i=l W d-1 ;

1))
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Gy defimiien (20, ary conmiagoos fumelion of
= variables can b oappreximated by o Ametien of
tee Torm g o cguation {3) Thus by suiadls
adjusting of the parameters &, &;.0; und w ij- s

reproducing approcimately asy dusired sutpur witls
the artificeal ool nerwor,

Motz that . each bR am
we PV I0Y the activation functian D(w x 1 Iy )
15 a ridue function, Thus g kewer hound on the
degree al' approxi mation by such funetion is given
by ridge uncions; that is, approximating s
complicated funation by smple functions, So D
the simplification +f computational complexity the
feodlurwaund network take the simplest case {vae
inpet, rne bhidden layer with n processing unirs and
one culpulh

Then from defliniion (23 and rhe phove
peragranll 1@ Oppeoximatc 4 contiswons furcliom
PR =K i
by considering the approsimnrian forng of he
neural netwok =R - R oag [1]:

T
™ix)} - Z 1, A x4 b
=1
Activation mactions: 9.R = R osed in
practice Lave tw properdy of heing monstoniz
inereasing, boanded and sigmoidal, which meuans
that lim 6(t}y=1 and lim K1) =10, they ac
L= fagr =
also contuous oud sowooli The mest popotar
choice of the activatiom functicn fs the logistis
fusnetion which has the firm

:-5:.-
1 !
}'=H{H}=— Ly _[5} ......._.......... e
1+e —-—"”!-'-'-'_k
w3 i

Figrure {21 Loplslie Freaelion

Lel us assume that the gigmoid Tastivation)
function of cur netwark is the heperbalic Ll
funclion wlich has the fonn

'y wee Hix J = 1anh |’1:..::| - c - 1'.. = odn -----l.'l-":'
¥ et e
X

Tignre {5 Hyperbolic Taopenl Funelion
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Lelinition(d)
The modulis of eoninnity of & finction I}
i detTned iy
m(qa,ﬁ} = sup
yck
| %=y

| iy — gy }l ................ (7

Mostize thar, if @ s a continnons real-vahud
funclion defined wn @ compact set then s
neecssarily entformly conliousus, so have @ s
finiccand @ =0 s & »0,[7],

Definiton(S)

Tet X be any elosed and baunded {compact)

set in R®, and () depote the st of ull

annfinucos real valued fimetions on % L UKD 1s
normad space with respect b the notm

”"-P".‘n rsupi AL paE O (8

X

The noem " . ||x i called unitorm norm.

‘Lhe following theorem iTom [4] presents an
upper bound for the error bm this paper gives
dillerent proodso as to be suitable Lo our problem.
Thevrem{h}

Let the function ¢p:R - R bhe continucus
ail lhe compact set K in B, Then e upper haund
ol the approximate error of the Tunction § by the

melwork ¥ on K is

s W[*-l“\l’ ....................... (%)

s

Ta=%. |

wlhere C iy a constant which is independent of o,
suppnse 0 i3 eomtinuous function fon R) and
sigmeidal. Then we may choowse U=4+28 where
S=sup| B (x}| for xeR,

&
FProof

For simplicity but without wmch loss of
senermlity, choose K to be the interval [11,1] ard le
neN. Comsider the step fuoction by (%) which

takes  the  waluc f_'ﬁ(;/T:) in  the interval

":F!{L 1/

“'I.le Brom defindicn (1] get e ineynalily

w

[

- 1 :

| o=y, L,.‘—fmltp.— ............................ (10
na
It is comvonient o wrile by sich thid o saisty C100
ns
Balx) = (0= Y { [:, 3 ['_If{\ -1y /~| e 113
'
-]
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where |
enveed nx,

Sint.:rl g -hy ”w = = | q(x)—h. EK”
nek

s e laroest saweger which docs ool

L a r I
~ | edaph,ixg =|r;.;ﬂ} IR P BT |

=] g i =t - peonr iz - 4l e -l

Mow comsiiler 8 continuous  sigmoidal
furction 0 such as bbgistic Lunction, and roplace =
bre ax for some @ » 1, this implies that steeping D
in the tranzitional region srouncd =0

Hlax) =0 us x <0
Infawlas a — o, {14
Blux) »1 ps x=0

I oiher words O converges peintwise 1o a
simple thrasliold function ‘¥ with the value B(0) al
0. Wheme -

wx]H:‘ 1w el ovenmon g (15)

| i rz0
Thus Ofax) —H(a{x —
the uniL slep fiuneion

Yy —= ' (%), where ') s

[ it x 3 )
W X1 [ 6 RO e {16)
[D othe rwisg

Jinee T 5 discontinuous aL fl and 1, the
corvergenee cunool, be imitarm,

S [rom (10) and the above explatation
bewond il o geL wnithrn approxisation of @ by
B - define A,

to b the smaltest positive integer such that

|G'{:~.J|5n_] [oor XE=-A, anil

{1 —1:"1}£ﬂ(x}£[l+n_l) for x=A,.The

quasi interpolate B, can deline us
" : R -
Suini=gi0s 3 ol oo Y e e 17

for x=[0,1] Mow.

t i N‘nﬂt '—I & -hy ~hp, _Hnn._,: 5‘ "f'_hul._,,,"" hy, _Nu”u-_

L8}
Yince bg=tigf ‘-“-UJ(':P—| then only nédd the

seeond  term iy the above ocquation o be
eonzidered, '

Mow for any x=[1] with p. defined as in {113,
have she fdlorwing

‘F?N.{x}'_ﬁn .] l'??l:[]:l-'-
i <I.¢:*[}'{:IJ- I:?|H':"_ Ih|} LA _mx N}

-1 !
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. 3 i .I’I .’.,..-_,-'.. _ l}"( |
Loy :\wl'f’ H-] g -\ J KA, (e -] ... 19)
Woaw w1 nupliss nx —v ] .

| T=80A (e =) | < L/

M Sunilariy v+t unplics
AiA L (nx - #)}|"~ v . Thus
I{ "
b fxd- ®ix) |: o | @, — | -
.

[ HI] .,[Lu N ]} [ﬂur EJ} Bl ]1}|[’J|:}}

The second derm on the cdght-hand side s

bowunded by 5 4 S | i T, which completes
RN T

Ui presisf,

Decompose of muliidimensional Funetions
This scetivn describe brielly how o taduce

e dimension of the mullidiscnsional lupetion by

using the Radon Transfivem and select the funation

[ from & elass 2 of OF functions with COmpacy
suppart. The functions in class 0 has a oice
propedies:  the Radon  transform of f may
differentialed as oflen as desired, and chanpes in
the arder of variows inlegrations may ha mnda with
full conlizlence,

Tet £ be an apen subse of R¥ with a
smooth bonnded Loundacy T. Then the compact
supporl of a fimation T is defined ay follows:
Trefinition{7)

Let 20— 10, Let K be the closwe of
the sef Kp. where Kp={xo Q {x)=0} is
called the support of £, deroted by supp £ £ iz said
to have compact sapport iF it s zern autsids &
comlpust subset of €2 e, K[ {s compaer,
Remurk (8)

DiEL iz the  epace  of
diflerentiable funetion: with compact support i
0 IHEY = O
Deltnilton{%}

The Heas mass eonsentrated at the pott o
or the Dirae delta fuaction concentrated at the

poier o, which ig dencted by d(x =) or &, is
defined Ly

{6, 1= (ARt £ EDgU ..o........ 213
il

infinitely

le puriicnlar, far c=0, the Dirac mass soncenlnted
at the origin dencted by O is delined us

(b the delinilion ol

13
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(@, 0= S — (0 £ €D ..., -
5]
Avtuully della mass concentrarad ar o2 is oot
wAunation bur g cisieibudion,
Definition(10)

Let F:RP =R he O function with
compiaet  suppaet,  The  comtineous Radon
Trenslurmn ol the function £ espresects an nage of
w callection of projections along varicus directions
Cangzlsl in ¥ In Seneial case. wiven d lunction F
R, af I,
designated by [ is determined B integrating over

dodined  on the Radop Transfoon

cach hyperplane in the sgace 1% and i defined by

fp.91=Rr— [rix)s(p Lx)dn ... (23)
RS

where daedxdxg .idx

B is the Diruc dela functicn.

Eis a unit veclor in B® thar defines the orientation
of a hyperptane with equagion
p=lx=f+Eaua+ o Hiax, (p iz the
orveitation ol U hyperplane).

Thus [, &Y must be known for ali p and £, [3).
Remark(11)

The diserclisztion = a majne difficuln e
applying  Radon  Transform e weneral. Tho
simplest farm of discrele Radon ‘Franslarm s 1o
select tinite number on the anaular variable of
pmjection to precece e uni secwor & {§ = 1.2,

v Lowhers |z 5T is the number of prajection),
Lhin 1ake the summation on the discrete dawa x; (i

» M where mein and X =17} of rthe

=2

fimegion [ e (R ).
Thew e disceele Radoen Translorm is
defmad by

Bilp.E;) = th VAP =8 %) e A24),
i=1
Example(12}
: 2
Lot 1, yd=e"% ¥ Then
LR = -
=ri= [ f e s gx vidady 08)
i Sk

inmw mitke the orthoponal linear wansformation
[in matrix notakian

I ‘|_!’ S LE TRy )
|

L )

,
L iz =Y R

»
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The wector E=(&),8) Is stll 2 unit

veclon Following the change of variables,

- y.-: 3 :
flpotd= [ [ e 7% Bip-u) dudv
— 18 — o
. | — 2
T | v gy =um TP (27)
=
Henee, have the invpartant rosult
227 2
Rl et L me @)

¢ |

Froan the above remark (1 1) use the discrelc
Radon  Transform will duciomipose 4
multidimensianal function into sealar Munetims for
cach n and E These finetiong

f{,-_!:R—}H[f-—--l,l_...._f.whrﬁre L is ithe

number o projections) are approximated using the
fumction S} given in the preceding section, sec

eguation (4%, Now cach function f(g] =R s

approximated by a soboetwork 89T - K.

. . E
piven in {4), and hese subnetworks 207 are
combines inbo the linal approxinmivn oclwork
whicd have rhe form
Nixi= z N '.‘”':_x ow LEy I:l"?]

el

which Is it approximarion to the discrete Radon
Tranzform g0p, £) of the lunction fix).
I is necessary to invert the Radon Transform, that

is, th salve for T inLerms of T,
Definitdond 13}
The Kadon Transtorm inversion farmaula has
the form
sl

roaos
I n

t o Brp.dids i s vr o
iyt el g
Tl o |
gl
. | ] fip.ai
1 Pl I -2F dp 6 i even
] PP P-3a

............................ {30
where 1= -Jr—_I, 13-

Thus  oftcn wsing  the  inverse  Radon
Transform oy the network WX i equalion (29) 1o
get buck o the dimension of the space that bewin
with and this will laad vs to the approximation of

the funetion f{a), where x & RE.

Vol 1), June, 2006, prx LH-107
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The Algorithu:
swepl: Input

a- The vector x e R¥

b- The network tacpoet ¥ e &,

o= The nember of nenrons o (where e 3 in the
hidden layer, the crror goal, the maximom
numbear of spochafitertion).

d- The ungles 1 af the prajections,

Srepd: Compuote the diserste Radon Trawsform 1o

the input vooetor x and the anglas 2 4o got the

fimetion £ ¢
Stepd: Applied o feedforeacd  newral nelwosd:

H(E} lur each of the Radom Transform f{ﬂ Lstmgs

().
Stepd: Combine these subnetwarks N wbieh i
found in Stepd tnto linal nelwork. K{x) by usiug
(29), _
Stepdr Compnte the  discrele  inverse  Radon
Transfonm te the Nix) which has been computed i
Slepd and thus get the approsimate to the given
function,
Exymple [2]
let us

consider  the  {ellowing o

dimensional function £ R ! — 1.

- .

6 - W AN 1
z-J"(I,IZ:I—}U—I[}‘E:-._'J| Tl |1]21I -11’{;.1:'—':1;—.'(. I

-

I

GXp [-xl—xEJ _lem[ fx 1 l]?'—.rgj.{?nl}
| 2 3 1 i

A three dimensicnal plet of the fuaetion [ for
~42x 24 and —4<£x9 24 is shown in
figurs (3. A Lo dimensionsl problem is chosen so

that to explain how the steps of the abyorithm can
be illustnaed.

£ axis




Figure {43 Munetion [{x].x2}

e

TANEY

12 mxis e ;‘ oKl awis

Figure (5 approxinstioe with L6 and n—9

The above alporithm was, numerically,
implamented by using MATLAE version (7.0), the
feedforward  noural nerworks wse the gradient
duseart alporithm, hyperbolic langsnt funeton i
the Lidden layer and pureline funcrion in the curput
Tapver.
Stepl: iniﬂ.ﬂ[l} mut the  input  angles
07,607,007, 1207, 15 03 e L=6. 0 — 8, with

emr gozl 1077, epachs=5000, Fiourefs) shaw the
appicnimation of the function f{x), %53 wilh rhe
wse v e aboye ATsand g,

Step2: Canpule The discrele Hadan Transform to
the funation {2, %5 ) using 25 and input vectar x
anid thus el the ane dimensional functivus fir.
Stopd: Bach of the one diteasional functions 15

are approximaled by a singke  hidden layer
fecdtoraard meural nerworlcs. See the illustcation in
ligures, (6 to {8), where star points reproscnt
funr.:t:'unsf{ﬂ and virele pointz represent their

apprioximation with neural networks QU Pt wibE
stepd: The nolwiorks approximating fiencticns fis
nre cembined togedher, using cquation (29), 1o
lerm the final neurul nerwork approsimation Mo,
Steps: Compule the discrete inverse  Radon
Transtorm e Nexd and thus get the approsieation
o b function £{x),%2).

Examples v the approximations o the
funetion £xy, x ) with {L=11, n=93, (1.=15, n—%,
(=10, n=13) and {L—1%, n=]3) are shown in
figures (9} to (12) respectively,

Los
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tie

P D S

LA - L) T T iy SFS. [P IR
. : H

L

bl
E e
n

M

Tl

Lo, 1A

Figore (¥) approxintion with L0 anid n-0
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LR TRt

.r
i il e

Fizure (1) approximatian with L—15 and n=9

ol Tk

Figare (1) approximatiun with 1. =10 und n=15

L

alaum

Figare (12] approximation with 1.=15 and n=t'5

Conclusion

This paper develops 4 method, wilh the aid
of neural nelwork techniqes, Lo approxinate
fimetion ol several variables, Cur nomerical resnfts
are mare yeeurate than these given in [2] and this
can be concloded  from fgures (53 to (12} wlach
represenls the approximalion  functions to the
Tunction given in the example by the new method
while  Tignres (133 10 (17 (sue Appendix)
represents (e upprosimation funclions to 1l same
example by the mecthod in [2]. Alse, Gigures (13)
and (143 show the compare error belween the cxact
ala of the cxample and the approximation duly far
both e new method and the method in [2]

Yol 901), Tuae, 2066, pr1 00-L07

Science

respactively, Computationally cur mathod 15 more
cazy 1o be uge with lkews flaps Ui the methad o

[.

i HP— &y i an Dulg
| -
5 . I:.v:ac._'i..la_ i I.
o R
w !
+
X
i ! L
-_: 2, !I | & -
5 A 1 1
a3 it
E R Shiael A -
i i
I !
2 e ;
_| i :
I
P 1
d !
| 1‘ '
B ——1 - 5 e -
C il 130 -E i am a0
Liria Hurkar

Figure (T3} Compare hetween exael and approvimate
data af1he oew method

] (IR _— —
| AP ma on Fan ,
== Fuatlsla i

- !

2wt

Eh 0 e i p— i
=] ] 122 10 ad e ) e
Ty M-

Figure {14} Compare between cxact and Approximan
dats of the nelld [2]

Appendix
Fur comparissm we present the resulls in [2];

BT

Figure (15) ppproximation with L-6 2ud g=0

BIWIRL AN 2 maan




x| axis

Figuri: {17} apprasimation with L 12 snd n=I3
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