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Abstract

In this paper, we study one of the most imporiant types of functional diffzrential equations,
namely, Variable Delay Dnfferential Equations in which the delay term appears as a function of time
t, and we shall also use imponant methods in numecrical analysis, namely, Runge-Kutta methods ta
approximate the variable delay differential equation. Finally, a comparison is made hetween the
results obtained by Runge-Kutta method and the analytic method.

Introduction

Among the most important branches of
ordinary differential equations is the so called
delay differential equations, which are ordinary
differential equations that consist of one or some of
its arguments evaluated at a time which is differ by
any fixed number or variable that is called the time
delay or the time lag,

Delay differential equations are used to
deseribe many phenomenon of physical interest.
Delay differential equations contain in addition
derivatives which depend on the solution at
previous times, such tvpe of equations arise in
models  throughout  the  sciences, soch  as
mathematical modeling of population growth and
in many problems of cootrol theory, [Driver,
1977]

Delay differential equations are of sufficient
imporiance in modeling real-life problems to merit
the attention of numerical analysis, in which delay
differential equations arise in manv arcas of
mathematical modeling, for example, population
dynamics {taking into account the gestation times),
infections diseases (aceounting for the incubation
periods), physiological and pharmaceutical kinetics
{modeling, for example, the body's reaction to
C0y, ete, in circulating blood) and chemical
kinetics (such as mixing reactants), the
navigational contro! of ships and air crafts (with
respectively large and short lags) and more general
cantral problems, [Reinhold ¥, 2002].

In recent years, the theory of this class of
equations had become an independent trend and
the literntures on this subject comprise over 1000
titles. Also, theory of delay differential equations
can be considered as a peneral-ization to the theory
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of ordinary differential equations and hence
numerical methods are necessary in some cases in

which the theoretical solution is not available,
[Stark, [970].

Exhibition to Delay Differential Equations:

In physics and ofther engineering subjects,
the rate of change of & process ¥(f) often does not
depend only on the value of ¥(t) at time €, but also
on the values of the progess in the past [Reinhold,
2002] We can define delay diflerential equation
"DRE" to ke an equation in an unknown funetion
¥{t] and some of its derivatives, cvaluated at
arguments that dilffer by any variable function with
respect to lime t such as ©(1), T2 (0),.... T, (1).
The peneral form of the n™ order DDE is given by:

F(L y(0), y(t = w1k, .o, ¥t = nlD)),
Y= nlt)), o ¥ - Tl
YWt — 2 ) = B0 e ciesniscinmiamsinicain (1)

where fis a given function and 7,{¢), 12(1), .... uli)
are given FRnctions callcd the "time delay”,
[Bellman, 19463,

In some lifcraturcs, equation {1) is called
differential equation with deviating arguments, or
an equation with time lag or a2 differential
difference  eguation. or functional differential
equation. Alse, squation (1} is called homogenous
DI m case of g(t) = ), otherwise this eguation is
called non-homogenous DDE, [Driver, 1977,
[Elsgalic, [964), [Mamik, 1566].

A remarkable  phenomena of  great
importance is that, the ODE could be considered as
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a speial easc of DL wirl ¢ (1), €21}, ..., T —
The cinpfiasiz will be, v ceneral, on the Jineat
eguaticus with constant cocllicicnt of the first
order and with coe delay (becauss as il is in
ordinary Jiflirential cquation “ODE's" anv higher
order differential equativn could ke transformed
cisily t & linsar svstemy of the firse order). Such
form of a first arder DOE with one delay is given
A

a1+ 2% - =0 + byl -

Bt = oy = @ e, 2]
Whiers gfX) 15 4 givan continnoos linction, I R
Tunction with respect to thoe t and 2y, &, by aod (]
are cogstants,

Three tepes of delay differemtial cquations
wrise,  namcly  relandad, newral  oand  mised
{sometimes called el udvanced type). The first tpe
theans an cquation where the rafe ol change of
stare is determined by U present and past states ol
the cquations, for exmnple equation {2) where a; <
(0 and a) =, if the rate of clange of state deponds
nn s 0w past values oz well, Lhe equation is fhen
of memral tvp= [or example equation (2) where
40 and a < 0, by = U, Lhe third type iz a
combinztion of the two tvpe, |A1-Snddy, 2000].

It is dmportant to remark that, the theary of noutral
and mived differentiol equations s more advimiced
than this of retarded type, and inomost rey] Tife
applications, the differantial couastion with retarded
arguments i e most ecneountered one. The main
diflicully between dely difforential cyuations is
the kitd of initial conditions that should be used,
which  are  diffe:  rom ordinary  dilferential
synations, o Lhat ane shoeld specily in delay
ditferzntial 2guation: the Initia? condition on some
— ntaxs ©tl, whoere T iy the
>
domain of definile ol lims 1, 327 |t — Tt L] and
then tr¥ 1o find the snelution of cquation (2} lur a1l
1 = g Thu:, wc ¥y = oy for all
tp=TFE LS Ly, where 4¢1) d5 same  given

inlerval of longth <*

sel

conlinaaus extension of $ufl) into & funciion Wi
whicl satisly cquatinn (2) for all t = ty, [Llalanay,
| 9]

Solation of Theluy Diffcrential Equations

The best well known theoretizal method for
solving delay dulereniial equations is the method
of steps or the mothod of successive integrations
which is given for certain time step with step size
(say <% = max iy, we mest find this selution for

1T
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HAawed, £ 5.

al L= e drvided intw these stops will lenzth o)
alsi. | Nadia, 2001 |, | Al Saady, 2000,

For simpliciny aned
considor [231% ol the oy

FIL=ITE 200, W=, ¥ =2t L o T2
with izitis] eondition ¥ - esloh, t o PR ST
aned (U} e(t] are given wordifion. For sych
squation, the solution i conzirucead step by aten as
£l Lo

iliusreation: ooy,

Cme can fonm the selution i the rest tine siep
interval Jta, g+ 17| by calving the 1ollowing
&quation;

PO Ly, oit (LT -1,

for g Sty +1
wilh initiz] comliion ¥ {1y} =0i1;1. Suoposc tha
dh (U} s 1l desired finst step sointivn, which exiss
by vimme of continuite kypethzses,
Similarly, iF dq{l] is defined on the whole
segment [ty 1 + 7%, hence by fonming the new
ECETian,

Y= KL (0 deft— s[04 0

fr fg 1ot} 2e sty + 20

T,

One can find the soluion o3{11 with e

mitial - conditinn y{t; -ti=alt+ ¥ In

geacral, by wsseming that P (1his delined co
the imferval Tty + {k - 23% 1y + (k — 0*)the
llovwing equation seosimelad:
U =ML w0 by, (=8, of [t~ 1))
for b 1 [k 10t* =t = k¥, wd coosidering the
solution of this cquation with the iritis! condition .
Wiy ik — 13T%) = dy 1l1a 4k =101%)
which is deasted By oy (1), [Tariver, 19777, [Al-
Buady, 200,

Numcrical Solutiun of Trelay Differential
Fquations

When the analyTical aolution pocs for each
lurther step, the procedue ol solutivn wili he more
complicated Ad]l 2 wvery  complos stluaiion s
encinmiurod when tis mueh greader han (. Thos.
amilvtical salution i thiz cases irreliabie aml one
should consailt 22rtain pueka lual wehnigue toosolve
such delay diflerential squaticas.

In many reed B prablames, s of the
form.

v = BL o, vl — 0 ANt <Y
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is foo complicatad o be solvad, or when §o- (L) for
the successive sleps hooeomnss morg aed  muore
complicatad sach e dhz nesl step solulion
s, 1610 condd net e evalonred,

Therefors, the need for nensrizal methods e

necessary. e 1o these problems: and becmise o’

the imporrance of the delny differencial eguations
in whieh there iz 0 faw metheds for snlving them
numerically: 2 medified  approach fer solving
DDE's is required. This approach is the Runme-
Kulla inethods,
Formulation of Runge-Kufia methods for
DDE's
For simplicity pompose, consider the delay
difforential cquation with variabie delay (1), piven
by
¥ = fL, v, vt — oo, £ 2 [, T)
whore, y[U =l xa -0z lan. T o R
By replacing the gensral fonm r-stages
Funge-Kutta methads o solving delavdificoential
equations which b giver by
i
¥pir-¥nt hZ"ﬂ'iki
i-1
Where:

r
ki = f[!n Ea ].'.lfl-.. .‘-".Tl * h Zbuk,i‘}:n T{:T'ﬂ.-:' B

i

T
R k)
i

el

5
&; = Zhb
J-1

where €. 8; and Bijx forall i,j—1,2,...,1: are
comgslaniy Lo by detarmined.

Ter convenience. we dezign tha pracesz hy an
arcay of constants, and  claszafe Runge-faotta
methods as follews,

by Tz i ay
LRI by, 8
iy bja b a.
i LA i
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and it 13 oasv to classify Runge-Rurra motheds, as
foullows:

+ I b -0 Wiw), then the melhod is
called st — oxplizit.
) L I}ijzf_L Y1), then the methaed iz

called explicit.

* ¢Mrerwise it #5 called implicit.

Interpulation undd Exirspolalion Methads,
[Stark, 1970]

Suppasc we ale given a table of values such that

X fix}
X fixg)
) fix,)
X, f{x,)

Thus, for n — 1 different values nf x, nol
necessaty equilly spaced, the correspondug valuss
of [(x) are given, We asswmne bece that both the
arid  the corespondoe f{x) rre piven  eilher
exactly, ar within some specifizd accuracy. Iigure
(1} the POl amd e

correspanding tabulated valaes, which are shown
s a houvy black point on the eure.

shrws {unctiom

v, 1ol us suppose that we wish to know LX),
whire X is, for the sake of discussion, sorewlere
bemween x, and x., as shown in figure {1k T wee
linear interpolation, we draw a straipht luw
botwedr v tnbmlatad pointa, one onocach side
rvith somee loss of asouracy, we can use two poincs
both of which were at onc side ol (he desired
peints: in this cese, the process wiomld he called
extrapolation). OF the unknown poinl %, jusl in
this casc, draw a straight line AT) between the
tahulaled points x5 aud 2.,

ey .
l #E S
. >,
' A F R .
| 4 i \
N ¢ R \L}l »
% L . W gt
Tl : g
et . Al R
'\tI= !'\(_.'\._. )‘.J L \'I‘:"J't '\G.l

Figure {1}




Vaving drawn this line, as in ficur: {1}, we now
approaniale the corve in fre region benveen, i
this vase, ¥ and x. by the sraiglt Kne, whish is
shown  maenified i figure (2) using wimilar
apprixich, we fonn the proporiion:

B DL
AC AL
wllich we can sobve far RC, 10 give:
e A pe
AR
Tow
=— L [fix) - fixs}]
‘{_;1 —H3

OUr fesulling interpolated value for 11X is then
Pix1— f{z}iu[

: =
—Mix3)+

f
e = [0y} - 1ixa)],

where pix)i- the interpalation approximation to

F{Xy .

i peneral, suppose we wish o find the value of

f{x) for some x located belween s and x,; i the
table ol given values: then the imerprlated value
pixy, which & only an approximatios lor ix). is
stivan by

“Xi [fex;., I}-i‘{xi]]

pis)— i+

i+l — %
- " /.'-I.
.—"-‘-rr'-/
? i [(x.)
fix,) i !
| i :
| 1 | E
o o W :'L_l_
Firure (2).

The naxt example illostrate the procedure wecd in
sulving delay difforential eqnalicas wit variahly
dulay using Rynge-kutta mwet hindy,

llwstrative Example

Eupnase az an cxample, wie wanl 1o solve the
lllowing differential cquation with sosll delay
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]
yiti=1 w’& LY, 1=Aq
Wi
with=In{ty, =201

henee using the 2" crder svplicit g Kuda
method detined [y

] —_— _|-'I-.rl'.
Ynol =¥, Thz‘\,ﬂ, - n

e

(L3 B .8
where:

T e ALy ) +

h Zhijkj-:ﬂ'.
(|

and
4
- 2.by
=

where ¢, 3, by, Brall i.j=1,2,3,4 and N is

Lhe: nupn e of subdivisions of caclh subinteryal.
Lherelore, 1o the above considered prablom,
wi have:

[{i ':' -| '|
r =
X h b ho
K L] 1 ﬁ"‘r|+ L‘I*}n 'r+¢_.l"*l
N 4
% k 1] h '
ko= I thdoavpsskayn o0 ke
y ko2 2
— fﬁt + 1 Yy hks. Yo hk;]
witlh srep lenprli b= 001 ane initial condition® i1
= i) =  Z32% and wpen using the

interpolation and sxteapolztion nethuds discussed
i section (6) depending on the restarded value nf v
ebained rom Renge-Katta nicthod u be cither

interpolation i the relardation lies botween Lwe
known solncionz, or cxtrapelation if retardation Livs

outzide an interval ol known solution, sce Figure

3.

) =) ullElpuIa%
‘:I"_"I Yinl ¥
pliven i LTS TN T
Yo u e Y
s potregwlotian

Floure {3).
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The ebtaincd results and its comparisen wigh the
exnct solmion are given in Table (1% and Figuoes

{4).
Table (1),

FExace Solution | Namerical solutlon

- 1.60%1 - LElOS

= L2397 - 1246342

= 021624 - B R535Y

- (LA5625]
-0.473511

= 13249467

U

-{1.22%143%

-1 93535

- 0.1NT360 - 0075204

fl - 0029277

——EFzeztaslutan —s— Nuwa-cez. salubon

i ol
s ‘Ff"”:
}f

Figure {4)
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