Jnarnal of Al-Mabrain University

Vol. 212, December, 2006, pp, 133-134

el

G-Cyclicity And Somewhere Dense Orbit
Zeana Zaki Jamil

Loiversity of Baghdad - Callope of Seicnee

Absiract

Dept. of Mathcratics

Tet ffbe an Ldinie - dimensional separsbiz complox Hilbort space, and 5 be a muliplzation
seanigzrowp ol & with 1, An operalor T s called G-cyelic over S if were s o veclor £ fF such (bt

{-D:]’"'.r|r:{f_:5_.n:’ UJI’ is normedense i £F Bowdon and lFeldman kave proved that the existense ol

sotvewhire dense orbits anplics hypereyvelicine We show the carespoading result fhe

Introductivn

Lee A ke nn infislte-dimonsional separable
cnmplex Hilbeart spaca. amd HI:H} be the
Eannach algzbra of all liwar bounded nperatar on
£ Let § be a multiplication semigroup of
with 1, an operator T e B{H), T is called G-
cyclic aver § if there is a vector X in H such
that {cﬂ""x[& €S kz L'l} is norm-dense in A . In

this case x is called a G-cwlic vector for T aver
& [3]. Clearly, every hypercyclic operator is G-
cyclic and every G-cyclic operator is supercyclic.
Bourdon and Feldman [2] prove that every
somewhere dense orbit is everywhere dense, and
they use this result to give another proof of
Ansari’s thegrem " If T is hypercyclic, then for
each m21, T" is hypercyclic, moreover 7 and
T" share the same collection of hypercyelic
vectors™ [1]. Also they use their theorem and give
another

proof of Multihypereyelicity Theorem “If T is
multihyperevelic then T is hypercyclic”

[4]. Our purpose in this paper is to obtain the
corresponding results for G-cpclic over 581
Somewhere dense orbit is everywhere dense:

The goal of this section is o prove that the
existence of somewhers dense orbits implies. G-
cyclicity, Next we fix notation required for the
discussion.

Notation: Let Sbe a semigroup of @ with
1, then:

1. Sorb(T,x)= {aT"_fl.-:r eS8 nz {]}.
2. Qorb{T.x)=leT"sla e €.n 2 0}.

3. Flx)=Sors(T. x).
U(x)=mt(F(x)).

5. X° =complete of Xin H .
Clearly from the delinition of G-gyofic |3], that
every G-eyclic operator is supereyclic operator, 50
we get ©

i
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Froposition L.I: Supposc lhat x: & is such
that .S'Urb{i’ ',le i sumewhore dense in A then

fﬂ‘orb{T. x} is somewhere dense in H .

Prool: Since & is a semigroup of @ with |, then
Sorb(T. x}= Corb(T, x). Now sinee

U{x} £ ¢ and D’{x} [ inltﬂmﬁ[}"', j}] Thus

Corb(T, x) is somewhere dense.

From [2] we get immediately the following rwa
lemmas:

Lemma 1.2: Suppose that xe /f such thu
Sord(T, x) is somewhere dense in /. Then T
may have at most one sigenvalue,

Lemma 13: Suppose thar Sarb(7,x) s
H, then for
ae8, jeN,al"x isacyclic vector for T

somewhere  denpse  in cach

Peries in [4] proved the following lemma.

Lemma L4 [d: Let P be a complex
polyromial, p(ﬂ haz a dense range if and only if
p[}l}iﬁ 0 for every eigenvalue A of T The

next lemma provides the crucial element of the
argument,

Lemmal.S: Let x = H, then for every A 25|
1 (x) is invariant under AT .
In  addition, §/*(x) s

multiplication by any o £ 5,

Proof: Since [/(x) is nonempty, then there is a
posilive mieger [ oand a non-zero ff = 5§ such
BT’x  belongs to [x) and
x, =T 'x Forany ke N, ~‘}'ﬂrb{?'.?'=.r.'_,} is

invanant under

That 1 |
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dense in £{x}, thus X,
.B'Grrb{?",?’*xl,:i and £/{x)= U(’f i, l By
l2enma 1.3) x; is oyl weetor for ¥ L
;,’J(T}TJ Pl pn{]»ﬂomi'uf} is donse in M

Fix o= 5. assome rhay {."'[1'_] vl AL
ye iy} b
?j.-;i’__-"[y;}_u,'e MEY  dssurme v e f"(le: if oot

Lowariant, Lo, thome iy
thun 3 e 61*'[:1':}, alsn since A s conunues,
hznee thers is a poing p's F'{_r_] clnze araueh to
Foond AP s close enmigh 1w AT to kesp 't in
L*'{x_}_Thus: renams ' oas .
Fefx) fx
{pfl'}tl' B tpdpnimicd JL iz dense in A thug

Because opn al
there is a potynomial p oso that p(f e, s closed
enciigh to ¥ Ir eusurs IJ{T)IJ e #(x) and
AT )e e Ufx). since Ti(xbe #(x) and
FI:J::I is _,-'LT E LvarianL,
Sorh |:_T, E.'f'p[l"l'a: J = F{I}.] lawever
SormlT ATn{T Y, )= Sordlr, p{rry, )
Boranse x s u limir point of Sﬂrr';r{T. ij ], the
continuily of pl7 ) vield pliT:].t_, ¢ #[x). Thus

PATh, ¢ £(3)

contradiction. 1 is easy 1o prove that U"{!::I i3

11En

and s complemzot

uvariant undar mmltiplication under & c &,

Remack: The  preceding  show
¥ € Sohl(T, x), then ¢ I:x] =L {y}. Kow wo wili
mreve the main resull,

Sumewhere Dense Theorem 1.6:
Supposs T e B{H},  and Sort(T.x} s
somewiels dense in A, then 0 s Groeyelic
operator.

Proof: Assame Tharb'h;ﬂi",_xj # H . Sinee ks
eyalic Lior T (1.3y,

Lc:-f'f']:c;! p is polynomiall is densc in & . 1hen

vechar then

there is o subcollection £ of pulynemial =ach har
‘:ql:T}.t i l:};‘ is danse subsct of UFIx). Ly
{E.S}U"[:chl i A¥ - mvariant for all Ae &, uy
g[T}rJrf:l{I',x) = {I’{x] for all ¢ =40, lience. by

i 4 limit puirl ol

ihat ar
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cortimaity ol £
FATVF () gli JoreT, x}_ 1:5{x).
Let Woodemote the collestion of  non-zero

Folvnomials not huving the (possible) sigenvalus
of 77 a5 a zero and le

£ Lf'i:.t')u L;.'[T1!r.| o= Q},
{f,rl:_"! }1| g = Q:— is derse set n O {x), henee £

FE . Now put

AT

iscense serin . Bocanse _p[-}":l bas dense supe
in A (14 thorelvre p[_T:lJ"} 5 dense in A
Suprnaz, in order to oplain & contradistion, Gl
Pl e sl Ax), hemee p(I)xel? {x), then
ol e e B ek 1has plT WA} es “(x}.
1 the coher land, since T8 [JJ i AP -lvariam
Lor all Aded,
SN x ¢« Qe U7 ().
pldn = U"{.x} wliel vontrudicting the d=nsioy
o (T, Thus p(Tx & BL5 .

[

Ficq ;
Reczuse (il oo By 35 connected, eontaing

this

I'herefore

paints in L{x) and contains nw beundary point of
, I agr ! T
Ly, thes ipil :]:L| peEF i x), Given a
ceaflietenl q-inle o for any pobanomial, there is
a  mequince far #-luples of a
molvemizls in O converging comprnentsice Lo

collicienl

i and zinse XI5 svelis weslor ot ¥ rthen
I e .
'htlkf_1x| ne W} £
'J-_,"fT}-'-’i nco H‘"-j;C iy Fix,

B =0 Thes T s Geowelic aperator,

dense in M. Since

Lhrerefvite

52 Applications Lo the Somewhere Dense
Theorem:

In this segiivn we give wo applications 1w the
somirwhere denge theerein,

First we neel the lellowing fact, lag X be g
TR T O 1 £

fopalopical space and :

fenily of clossd subsel of X X - UF .

a=|

Nl £ = g then X - { [F (4],
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Proposition 2.1z i 1" is a CFuowelie operalor
over 5 then for overy posilive indeger 7, 770 0s
Cr-cwclic operator over 8 8Moecegver, T oand T
shiarc ke same collection of Gegvelic vectors,

Proof: Lot & be a G-oveliz vectar for T o
Sy and tixad nol, then

n-1
Sorb(7 x) — Ub’m‘h{ 1,7 x) will be dense in

11

n |—
fr, thus H =U.5'urfr{f"_.3"rx}. Thus al least

||

ong of the sots Soeh(T0Y500 ase be
somewhere damse, Therefoo: by (1.6 T7 s 0 G-
cvelic apegatar over . Mow because T must
have Uense Tunge [, the sct
Jre ISr:-rFJ(T"_,'J' ’.,T.]] = b'ﬂr'b[j!'"",]'_"x) will be
dease in &, from wlueh it follawed that x iz
also a Gecyelic veotor for 17,

An operator T o R{H)
operalor over 5 provided there i a finile subsel

)
D
H . Qlegrly every Gecvelic operator s aoulti-G-
cyzlic nperalon. A gocslivn arises: Is the converse
truc?

12 a multi-Ci-evelic

i T sueh thal U.’i’arhf‘,{',xf} is dense in

‘ol. 9(2), December, 2006, pp.I132-134

134

Stience

Fropesition 2.2: Any ioulti- -ovelic vperior over
5 Is Geevelic operator over |

Proof: Let {x,| be a multi-G-cxelic veator for
over N, then U.@'ﬂr.'!l:'f',x; J is dense in fT . By
1

[4], thare iz atTeast /1« | < m, such
that Enrfa{?", x h].' hes sumewhers dense fn M.

Thus by (183 T is Gecvelic oparator ever 3,
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