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Abstrace

The main ohjoctive of this parer is Lo slte and prove the existence ang unigrenzss Lwcren of fractional
differential equations ming one ol the mos! Impertaar theorems In conlinsar fietional analysis which fs the
Sadoviski fixed — point theotem. Tlere the undertaken dillorential operator is in the sense of Rismann — Liouvidiz

delinition al [mactionz| nepration .
introdwection

I apposite 1o differential aquations el inlegier
urder in which derivatives depends only on the lacal
bzhaviar of the function. An imporlanl type of
dilfereniial equelion. whieh iz called (tractional
differeatial equations) whers the differentition is of
non — intezer order Such type of preblems muy be
carsidered ta have the following twm, {2], |3
ypled - Fix.¥), FORLKag) = ¥ he
k — ]_.‘:I_‘," Ln. n ladan

whicre 11 i3 a0 inteser numsar .

Feal lilz problems with fractional difereniat
equarinns are of srest imporance, since fiactional
differgntial  cquations  accrmulate the whode
imlernation ol the Ranclion in 2 weightod form . This
s wnany  applicaticns  in phyvsics, chemnisicy,
crpneedng, cte., [3]. For that repson, we noed a
method for salving such equations, elleclively, <asy
Loy use end appiicd for diffoci: prablems.

The miain theemz af this paper is o siale and
prove the existence and uniquenazss thearem ol the
above  fimctional  dillerental  egquations  using
Sadovisk? fixed — point theomen, [4].

Busic Coancepils

n rthis section, swne lundamental concepis
neeessury [or this work are inroduced
Kuaratowski = Measure of Non Campact ol Bets,
[41. [7]

Let M be a bounded set inamerric space (3%, d),
then Kuaratewski non compactness measure 3 of M
{ dencted by v (M} is defired 1o be the infianim of

the st of all aumbers £ = { with U preperty that;
M can be covered by limiely many scts, cach of
whase digmeler s less than or equal to £, [0 wlker
words, Iot X ke g Tianach spece and A be g fanily of
bosinded sets, then y o8 — — U ¢ (definad by

M) . inCie = 0w Admilsa fiite cover by se
i dizameter = £}

o

The non compacness  maasre have e
following propostiics [4)

TRemarks {1), 13]

Lel X he a Buanach spacc over & or € Ther for
all boundad subses MM NG, B and Moo X, we
hive Lhe fotlowing results
Looxl{g) =0
2 oMY= 0 i ang ealy i M is relaively
SO

(M3 < diam (M)
stands for the diameter ol k.
M-S impdies thal ¥ M N
i = Mis g MI+ i)
MY == 4 MY, forall pe Roor C.
2 (My= (V).

T [Lrj M,

I=1 i

Candensing I"b'l.urlping_ 11].44181

Lot T:THT S X — X
over & Banach szace ¥ Then |1 called a weset
corraction i and only if, thore is o nwnbec
k= 0.such that
G UTinE )b 2 kythg ) lorall boJuded subsots THTS
of the domaln M end &k is enlled Cwe conbrsctivity
facior of T,

Alzg, T iz called condensina if and only I
LM 3 = M lor all besndesd subsel Boof
D) with (M ) > B I is clear that every k-sel

cliaun»A)

L Hbact

=] &% oLm =y [T}

oc

moan fuib oMok niW 0y

Be o oan enetalar

contraction with 0= k < Lis condensing.

The nasl prapasition is given in [4] with
detaili. we give the proof for corpleleness,
Fropositicn {2)

[(F % is anon compaelness measae over &
Bavacli space X, andi T TH1) o X — X 15 any
operator, then 4 (TEM ) £ Ky M) 1L and only :F

TR0




Vs - Ty |2 k | x =y . foral bounded subsers
Moot DTrand all = v e DTh. where || slands
Lor thie coaaimnun norm.
Froof
Lety 14 — = - ,where A -the famicy of boundad
unhzer off ¥ Ty definizion of tha non—compaciness
tacasure. we have
(M) —infi g =2 QM admits a finite cover by sets
of dlamicter = 60
where b o A aad B, be the cover of M owith
diam = £
Alsn, we have
dianf IV b=supflis v e v o ML= L2 o}
arwd let
supfed(s, ¥ |a,y o N i =12, 0} e —d{x,¥y)
Henee
M= infldix; v =0 xoy; € ML= 02,0}
Wil
mldix;, 3020 ooy eNii=12, ,1111,:{35"':&?:}?] .
Tl
2EM=dix? o), forgli x oyl e N,
PTence o g ) - uerad — el
Mow iff{x=-y|=|x-y . then
AL S I B i N TS O
KM -
R T L L L e B
Tiierzlire
2ETEMN) 2 k(M) which
Hraf = Tef [ knxd 570

Mivw, we dre in a position o state Sadovisk
fixad-polnr theareny, which plavs an iiportat nule in
the next section in the proof of ths exisience znd

s oquivalant to

iqueness  Lheorsin o fraclional  differential
Cqualon.

Budoviski Tized-Point Thearem, [4)

Suppoese thal

1. I is a non crupty, clesed, bounded anid convex
aubsct of Banach space X

2. The oosrator T:MeX =X condensing.
‘Than 1" has a fixed point.

Existence of Solutions of Fruclioral
Differential Lquation

Maislence ul selutions of fractional differential
equations are of preat imporlawce s praclical
apolicatons of Fuciioizl differenfial equalions, The
statement of e existence thourem s as follows

a7

Thanwed, A, 5H,

Theorem (3)

Consider the Jreetional diffeseatiol equarion
R A 8 G (o
whare  yyx,)=,a =i0,3] , where Dpis:

represen e iFaetion::) dorivalive in operataer Torm of
order T and supaase that £ 75 an apen suhscl ol
% Clxg,plad £ s L " be a conticsings
aril bamansled Fanclion, then lor any (s e 82,
there exist a solution 0 the fractional dilfferemin
equation [ Ly which passes thrangh ¢ « O
Proof
Apalving Td e gperarer 1o she hoth sides of cguation
(3], gives
. E % ek
yixi= Lo kex,yix gyt -0 (7
The deferenoal equation {23 may imoive
Ricmann-Tiooviile tormizia al” (oo ]
order0 < ot I._ whkich fnkeas the thrm

.}'Lu}]_d“

. 1 ¥ Fiu
L ||:r"|_”—n] I[R‘. U.]'t—m-vl:
LE

which is a sineulnr Voltema inlzzal eyuelivn,
whire 1M — i) stands for the gamma funetion and x
= ik
Mo, let us dafines the following set
lp —f= = Boxg 2% 205

whers [3eF] and suppise Ll F s 5 baendad
function at {}L“.,l]:l, rhat 15, There exiat a eonsanl

m-U* , sach thul
| Flaxg, 00+

where | .|\, stands for the essential baunded rore
Lt

M o y(ade Clap tlrytrgy=n und ytx)is

boundedt  end  define the rmmslormaticon
T:C[xp.PleM -» M, asfollows
1 _Fieyic))

= k]
vix} - I'{m—tﬂhfx- Wil

it welda, x4l

a, i s -y,
ow, by comstroction Mo closed, bovadzd el
convex suhset ol [xﬂ,ﬁ]

Alwr MW s

vixhy (e M Lum

comves, e F e et

yitulc Ulxe. Rl
where €[y, [1] stands for the sl ol conbirnnus

funetion ar %11,
yalx)e Clug. Bl » ¥alxg) ®

=xqiagy = 0
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To prowea that

zix)=hy(x)+{1-R)ya(x)e M, A0
. x =[x, ]

SOV vy e opx,.p; @ wlx,) =0

W yx ), vaix)e Cixg.0] 4nd the linear

comhbinaticn of continnous
contimaus funelian, henee |6

z(2) € C[x.0]

functions 15 alse a

and also 2{x ) = A¥ (X )+ (1 =21y {xy)
=Ae0+{1—n}=~0=0.
hence z{x) - M such that, Mis a convex set,
Margorver, to prave that 'L is a condenzing map,
onz can prave y {T (M)} £ ky (M 3y {which iz ltom
praposilon {20 eyt valent L
ITx - Ty |p2k [|x =¥l for el
subseis Mol D{Trand all x,v « TN T) MNow

Foanded

| 1 "¢ Fusiil It Ruviwd rhE

|T}'I(x}_.]ﬁ':ﬂ|.», |If,'n—<r,'| [ l”'”-,_,:J [F—up E
e x

L

L, yylull

=| “I Flu,vaguy ),
“]__[_m..u} ix_u"lll—lll.—|
*u

i —uin-n-1 £

Fli, vyln]) F("J‘;.{lll']“ cu

fx —ue—a+l

' I f
Tlim o) I
xg

5 1'[m]- 7 i [Fiw, y:{un - 1:{1==}';_f_ll_3_:g,_lﬂdu, WX
i !'H - u”u:-
€ [Xa. [l x= U

wince Fis g continpoos funetinn ap & compact
501 02 wineh mwenos that i1 is unifarm cortinuaus.

=i+l

Thus, piving any £ > 0, we can find @ = O such
that

|F(Lt,jf1{11j} F(u,}'zfu}ﬂ{l:
[v1-v2]< 8

whiznewer

and tetting £=4  Aher equivalently we can Lt
|I"[H il - Fiw,y gl _l}| < jy-{u) - j.rz{'u]|
herer
x \ - . -
L o sl

LETICTRRRZIES MRt ey et
¥ I'i=n ujx,.. !{1 _ u‘jﬂ: I

1 s
S|y {u)  ¥alulf,  sup i e
I'fm —rx}" | 2 |a, s x{ "x "|: [

- (i f:|.‘,|:|-1'r1 (i} -""Hu}!n

= kflyiur v,

Yol W10, lune, 2000, np96-99

du

Sriknce

Thus »(T{MY £ Ky{M)

Heree lhom Sadovizki tixed peint Ceovem, T
l:as 4 [iscd poinl.
Therefore equarian (2) has a2 soletion, as well as (k).

LCniquenesy Theorem Lor Fractiooal
Differential T.quations

Uniquencsa iz a eomplementasy task to the
ospact of existence of solutions in differentizl
eqiniiorg in general and i fractianal differeriial
cquition in particolar. Therefore, the next thearem
discusses the uniqueness ol solulions ol [ractional
dilforvnbial eo walions,

I heyrem (4)

Lat £2 be an open sudsst of _ . ¢ (%001
and soprmss that L1 = [ " beoa continuous
functionand ¥{x,0) be Lipschitzian with respect to
second argument in every compacl subsel ol £).
If {x g .0)=€r , then the [rucional dillorential
oquation has 2 unique solution which passes through
(%0}

Proot
Comsider Ij"-' ={xeR:xp<x= 3} and

et % (x), }'z{x) b twa solutians of the frictiong|
d’ ffarantial equation (17 which hes un equivalom
Vallerra fnclonal irteeral ecoaton on [J'l,:],l?}]
witll safagd— ¥alagld =1}

Henee

L=
=

L B g,
D wk Jix u-ieed
)

HL ol |
1Tmv—ex) J(x—'.!}'-‘-' B
M i

_|| 1 ][F-'[u,}n!}f]) ifg"_{u.v:En]}“L_jH Mﬂ

B "]__{m A 7] A € S

£ I ’i{ Ty ) - ey (w0
Tim —ex} G =)™

| x'kl},|{“]_.]"‘;'_[”]:

bicxi-vatn] =

A

o

fa

4 o
Tim-a sl
. | : e i ; :
x ml'l Aud—p, I:I-.'_]H!_ ¥ Iguljﬁ J:[—i.{- o "x —rcfid
3
"ﬁ_ht“)' ey
wr  pan choose kfhe 1 tor

I'im e}

Xe ]I:Jand shoeld e as small as possitle o ensare




that ko . =
T merey SIS E L] N

Henes wyfx)=yan), ¥ x = L.

Trng, thers exists g uniquz solition for fractionat
gilfirenlial egualicon.

Concluding Remurls

1. Upiw e beslol our knowledge, the statement and
proot of thw exisrance and unigueness theoreol
tsing Sadoviski [1xed poioltheorem bave nor been
discussed before.

We recommend oo study now Bppos 08 Squaions,
which &5 1y 50 called Tuvey Fachonal diffeeciosl
zquationg.
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