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Absiract
Ler [ ke a separahle infinite dimensivnu conplex ilbert spece. a7 lat B0y be e Darzeh a'poloe o

bounded lLuwur oparators oo H e flsell The generalized derivasiand, , R — BIRY 05 delined by

Fol A —AX —AF ot A a5 MHY = B{H} v clemertary eocrater 5 delined by i".1_.=~|:*!f V= AXE - X and

leted  denotes by citliend |, or A oo 1 Anderson proved that it & 8O s normal, § 3 un aperatar such

thal A8 — 5.4 lhen||:5'd_dl:Xj + SII = h.’i‘| for 210X & BUA ) Hence the range 0f8 ) is erthoganal ta the kenel ol

The jordar"-derivatior: 4 B — BUHD 3 delined b A = 08 - - 477 of this paper is 10 prove g

similar orlhoganal result for W, ia the asual Hilbert apace,
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Introduction _ Py Atderson in T Andesion[2proved that 510
(et A buoun infnie dimensional separahls A RBUE s vonmal,l & Is oan peratar sach tha
eomplex Hilbait space anc let S{5} denotas <he by 8 _ Cep s
v ? ke then @, 1) 5|2 1S tealy e HEA) T

giwebra  nf  opumiurd=  boonded  lincar

lranzformatiena ) ot H ot result Iias 3 A anatogue indeed iU is Krear tha

irsel i merilized . o . :

|=:F-I s A 8o BUI) The Sl e if dand B satisty a reerzlive Eke hvpothes:

deTivationy o« M) — 00H ) (2lementary ad W, AS)=0%r swre Ko M) ban
AN o Th . !

DPSrat A g iz defined hy . .
P A BT = RiA)) ; ) o, T+ .‘E‘| - ||.’§"| tar

&, oUED = AR - (rospestively ;

ALE) axs-xdletd, | denotes by all X C B4y (see (31013l lurlur detafle).The
eithere’ , . or AL, the  jordan ur lengonality of the range dod the kemel of
e tain derivatang has heen cxtensively studied by
several autbions (zee, ey, [1107] [121.131,714] and
referenees thars Tl

derivation s, pory o gingsy s delined by
Ay - et forall ¥ = B Recali
that A and & are subspuces of @ Marack space

with norm| . Orthogonality of the Rauge and kernel of
Af iy waid to be orthegonal to AL 11 LAY

W still pruve the Range  Kerrel eotningonal ity

|m +”i| = ””I Forall meM aond ne N aneedan - derivalon Mrinn bere o 1he srd of this

The  Range Kemel urhogonaliy  of  he scotion we assam il JF i real separeble 12 e

coctatee e, e heen considerae by o numher of e, First we need the Bl g thearoms and

Eutbwrrs iz The rew gl past (ses proopasitions Ao satisfy tay Puinam Nuplede
17 e,

L35 TS5 (8145972




Thearem I, (Embry ‘s Theoren) [8]

Lev & end 7 he a zoir of ¢oruanting, oernzl
oparatars o Jlilbesl space B IF a5 o0 whers
Av BrFy and 0 B4 ten 57 .Razal *hat aq

Al = rid)

defined by

aperator A4 1 suaid 10 e normalosid §F

wlhoere el 115 the apecimt radivs
?'(.fifl—SLlp{_|/", Fde=eiAd1. I ois knoen  that
every hypenonpal operwlor is normalaid [71,
p-267 L The Bollmwing thearem appsaccd in [L8].
Theorem 2.

Ter & be an opoaes such thal A - iF s
onormaloid for all comslex value ol 4 0 ga #'e
lur an arbitrary cperacor A, Jor whichp g e,

then s = & Moranver it was shawan 2y the

Eollowery,
Theorem 3.

If v i any operalor such that S 'FS =T,
where U g (51, then the spectown of T fx real.
blmreaver, T ig

similar to Nemnitian operator Now we are ready 1o
give the followlng proposilions.

Proposition 1. {10]
Lat A, X e BUH). IT X

eprergior siech thet X 2 kerS | then X7 o kerl

in oA hyporssmal

Proof:
that

Liging [". i o] I 2An3
A=Y 204" ekerd,. *
Pruposition 2.[10]

Tet e By, Mne WD, Gien every nnrmal
operater in ker.7,is selfadjvirt opentor
Proot:

Lt ¥« kerd, be u novmal operator, o
K= FTN und XA AT 3y Liebey s Ueoreny,
V-amie, X is selfadpednt aperztar.
Propusition 3.[10]

Lot g e diiye W ivpan, then every hypanasnal
NS ALOT N ker g, 18 Self-adjuiot operator,
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Pronl;
Let x be a hyponormal eperales sucl thas
¥eaned, e, ¥a- AT Eince Qe 4o oA

then A 5 verble thusa 'xa= 37, el x4 i3
similarin X7,
Su Ctheoremn 3)impliss that = 0071 = real and so

etV W0 da wels krowr tam
conreTl X ) =Wix], thus iy - & which imples thm

A e selfadicint .

Propasition 4. [10]

Lol o, 3= fijery with ey and ¥ ke a
hypenntmal operater. Meither & ar & helangs 1o
ker s then & is selfs adzaint.

Fronf:
Eupposc that X is hvponormnl opeorator, I
yekerds, e by (praposidonl) A -X"
Foeke £, o Li, Xa=aytheny
wondilions (thearem2) a3 ewary Dvpownoul s
nomaleid axd X - 2F 05 normalotd ang oe ald
complex  numbers 3 [19]. Consegurently
- ¥ Mow we zhall prove the Tanze Werrel
ortheporality of Jorden -derivation oo Elilberl —
Schmid,
Theorem 4,
W xcpnyisa nomnal, 5o 05 un uperbor suen
thar ¥9= 5%, then

sariaties (o

a b

ba-aranf fre- a4y
all e prers

proafs
|- ax .s-;[i Stk AXTY FHXd o AVY 5t
SOFA= AT Kde Ar e LA - AT N Y - AT s
=faa-axt [t » 2Re(E— AV 5
weclaimthat{ ¥4 — A% 5% — 0 Now, ¥5 - 5% i
plicsthat x5 = gy andso
(X =iy 8y st Thus
(XA — AN Sh=a M- AR
e[ X4 -5
=l ST — AN fnee 8T 0
—_ .
sl y Runpe — Eeamel arthagona’ity of lardan *-
derivalin, it has heen shown -

Rerark:To

Let 4=l F
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Dl (ajthen every ayponoama LI in
ker.d, iy self-adjoing upsraor  And thus tlis study
bz as wsual clerivation, So we oz10 & i { 4)and
prool’ e rasult in peoeral caseTF XM= 00 4 5
mamral operstor, 3T s an nperenr auzl Uil
S then v 0 s = - AX 0 il for

all 4, RiF
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