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Absiruct

The aim of this paper 75t prove the locol existenee and unigueness of (e mild sclution of
seoiilinear jnitial value contmo? problems in suitable Banach spaces usng resolvent opertcr and Schaudsr

Dimed podne theorem.
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Introduetion

Corduncani |17 wnd Cripsubers el al |3
stidied the peeblam of existence sclulions far
Vilerra integral  equations of various  Lypes.
Cirmmer [3] introduzed the resolvent gercrions
for intcgeal equarions in Banach spaces. Liu [4]
studied the wenk solutions of intesradiffzrential
equations by uspg  resolvent  operators  and
semigroup theory, Fitzgiblon | 5] inveeripated tle
existeaws problom fou semilinear
regruedillerenmeial cquations in 3anach spaces
weing the method of <smigroups and Banach's
lixed point thworem. Ryszewski [6] proved the
exisrznes and wiyuensss of mild solukions of
nonlocal Cauely problemm. Lin oand L 7]
investipated the nonlocal Cauchy problen ol
semilincar inlegrodifferential cquations by nsinge
resalvent operators and discussed the existence
probleay for semilinear Sohalev Lype cquations in
Fanach spaces. Balachundran et, al [#) established
the existence of soltfons for Soboley  vpe
imtegrodifferenlinl equations in Banach spuces.
Recently, Balachandran ot ai [9] investigated (le
samz  problem for Sobholev npe delay
inteproiltereniial cquations. Several authors
gludicd the problem of existcnce ol solmions of
seimiluwar differential cquations and Soholey 1ype
equations [3, 7, 10, 11, 12]. Bahuguma T3 in 1997
[13], has studied he local existence without
uniqushess the nuld sulstion ol the semilicear
iniLisl vahie problemn:

H‘i[x_fl_}:ﬁ;x[t}-l e %11} 1 j hit—shole aispds, L1
Y{ﬂ:l - l’,:

hanaf in 2005 [l4], has studied the  Jocal
exttence and neigueness of the mild solorion m

the semilinear inilial value conmil problem:
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Erishuan Talachandran in 2003 [15], bas stndied

the cxivtence and oniquencss of themild solution
to the semilingar indcial value proflem:

sllF—x,

jT|IEx{t}]—.a"|.[x(1_‘:l+ i F‘(L—H)N[_-i:]dﬁ-’ it (1)
z-1 -
xl)=x,

Owr work is congerned with e semilinear inital
valie cunirol problem:

%[E!-:{tj] s -ﬂ.l:m:::ﬁ Il -:}xr_sf.cgJ+ [t %0 4

j hiz - mlp= @0 da— Bl L - l'.'l-

x[M=x.te =it}

where A and E are closed linear operatars with
domain eontaued inoa suishle Banach space X,
Fity is a bomded operates for L e 1 and £, g oare
nonlinear maps defined from (0, =% inta X, B is
the real valied contiwows. lunction: defined from
10, vy into B, where B s the sel ol real nom bers
and T4 i5 & bownded linca cpemator delined Fom
into X, where {3 i o Banach space ad wf.) be thie
arbitrury contral fenetion s given o LP{|U.:'},U], a
Banach space o conlral Junctions with o, =
Fefor Q<o 10 o B{X), Lo Jand Fith o ¥
— ¥ and for %) continuous in Y, AR =
L), Xi. lor x X, Fiitys is contimous in i J
and ¥ iz the Banach spuce Lrmed from 1AL the
denin uf X, endawed with the grapa Adfm The
lozal existence und uniqueness of the mild
selufion (0 1he semilinzar initéal wvaloz contrel
problem given (3 have been develuped by using
semiproup  thoory and  Sclawler
Lheretn.

lTweil  puing

TRSM: 1] 45022




Frehiminaries
Consider the Sobolav tvpe semilinzar initial

value control prablem:

1
.d'?I[Hx{T‘_n].— .ﬂ.!-‘.{{'r}+ | Fiz—sladahals [+ 700 n b+

- =t [

_i' Eis—sigis,mesrids + Baldi 1 = O
LE]

() Rl R Sl N o

Defimitinm [11:

A family of bounded lincar apeoaton 1{t) «

BX)ort = [ v is enllad the rosolvenr opecator
lar:

= g e e
at xi(t} -A[x(tj :] it H}K{njdﬂ-‘

il
£ R = 1, where | is the idenriry
HipeTalar.
(i) For nbll = = X, Byt)x i1s continuous for
tel.
(i BMeBiY,ilo Llury oW, R{dve

N[, 1, 20 O, 1] Yyand

i Ry —AE™, R(t}}'+}F{t—s)R(ﬂ}-th .
1 J
t

RIDAE'y4 [R(t=-5)AE 'Fa)yds .t = )
L]

Definition (2):

A (unelion = C0, el X0 s celled a
mild schutfon of cquation (31 i i satisles the
intcgral cquatioo

x(t)=F 1R+
E":{R(t—s}[ T{s,x.(s0+

fl1 fe—mhelnx_ftipds+ Ji-‘.ui_s}J ds

The local existonce and wniquensss of @ mild

solutivn of problem {37 have beon dowveloped, by

assuning the Thllawing assumprions:

Ayt The operatesr A IHA} e X—— X and E -
IHE) = ¥ —— X are clowed Uricar operabors.

Ao DEEY — DAY and B is bijeelive.

Ao B X DB is haundad aporates and
E'F-FE ",
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Ay Al penerales a sirungly conlinuous
sermigromp al bounded operatoas in X,

AL The resolvent aperaror ¥{1]1 i5 compact in X

As s Let p 0, such thal My = {x L X s -
sal v # oty where xg = L) Lupen sulsel al X,
b nonlinear maps £ g define froom 1, 0 L
into 3, sztisfy the locally Lipschite:z
purilition with respeet U second srgumong,

Lo,
fIfir, wd = fit, wa)| o & Lol v = va| w, and,
T v = B vyl w £ L[y = vl

ForQ=t<rand vy, v & Sung) annd Loy, Ly e
Lip=chilzg constant.

A, b continus Manction , I = I.J{|f], rl. R,
where i 5 the set of real numbuers.

Ay 2 o) be the arbitrary control function is given
in LP(['[I_ r]. {9, a Banach space ol conitol
fumetions with Oras a Rnnach space and here
B is a homndad linear aperawr o 7 intn X

wilh JludU|jc = Ky, for =1L <.

Ay Lett' = 0 soch that [fE w3 £, ait vy«
M o v ond v o alng), alse et 1"
= 0, snch that |R|f]‘j'|'i"1'R{T}l".x.;. x| 5 T, for
s and ke o U, whene o' iy a positive
conztanl zuch that p* < p.

Agg s Lere, = 0 soch that:

L= g, U and satisfy te Tollowing
canddions:

. . p=p
|:|] TI. b e PR L bk —
Lh(M, ¢ Kk ]‘.IJN 1)
1
And (i t «
Ly, t‘tILJ LM
Main Results ()

We jntroduce the folowiag ssau theonenm:
Theorem (I):

Assume the hvpotheses (400 - (A ) held
Then, for every ¥, = U, there exise o fixed ool
G, 0 =g =gl than the somuiinwar inctial valoy
contral problae of equacion (3) has & augue Lol
wnled wodielion o OO0, 1], XY for everye contnal
femelion mf ] & LRG0, 4], 0,
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Frogf:

Without buas of gencrality. we inay supposa ¢ =
=, hecause wo are concerned here with the logal
existense anly,

There cais M 2= 0 such that R | 2= Mo G =1 ¢
1simce Kt is 4 boundad linear operawor on X3
Axsume:

b, - £i his)|d=

wa sl X o= C{0, t,], X}, whore Y iz a Ranach
space with sup neem defined ss follows:

| %k = Bupy (|t ],

fstst,
Define:

S = 1Y 2 3,00} = X, Xo010€ Gyl xa), Lir 1 given
wl.} o L6, 1), O
Clearly 5, 1% a bounded, convex and closed of ¥

Deline a map T, &, —= ¥, b
(Fednh3=F Fu B [R(1—8)] Tfs,x (34
[

]h E-recnx_ {r))de + Beals) ds
< E

ke acbitrary controd funstion o} L0, R 1,00,

Tor show thot Fo(5.0 < 5, lel 5, be an arbitracy
slement in 8., such that ¥.x. © Fo(5,). To prove
Fu¥u = ., nolice thot Fox, = Y by the
delinitirm of the map Feioand (1,5, K0} — »q by
cquation(f}], 1o prove (F.a%.0600 = Bfxn). lor any
X, & B from the definition of 1he closed ball
®.0x:, notiee that (F,3,000 ¢ X anid

WF Xl (fh = X0 v = | LV R{Fxe %, —
T RG s)] £, ()
il

Bo=)+ ]h(s -l T dt]ds [+
1]

= | ET R | I KK

Alter v serics of sunpldicalicns and using the
cornlilions Az As, Ae ad (A 0)with equationl 3,
we pel j(Foa - w L Sp ford 2121, e
(Foxo i e #Aix ) bor 0212 4y, henee Fox, < Y,
for arbitracy x, o 5, which immlies thac

Fa! B— 5, 30 one can select the thne ¢ such
that

Yol W2}, Deecamber, 2006, pp.143-148
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Ta complete b proof, we dwve 1o show 192 F,, -
S — So Ib A COMTinuaes puap, Fiven

”}": - J‘r'-”‘.' w0145 N —-r o, 1y Aruve ”Fm KI:.

=y y— o fas n— = Whare x, i3
Ak : no.

Continwcus fwelaos depend anm, Re T

sequence nf eortinuons funstivies denend oni.

M oabice 1t

IFaxy  FuXol'e= aup [iFu s )0 - (o M0k
’ S

= sup |LT'R{DEx: +

0=,

B [Rit-s)] Lis,x3(sh+

;’h[ §—TIR(T.x (T d T+ Boals JJ ds  FREnER,

—ET R8Tl ds)
L

T Wis—7gitx, {Tpdr+ T!.n':-r__'.-;‘_:}il; it
{6

Adter o serigs of siinplificaon:, and using 1he
conditions A,y aod Ag wille cguelion (59,

we e

o 1 : i o
W2, — Eoalby (Lo + Ly LT X3 o ng
I
Singe | JC:J X v — U s 1 — 2, which
implizs thar;

lim [F,2) —Fxh =1 ic.
[—r '

[|F.. x; - F il —= 0, n ¥ o

Mo, nesurme rhar 3 F,‘,{é Y, and for fised ¢ [0,
ry]. et S (Th = 4 Fes il s o 8,0 Ta shaow thal
3 (1) i o precampast set Bor every fixed T2 [0, 1]
Fof b= 0 we have § 0y = =, Wy x, = 5.0 -
faate whicl s 4 prevompacl set in Y.

MWow, fort > O, 0o <, define:



(1S )i = LRI, +

b 'J"n{t—sj[ fis.x, (50~
[his —Tg0.3, (odds + Boafs) ds

| or aabritrary %, © 5. then:
[ K =B T 4

LT Ijt Rit— ﬂ—a“l[ R R
_f Bl —Tlox (1)di= Hm{s)}dﬁ

fham the Compactnese of the resolent opetator
Rt and equariozs!®), which implizs that the set

h-i,;ﬁ] = I"i Sl 5, © 8,0 i= precompact in X
for sverv e DR <1<
Moreover, for a2, & 5. we have:
WFe W) = (Ep 2, M0l - [T RiExg +
ETR(—s} f{ax, ()bt
J

Ihfﬂ ‘t)gf,‘t,ﬁ,,Lt}]dt—Bm{s]}ds =
ER{t}Ex, —
T ek TF{([ g E:I|_ tis.x {s))+

3

[hiz—tiaix {Tlpl+ Hm[s}]ds |

1]
After a sericy ol simplificarions and nsinp the
condilions Az, Ag and Aw with squation (3),
We get: .
{E w1 = (B %0 b < TN, = f B,
e
(1 = (E Wty |y o —s O, g5 £ — 1), ra,
]'im l:]—l:: xm}{_l} (= I:_I;nxln}{ll}n. "-.V]'l',i-i_!h ]mplj" 1.hﬂ.1 E:l:f:._l
E=>0
is totally bouncted, thid 3z, S{) i pregompact in X,
see [137].714].

To prowe il 5 - T80 i a0 equicontinues
Bamily of funclons, wlen B+ <, e bave:

=B Rk —

| ':I:rxa!}(r! i []'Iq'xr.'.}l:f.'xl‘l

£ iR{n. &5 S]_r (s, (2] +
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_i—l'l'[ﬁ— ol (1] dt—Em{ﬂj]cis
F'R{r,Fx,

ol T Ri,— E:fl[ [is x (sh)+ i

J[h(s —ueln (rdr+ Er.nlfs,}]d_a. [ =

I leree:
KF s nbe A E s K =l [F TR ) Rir Yt 1

£ [Ree -5 flax s+
A (®)
Jhis—7)glr,x, (Thdr +l'!-m{a‘_|]:ls -

1]
L™ {Rig - s)] flsag (-
B

ih(ﬁ—‘:}g[":,x,_{'tj}d-:-i—Hm(:{}}[q 1

After a serics of simplifications and using ths
tallovanp condition Ap Ag and Ay withh equation
{57, we met:

AP axa o e W) b ds | R b= Wre dilisg |, !

MON — by NaARGK Y 1)

()
Since RN s compaed molvewt opernlor which
implies thal 140t) is contifngus in the mifoem
vperdler wgalepy e £ o= 0, therefore the right
hand =idz af aquaticun (9] temds 0 eom 15 1 -
tends o 7err. This § % eculsonlirous mily of
functions, It fallows from the "Arzcla-Ascolics
thanrem” that § = Fut5.) be relatively conpact in
Yoand by applyug "Schauder Tiasd  puoin
thaorem", which implies F,, 1 5, — 5. has a
Fired puinl, e, Foxe =x,, for arhitmary conteal
Tunction is given in L'Y|0, 7f, O hense egualion
(13 has g local mild solutian =, ¢ COR, 1], X0 Te
e i,x_ bz pag [ecal
mild selutivn: ol the semilinear mitial valie
cordral  probdesm given by equation{]} on the

[0
lunctions depend on .

show the unigueness, let X

terval where En.‘- i _1_{“ an i,
We must prove that | X 60 — &, 3 [l = 0.

aszumG || X, it — ')::m 1] [l = 0, and norice thar:




Journal of A-Mahrain University

%o = % 0= || E 'R, +

W RO -9 f(s5 (s +

E]
] DS kT, ¥ T Em(ﬁj-‘dﬁ :

r.-

E'R{TiEx; — 17 '[R[t—s}[ (8% _(s]1-
E

fhis- r,wgfri,m]dw]tmf_sJst "

After a series ol simplifications nod using the
conditions A; and A, with equation (5], we oot

| Kot = Ryinlie £ (ot by LBV 1R, -

ir:u“"""'
By using the condition (A, i), we pel;
VR0 - Byl Ly + hy, LakM

s 1
3"n..'_'.:l. [L“ +]']_.IL:;I]_J['!"]_

P

Then |"_'(U|_'1_] - KWI:‘I] |;..; = ||i_¢ - fm Ilv

L'y taking the supremnum aver (0, t,] of thz hath
sides of the above incquatity, we get;

1%, X.lle<X, - |y, which inplies to the

contradiction, su we get: T - im e
1. bHence we bave a unigque mild solution

A& [0 |LX), For arbirenry control Tunction
w e L0 1)), O
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