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Ahstract

Let & o zny ring. and A s & {lef) R -nodulz. M s said 1o e poinlwise pajective, of tor zack

epimurphism 224 - >, whzre A and B

are any X madiles, ard fur endh homemorphism

BiM = B then for every #t = A | there exists & homonorphism @ M — 4, which may depend on

i, soch that ez o @i )= S{m ). In this puper wo study some sroverties of pointwiss projesiive madiles.

Introduction

Projective mesdules h2ve  been studizd
crlemsively, and many genzralizetions for che
concept of 3 projeciive modul: weme given, for
exampls,  Improjeclee  modules  [2],  quast
projeccive madcles [T 2nd  nearby-projective
madules | 7], Another zeperahzation o the concepl
of a projeclive modele is the coreept of Incally
projeciive modolz, Zimmerrann [13],  and
Azamaye {11 W tis paper we will call & locally
prajeclive nadu’e, pointwise projective madule,
and 15 akareviated by poromoddids, aml we siudy
gome ol he properLivs ol ese modules.

12 this pamer & stands for 2 cormutative ring
with 1, unless otherwize stated, and a modol
means 1 (lefr) £ -module

1. I"sintwize projeclive madules: Basic resules
lt K b any roag, not necessary comtutative,
end M i3 a (28 H ancdole. We recal: that the
K o-module M is saiz 10 be poinlwize projective
Cabbroviated by pun, iF Tor each epimmphism
w4 B where A oand 0 oare anv A
modales. and S egch omorcrphism
ﬁ:?!-ﬁr » 0, en lor oviy M s, thers
exists 3 Fomomarnhisn 20 47 -3 A whuch may
i_ln;;p:;r]l,l un & . sach that rx G([,-!'-'[JH)=,|'_'?'[:HI:I
digaramrraizally:

4 — Coe o/

'b._. )‘)l'

Zee f1] Reote that every prajective madele 12
w2, howewer, the converse is fadoe as we wilt see
ater. Arummes und  Zirrennan zave  the
following characterization for pwp. modules 1]
aral [ 23]

L1, Propestion: les A ke any R -modale,
the “ohewing stabements are equivalent:

1. A is o pointwize projective anodule,

2. Cuch epienocphisn o A4 A whered B
any & -mcdule, is poamwise split e for each
ho B, there exiss a  homoernuphivn
A — 4 which nay depend on &, such

tat cee fib)=581

1. For cach me A trare are
ESU N 5. -] and
Py Py, = A ) sucl that
it
m= w [
Fal

1. For each wp,m,. ., Cui . there are

11
R sl M and
By P ntl, € A sugh that

N
o R e
m =0, m ey < <1
k=l

Remark: Paiz (4] o the kst propositon s
called the Don'-Fasis-Temma for
swpr., mndules.

Misl wi 2ive ancthen chamcterizznon of paD.
ek,

1.2, I'roposition: el M e ary # emadule,
then M is il ard caly T for cach free R
module £ every epimorpkism €1 F > Mg
painby i sl

Frooh (=) Ulea
fen) Tat b be oany A -modele wil

epumerphism oA - M e g, |r' ot e a

sel ol generacors for A, ard lel Fobea e & -

modele  wilh  kacz  {z. |£ i1, Daefine

il A on tae bhasiz by ¥z, 0o Tt s

clear  lhat iz ap  epimorphisn Thes

Boy: It = M s an epmorphism, henee it x a

puinlwise split, ie for saca e &M | there exists

e Tah SN W T Y R I iy [y Ty ]




1 lomomaphism @ M —F | @ may depend
an m . such that Foyaseim)=m. Hance hy
(.0} A bpwpd

it is knewn that B A is & projective R -

ol if and only 7 M 5 oa projective R -

mpdulz Wi = [4p113] A similar cesult holds

fur parp. modules,
1.3

Prapasizion:

T ,.’|.-;f|l is a projective B

rodule 17wl only iU M, s apwp. R -module

Viel.
Prool: let a& @} M.,  be  written as
a=[mlm eMViel
{==) In the diagram:
£Y
A= B
g
I ¥ J4)
v A
—_—t
@)/,
7
Define j EFJ' M, = M, as
o ({m |}=m ;- By assumplion, for all
fe @j M, there exists a  homemorphism
a
i “EP; M —Ad such that
ash(f y=0c7 (F). Define
m M, — &EM’, a8
W i=j
[ (m3(j)= { J_ I Define
0 i=#j§
e:M, >4 ax plmy=hoy(m) La
meM, ,
to@(m)=pBeoy on (n)=p(m), because
ppom =1

{<=) Inthe diagram:

& CAYe

By asswrplion, [or wach W CAS, , there

rA o such Ut

f E@f‘af“

¢ i

define k@M, —>A s k(f'}=§#:,f{:‘j,

exists a hormemorphizm Bt AL,

aoh, (my=fon(m}. Le

clearly & is  well defined.  MNow,

rx-:k(f}zZaﬁ-’:,(fhﬁ{z%"'(f]]=ﬁﬁ']

raf Jlat A
, by the definition of 5, .0
Recall that an X -module M is called
torsionless if [ 1K er f =10, where the intersection

is taken over all f € M =Hom{M .R) Itis

kiown thal every projective module is tersionless,
The Dual-Basis Lemma for pwp. Modules gives

1.4,  Proposition: Let M 1e a pwp,R-
muodule, then M is lorsicnless.

Note, form now on we will assume that the
ring & is commutative with 1. We shall mvestigate

the behavior of the pwp property  under
localization.
1.5.  Proposition: Lec M be a pwp R -

module, let 8 be a multiplicatively closed subset
of R .then § ™M icapwp. S 'R _module. In
particular, Af ,, is a pwp R." -module for each
prime ideal F of R .

Proof. let nised 'M i hy (LI}
I.

[T :Em,{rr}x, , X eEM, @weM . Then
il

5 §
by 2.(nfs)=p(n)/s,¥il<i<k . Now

-
£=Z¢'—' {.n}x“ Define g, :87'M >8R
1=l

ihar Zg, {—’1}% . Hence by (1.1}, §'M
5 5 5

is pwp.O




Romark: The canverse of the Tast proposition
i5 nOT TE, 8 example £330

2 The Jacabsan Kadicals of Pointwise 1"'rojective
Madules

Aromava [1] provad that it M isa pwp. R -
modile, sher J{M 1=J (XM thus cvery pwp.
mndale has a maximal schmpodulz. Also be sroved
hat J LA ) =M anlyir AF =0, thus we have.

2.1. Propesltion: Let A7 be a pwp. £ -madnle.
Then M lias a unigue mazimal subnmdukc
if and only i J{M) is 2 maximal
sulimodule of A .

I'root: Since M s o pwp. ther M Das &
maima: submadule, sae OF O I0 T L umizgae, then
A =M ) Mow, it J LM ) s masumal in A,
then o (A ) is @ unigue maximat submod .0

Teecsll (hal 4 reneaere submodule & of an
B oomedele A s called laree it & [1A =0 for
every hor-rero suhrmodule £ o W [4p106] A
Taree idcal of K0 just a kuge subriedule of the
K ocmcdule. £ Pt
ZiMislm oM wnim)islagein £},
Z{M)
M O[4p 3R]L T is known thet iF A b large in

is cales the singular subnedule of

i

R, hen ﬁ;‘it iz large 1o

M

"

i=12,.
M [4.2104]. We Bave:

1.2, Proposition: Let &f be a pwp. £ -moduie,
then {0 = A (8.
Proal: ol mCcAMI, Ly (L.0)

a7

F --E(,-‘:'r. (v oy =M oad e M
Fel

Clua ly, R ) oomrr e (. heaes
(g () i Lare infk his
@Amic LR}, theetore me 2 (8

il
Mow. loo o A(AMS | then ¥ =Z—’. Fri 3N
=l

Foe AR, moe M Thes [emnir) islarze

i
in A amel it i swose of @MY ), i ane 3l
is large o £ Henee v o A0

The: B lewing redalis aee osed rregquently in
this wack,

2.3 Lenmna: Let 04 be a pwp. £ -modutbe, and

kt / be an ideal of R, such that
M =IM then Tas= M,
arm{e)- - — R

Pronf. Assumc that awe{ad+f # K. then
there cxists 2 maximal el 4 of B sich tha
gentay o4 Henew MW - TV < AA and
tho: A =44 3y (151 and L]
M, =JiM ), and by i1] M, =U, Henre
there exists ¢ & B —A zicqthal #60as O, and s
is conltadiclive. O
14 Corollary: Lt A be a pwp. X -module,

amd let I be wn o ideal of 8, such thar

Mo T hen Wae M e Ful

Prool: By 2.3 Yac M
ey +F = N, tas there exist r € antre{iy)
and A =F sachthat F +& =1 henee it =er 1

B3 The Trace of Pointwise Projuetive
Modubes
#ecell that the race o an K -wodule M s

doefinetl by Z;"(M ¥, where the sum is taken

aeer wil f M7, anc is denoted by T (AL
Gsiuply 279, 1t s known that if A is a4 projuciive
R anodue, then M —A . T =7
i (") =i (M) (3]

Toposition: Lel 47 bea pwp. £ -module, then:
1. TM oA

2, Fh=P.

30 amni¥ y—arm{dd ).

amil

T Giwoswre ides!,

"rasul

Lo Cleady FAS = A 0 Tt fallovws Ly {1.1)
& T M.

2. Clealy T et #2T L tha
"

i —fo (w3 d =M w mo A
r=l

Ry agsEImplio

i, Zep{m,‘,ly, JEE < kL where
[ ]

¥,oEM R Lus
i -ZZ;:JJ (e M (3, ), henze F T '
R Thz oot is simprle,
o Lt rer, then

x = Zi:ﬂ’ (a, v e ad oM,
i



By (241 and (1) ssove o, =t @ v F .
Lhas
r=3 o (a)=y (@@=,
-
Relure wo give lhe lasc proposition m this
suisljon we reeall some notation, lor each e A,
£} =amwimniz)), D= E £ It s sazy to

eee thar 1t A 05 any module, than § < £2

AL Proposiiion: Ler AL be a pwp. A -module,
then I =13,
Froct Let e M x e DD . By

{'2.3} anrl {E.I) there camt # C'm?.?z{.l'ﬂ}

and ! <Y sweh that r+{ =1 thus

ol LU Lenve ,D"' —i, and

- .n

3.1 Fxample. Far the # -medoie (2 of

rationals, ¥ (=0 and D2 ({J] =2 for cach

& Z . This shows thar the last proposition is
False without Pointwise projectivity.

d_Prajective Madules and Poiniwise Projeciive
Mnduoles

An owe gaw in seclen ome svey orojechve
module is = pwp. Medulz, it the copverse 3= i
te a3 we wol see in (3480 Inthis seclion we sludy
cond:tions  under which  pwp.  Modules  are
prujee ve rmodnles,
4 1. ProsesiCan: Feey GZiwdy peaceated pan. B -

moduie 13 a prosectres moduis.

Preaft Let {r,.....0 )} be a finite

s qrrgr.rlr.r:llur:c afithe N —maalule M

5\

By (1.1] o= 2oeim e
1-1

¥ oM@ oMIUTICF < L

»e X then

v 1 i
g l rfl_ ”'-',‘ S }_‘L r_‘ -',':Jr r_:m.j j, L T lw: lr I '.:I_.'f.':
T ): fs :

e By oehe Deal-lasis Lerma Af d: 2
prajestive ingdals T

Lefore  wa  give other conditions
uvnder which pwe. Modales are crojective
medics,  we slacl by ire folloaing
rotacen and proposition: et 5 be the
erdemoaphizmrag of an & -modale A7
Oefine M x M 38 bs ERAET

f ol = (i Tris M . Let

EA T

A be the ideal of % genevaled by Im

where

| 1]
g (m)~if €S |f (m)=0}
where = A,

Lt

&2, Prupcsition: 1et A be a pwp. A -moduls,
then ¥ e M e (m)+A=5.

4 3. Proaf: Let me by (1.1
m o= pr&, (M, s @, = A anel
&=l
roeM o Thes m— Z[_‘F;. 1, ]I;J'?: ¥
P

lenez 1 —z[; !_,;;F‘,]E{Iru'lﬂ (wi) when

£ % ke identity cndorterphizer o AL
Thawefore qier e )44 -5 0

4.5 1005 hovwsn that an & anocule A = Gnitely
capzratad projective i and only if S5 —A[Y].
. Biv cins stateriens and (4.2 we Fave,
4.7, Propusiiivis lal A 2e o pwo B -owedule
that contzins &n clemcnt which iz 9 -tersien
free than &6 b w Guitely gencentad projoctive
R -imodule.

5 Begular Modules and Feiatwise Mrajective
Maodules

Lat 3 booan X -mudule, A ouiled -
reoular if for eazh x & & | there exicre Fris A ’
such thar » =A(x w11 By using (L1, we
hawve:

31, Proposition: Lvery 2 -regular module js &
pap B oarunduls,

Fimrratmarn [13] ataved that svary pwp.
Wodin'e e w ponlar ving i a & -rogrielae medis'e.
We wil, obiain thiz result by o doferent way, But
tirst vecall <hat an B o-redzic A s callzd £ -
regular i evers subieeiuly o A9 b pore [3] 180z
Euwens el 50 A i a projecive 7 ocsaka 8 -
modele, then A7 v 2 aogaar |35 Led ae note
thar & 2 -regeiar moecals ay nol be poajecryve
[L4]. Mawover we have

5.2 Propositinn: D et A7 hean B oemodnlz Then
Af san I ocregaba pece Mede'e ifand only it
Moz & -rzgula,

Proot: 1<"‘j i rollowes by (5. 1 amd | 5.
=) Tt A7 beoan Foarepalar madule, Iot
/N
xeM By (L X - A (x)y, ¥ e,
i-l
hoe M7 B Kiowoapuwe submoddle of A

then X "‘Z}if{ﬁ, Jsd I SRy . Thus

iy




dr,ef  such that x :EFJI: (x)rx . Tut
'
f -—-Zr_, RoeM ™ menx =h{xx 0

T is krovwn That every modulz over a sezular
ving is £ -rezalar [R] Thos we bave.

53 Proposition: Let £ ba a regular ning, dien
cveny pwp. R -medule, is & -recular,

Mow we are meady o give samales of pwp.
Mlesclubow thaal are ned projective.

$4. Example: et & heafield, lt T €4 where
K —-K

F s an iefinge comlalle sel, And el
2=[1K.

Mt 7 with f1e usnal OPEFALeNS, g
a ring. Since R isafieldthen & isa regular
ting, and hence: Mg arvegular ring. Let
PR

v Clears, £ isanideal of # | also
Foive £ aceular & qnocwle |11, By (5.1) &
iz a pwy R _mocnle. We claim thar 7 s ner
projective R modue. I© fact, jt can be eusilv
saown that £ iz not a direct sumimnand of & .

$ R
thus il is ootz diree suceimzed of
K =¥H . ] .
; Therelome # is nola direst s
tor any free K modae. 1iznce by 1.2, 205] P
Is o proje ive,

The lollowing csameie shows den ees an
lacally pwp. mkdoles which are qal preen rodotbes,
Tl owmple appeared in [ 4] fer anather porpaose.

5.1, Exumpile: Lt L wrvgalur g wiiech ias
nocTinitely renerared maximenl wWeal, and thies no
maxnnal idazl which = a direct 3 vunand (For
exemple, ® eoild be the iclinle S prodoe

. y . - YE lac Al
uf copies of a fisd 10 Ler ' | ! aea
Tamaily of
Wil deals  of K, and e
M LR AE Y Sinee B B repadar then BB
A

acally a ficld Venee AL, 35 4 veeror spaee aver

t1e figid A, . Taue AF, @i oA Fee A, -module.
Thzretore ,',J s & lozn I;' L Trc-dulcu Mo, e
show thay M =10 In fact, len | o (P = A
he an & =hemenoepedan. Sieee K0 s Hmj:l:!,
hen etier F =0 er s L=1, lff i | —

then £ /P, cac be [derrfiad witk an Wdeal _,_Ja in

£ But emr(A )= F ond £ isa pure idenl in

rd {Boiragse & i reguitary,  henec
A, =P . A =0, Buwide s, by 1he
maximaliey of £, F +4, =K . lence P iz a
direr: summand of & whiea is a contrediction.
Thus (R f'Pﬂ_}' =, and this implies that

MT -0 Now assume the A s a pwo. £ -
resdnel, has by C11Y Af = 0 wehieh s aleard
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