& -cyelicity

Adi] ;. Naoum, Zcana Z. Jamil
Lepartingnt o blalbemalics, Collare of Science, Universicy of Baghdad
Jadiryah, Baghdad, lrag

Abhsiract

Dimensional separable cumples Tlilberl space and & be a muldplication seoligroup of L wish 1.
Lenerizing the cencept of supercyelicity, we d2fine G eyelicity. namely, an operalor T bs callsd G — evelic over

S it thore is aveetor & S48 sugh (hat {EIT “x el 200 s noma- dense it H, such 2 veclor is called G-

CyCiie veoter for T over & Inthis paper, we list seme hasie propetics of G —¢velicity, We study necessary a:d
s Ticient coeditions for an operztar o be G cyclic. Finally we studv some of the spectral progeties of G

CYCLC ORETATETS,

Introduction
Let H be an infinite — dimensional separable

complex Hilbert space, and let B (H ) be the
Banach alzebra of all linear bounded operators on
H .Let T be an element in B [H}‘ T is calied

“cyclic™ if there is a vector X in H such that the
closed  linear  space  spanmed by the  ser

{T*x [k 20} is the whole space [5.p86]. An
operator T is * hypercychic " if there is a vector X
in A such that the set {T Sk |k = U} 5 NI —

dense in Jf [1, p 71], and T is called "
supercyclic * if there exists an x € H =uch that

{a'Tlx |f( =0,c EEI] is norm — dense in H
(8],

In this paper we introduce a concept which unifies
these concepts as follows: Let T be an clement in

fad (H } yand let 4 = A {T ) be the subalgebra nf
B(H} generated by the identity operator / and

the operator T over the field of complex numbers.
It is easily seen that 4 is the set of all polynomials
in 1" with coefficientsin . . Let § = ﬁ’[.!' ) bea
multiplication semigroup of 4  with [. In
particular, let §' he a multiplication semigroup of

U with 1, and let £=@(S.T) be the
multiplication semigroup of A consisting of all
elementsin A of the form {ai"* |ﬂ' eS, k2 ﬂ}
ordf =A .

Let x be a vector in /A , we say that x is a G-
cyclic vector over S for T if {gx |g € ﬁ} is

norm- dense in A . We call such phenomena
eyclic phenomena, we point out that this term i3

used in the lterature to mean the following three
CASES: -

. @ =4 (Cyeliciry).
2. & =1 and @ = ﬁ[l._l.,?':l (Supercyeliciry)

5 =41 and ¢=¢({1}.r)
(Fypercyelicity).
In this paper we restrict our sudy on a

multiplication semigroup of 0 with 1.Clearly,
every hypercyclic operator is G — cyclic, and every
G —cyelic operator is supercyclic.

In [¥], [10] the authors studied G-cyclicity when,

5 ={dell|4=1}.
§=p={1<0|4l=1},

Lad
"

=87 = {,lel'_l ||/]_|2 I} An  example was
given for an operator which G-cwelic over £ bur

not over 8 and vise versa,

This paper consists of three seetions. In section one,
we list basic properties of G - cvclicity, In section
Iwo, we give necessary and sufficient conditions for
G — cyclicity. In scclion three, we investigate the
spectrum of G = eyelic operators.

Preliminaries
In this scciion we introduce the definition of G -
eyelicity and pive some basic properties.

Definition. Let S be a multplication semigroup of
M1 with 1, an operator T on a separable complex
Hilbert space JJ is called G — eyclic aver S if there
is a wvector x in M such that the sat

{tﬂ'*x |-:J: Sk E{}l is norm — dense in A . In

this case X is called a G — cyclic vectar for T

over 5. It is clear that we may assume( € 5 .
Mext we fix netation required for the discussion.




Nutation Lot 5 be s multiplication semigroup of

[ with 1, and 7" < B (#H )=

L

Sorkr [T,,r)—{czf*_r |.:,::-':5.Fc EU}

4.

Note iha (Ff : ,-:I i o senrigrone of O

witk 1 and [S")" =5 .

Hemarls.

B x €@C (T )if end only if
Sorbt (T ,x ¥ = {0} .

2, Clearly, from {1.1} every

hypercyclic operator {vector) is G — eyelic, and
every G — cyclic is supercyclic,

Since the range of & supercyciic operater T, R(T), is
dense [3] then we have:-

6. Proposition, The mnge of a G - cyelic

operator I on H isadensein H
We benin with an easy obzervation. Compars the
following result with [7].
Let xe@C,(T).

inf{y"]""r || |r.' =20,y EIS|}=EF
sup{yl?‘”x I m20,ye |*:?]I- =
Proof. Let x e@C; (7). and assume that
inf{yl?‘"xl”n Eﬂ.yeb'[} =m >0 Since
0 & T, then there are sequences (¢, ) in § and

{n,) in NV

7. Proposition. then

and

g

X, I — (). Hence

there is [ €[] such that |£I,‘ I g -'-';[ < for
alt j >k aconradiction.
Now assume that

sup{yl‘]" er:r}l} }fEIS” M <o, and
yel 1 B
x € @C, (T'), then there exist sequences (a, )
fli—’»} m ¥

e, mf i H — [lv]|. Thus we get a sequence of

let such  that Since

in Es=o gsuch  that

[v e ff |r 556 —zyodic vector for i over s |

U L) @ Nl i Qeyelic operater aver 5}
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,V|hr b || n =0,y (=_|S |} that convargas W
hznce |LJJ |"'

Foe zpecial cage, whern N s bBounded ore can
easl.y prove the following corollares.
¥  Corpllarv, If & iz 2 bounded semiaroup end

¥ e @l {T J
sup{“f X |||f! > 'l'}}» TR
9. Corollary, Let T & & i:H]. and 5 bhe g

12, p57], a contradictign. O

then

Beeanded  sauvizroup .|T I| =1, then
T e@C. ().
Remark. The backward shifi

i F’?{-',' }—:r ' f[l jl is not G = cyclic over any

bounded semigroup, since ||B|i =,
One can prove easily the following results that

that if xe@C.(T),
ol "x eGC (T ) forall @ €S and n 20
Let x €@C,(F'), and let
FeB(H) suwch that FT =TF and
R(F) is
Then Fx e GC (T )

Terming now ta the similarity of G-eyclic operator.
1. Proposition. Let H, K be Hilbert spaces, lct

TeB(H) and FeB(X)
X:H >K be a bounded
wansformation such that R (X ) is dense in

K, and EX =XT. 0T e§C,(H),
thenF e @C (K). 1
r.Fekh {H ) arc similar operators, then
Fe@C,(H) if
Fe@l (H)
Proof. Let ¥ € @C (T ), then Sorbt (T, y)
is dense in H, thus
[Serte (X9 )] =[fai* (Xp)p2 0o es}]
)

=L o™y

=X{l)=k O

then

implies

14, Proposition,

dense in i .

and et

litrmar

particular,  if

aind only if

}[n.‘?na'e':

Mext we turn our attention fo the direct sem of G-
cyclic operators, Compare with [9]. The proof is left
to the reader,




12. Propasition . Let {5, } be family of Hilbert

spaces, et ‘T.' EB(HJ) for  alf i IF

B, e GC(BH ), then
T ocgl, {H, ] farall §
1. Neeessary wmld Sufficient Conditions Tor
= —Cyelieity

Trer yroml ol this section is 1o give 4 characterization
for (G-cvelic nperacrs. Wa fingl characicrize he sat
of 41l Gegyelic vanrors,

11 Proposition. T.et 3 i

Then FC, (7' ) = H[UUT‘“[—U D

().

ael n
where {1J, }T is a countable base for the topalogy
on H.

Proof. Sinca H is separable, then let {U » }r be &
countable  base for the topology on  H,

¥ e @C; (T) if  and only if
{aT "x |@ €87 20} is dense in H, if and only
such that

al'"x ell, ,ifand only if for all k& =1, there is

ifforall £k 21, thereis @S, ne]

i 1
aeS,nell such that 7%x € —LJ,, if and
I

only if x ei][ I Bl (luk Dn

- £
Recall that a countable intersection of open sets is
G ;- sel
2.2 Corollary. If the set of G-cvelic vectors over
S is not empty, then it is (7 ;- set in H.

xe@C,(T). BY (7
ol "x e@C, [T } forall w=0, el . Thus
Sorb(1".x )= GC(T), hence GCL(T) is

Froof: Lt

dense in H. Mo by (2.1}
{T] ( L UT'”{—U ]] where
GeF 5

{U,L }:- is a countable hase for the tepology on H.
The desived result follows by the continuity of T

1
and because —U‘.‘ is open for allk , and all
o

gecS.0
The following vesult i3 a characienzation for G-
cyclic operators, compare with [4].

2.3,  Thenrem, Lat T

AR LR AN LA L LRI gy ARy AL BV AT A ULT [ P Lo LV,

el {H } The fallowing
slatemgnls are squivalent:-

fo T eGC {H].

= For cach now-amply open sels

Uy, cthete are areN.mel auch  dat
" (E.Zf I =E

3 Far each x,v = H | there are

sequences I:.r i W H, -.\H,'. ; inlL, ‘-.'“*:’ n 5

sighithar v, =+ x and T ™ a5, = ).

) Far each x,v £ H | and enck

neighborhood W for zero in H, there are 2 € H |
ne>, @85 such that x -z € and
T 'z —p el |

Proof. 1)=>2): Let {#", | be a countable base for
the topolozy on H. By (2.1):

gC, (T)= ”[}i EJT o [—f-i-' ]] all

kzl.pwt M, =1 UT '"(luf ] By {(22)

WEN 5
M, is dense for all & 21. Since U s open,
then there are nel., @S such that

/T '"[LV }#@ where ' =W ;
by

W, ey, } Hence 7" (@U)NF #Q.
= 3 Let x,yeH for all k2l, ket

B=8(x, 1) 8.=8(y.¥) & @
we get sequences (i, ) in C , {a, ) in 8, {x,)
inHsuchthat x, e 8, and T ™, x, € B/ for
all kzl.  ‘then

|FT"-cr,c.r,—y||c}£ for all Kk =1. The

desired result follows by letting & — o0,
3= 4y Let x, ¢ = H | let W be a neighborhood

fur wero in H By (3). there arc scquences (I; } in

H, {m,) in _ {m;} in S such that x; —x

||:I;J —X || < ‘-!,E and

and T ™, x, —» v . Hencethercis k € 5 such
that ¥, —x €' and THeax, —y €W,
Take 2 =X,

4= 3 Let x,yeH . for all k 21, let
B, =B (ﬂ,/l/i_’). By (4) we get scquences {zk}
in H, l:n*} in L, {cxk} in 8 such that




I3

4 Proposition,

??,-‘,—.EFBk acd T“*t’r*zk - EBR for all

k=1, |:-k JLH-::}i
b 2

-"_‘p"{}/k for sl k=l lLet
b=,

= 1y Shee 1l

Thurclore: and

1s separdble, then there 5 a

sountable  bese set, sy {.1‘ -'}r-—' Set

t {J N ) 2 ' ": Pl
k=1
F(_;’,k} iz & baza topo.ooy on b, Mow by the
same argument wsed in the proof of [2.1), we get

G AT )= ﬂﬂ[UUT [ F(j,k]]]_

ey
By Baire's i enough 1o prove

uyur—

]7/;] far  some  J el

Ome can shivw thar e coleckon of all

Theorem, it

[L F{j,fd‘]) is dense in H for all
oy 7 or

k21 and jJell.
v € H . By (3}, there are sequences {z,:} in H,
{EF:} in S, and {Hr} in U such that =z,

For a fixed k,j, let

=

and T4z, —»x . Thus there is M >0 such

that |P'"‘A1£{-—}.‘¢J_||fi]//'fff>m.
7z, UUT '”(j—F(‘; k)]*?’ff:—m

add A ly

Hence

Therefore there is a sequence {z ;} of the sequence

1
—F(j,k
(270
and z; — p.

In what follows we zive an application of the last
theorem,

(2 !:} such that z e U UT ™

el o

Let T eB{H)
invertible operator. T & @C; (H') if and only if
T e@C..(H).

, yelf . Since T e QC, (H),

b an

Proof, Let x

then by (2.3} for all neighborhoods ¥ tor zero in
H, there are z e, re_ , e el such tha
z2—x ey and al"z—-ypel. swum
u=al'z, then u—yel and
i:r "u-xeV. s T egl ., (H)
(23).0

Mexi we will zive another characterization of G-
cvelic operators
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2.5

2.8,

Propositivn. The aperator 1 < gﬂfjg I:H)
if and
%{.r P AN
HEH.

Proof. .») Lez {3,z ye A B A, andlet £ > (1

Sinee T o g'C, {H] then hy 2.3 there ero

ohly i7 the 3t

]x e H.n Eﬂ,ﬂrr‘—_S} i danze n

welHd ozl ool such that
by —z|«af2  ard ||¢::=I"’w — || a2
Hexu

ﬂ(ﬂ el rr)- (y.z ‘ = —]f +”aT w-*N <&,

=) Let z,vyeH, end It £>0. By the
conditions there is 1 > 0 and sequences (w i ) in

H, {@) in 5 and {m;} in O such thm

{: ¥)

ket

i :
—(H-'; ST Mw, ]l <g”  for  all

and

Hence |z —u'kH*Cﬁ‘
||}»' —&i?—”‘wﬁ,”-d.': for all & >t. Then let
k —wm get,
o "w, —»y. Thsby (25T e@C, ()
Now we will stedy a condition that implies {-
cyclic,

Proposition. Let [ €8 (H), lee U,V
be a nonempty open sets im H, and let W be &
neishbarhaod for zero in H_ If there are 1 20,

axes that T all W =@ and
T 'a¥ nV 20, denT e FC(H).

Proof. We will verify (2.3). Let X ,¥ € H . for all
k=, Bizﬂ[sz!f;.),

B,: =i {y ,% J By our assumption, there exist

we W, =2 and

such

Let

sequences {n, Y ell, {r.‘r& 18, {H’ }EW and

(z, )€l suchthatz, €B, Tha z, eW
and T"aw, €8, for all k21, Therclore
Z, =X, T%a,z, =0

w, =0, T™ow, =¥

The proof camplete by taking x, =z, +w, For
all k 2 1.

P spectral  Properties of  Geeyelic
Operators

In this saction we discuss the properties of the
spectrum of G-¢yclic operator, [t 15 known [6] that
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-— ap " - L}
if ‘I is superoyelie, then T has al most one
eigenvalue, hence have

T Egﬂ:s (H) Then T has

ar rnnat one aigenvaloe wilh modulus:

Proposition. Let

1 Creaser Lhan onz, iS5 18 bounded above
2) Less than ane, 37 5 i3 bouded beloa
Proul.

1 simeed =& {L" ) , then T s
supareyuliv, thus oy |8 &, (T ' | comtains at nost
ore nom-roru epenvalue, Say A, Henve thees is a
wiit vecter z =] such tha Tz =Az.

ety e GC (T 1.

E{],J.EIES} is derse in |

s rusy 10 prove Lhal

o thal for all An=l,
JSTEC N S da N
ﬁ:.*‘” P fi_i#-I‘-T LRy

houncked above, then |,¢!|£.H fur soene ML how

. Epee 50 0

o

ZSEUTAS (=1 |f1.| | Hunew
i |

l: = ‘! < M i{x .. 3
[ ‘, 3 i

("}

2 Sirailar.

It wodld be wseli) to sav something abow Weyl-
spectrim, o, (), ot {i-cvelic operatazs.

., 4 conbtradiciion wirl

Corollicy.  T.at IE{_;“’E'SI:H}_. Men Weyl-

specimsn af 1708 the zpechrum al’ T uxcepd possibly
nne alemen: of modulus:

I Gredtwr Lhan one, i & is bowuded arave,
A Less then aae, 05 is bounded below.
I'toof:

1 Since T I:'."' t :I—c:'w [’." FJ ST, {]!' " |

(1], then by (3.0 either 7, (77} =
o, 117 (T7) i4f ;)
o (1) = (T 1={4) Xz
el {_}’ i -, [T “] = r:T[l"
3} &imilar.

For superovelic uparatoer T, o 18 shown o [6] thar
m(CEILE(RD) i comieted tor somer =0,
Therelue il T is {0 cyeie, then G(T,’ Uﬂ(i‘m}

is conoesled for somer ,..{} A cueslion arizes: 15
there eny reslriction an - Y

o I’T‘:I ur

=1 hence cither

"

Val. B{2), Decembur, 2005, pp. 163-108 Seicoee

Prapaslition. Letl 43 {H - then
T eghc, {H} i one of the Following slalements
hivids:

1. 5 iz bowlerd, rmd{?[f ] has o mounponent o
such thar 7 B {':l, 1).

2 S i hownded anda{T) has a
compunenl o sueh that o < [,?L||.a1.1 = l}.

Pranf.

1] Assumed r:g:‘f?.(H If H(Tj is
comested  end  o{T)c 8 (U 1},  then

ﬁmlT".xn—'PU for all x e {3l Thus

=

5:4}3”"? X |-. ,_EI} a contradiction with

(1.5% kow if @ i a cormpenent of r_T(T] SUCiL
thay T {{},1:} ‘Lhen hy Riser decompositior
Theorem T =T, 2%, such that & (¥} =& . But
T -g-'?':'ﬁ (H] (L2, herce by the  spne

argrzpent of the fizst parl ol this proof we gut «
conkradiction.

Ay Ry using (2.4) 2nd the same argument of
rhe prowel of the st par. 17

Corollary. Let T C &0 IfH)

1} % iz bounded, ten rFI:’I' j}r‘wﬁ"ﬁ ie
connected forall 7 2 |
21 5 is hewnded. then ﬂ'(r }."‘il:rﬁ :Ir iz

vonnceted farall F =]

Front:

lpLat r =1, aemme o (T j"‘-.rf*} is ot
cornectzd. Then there is a closed and opun subset
¢ o &(F)rd . henoe G A3, thus
r_‘.l'l:l'" }."‘u f! {:‘E:l :I — 0, hence oL I:.I"ﬁ ¥, Sinee
ral, then 7o M (ﬂ,l), 3 oonmmdiscton with
(3.3

2 Similar. O3

|.ct's give e simple applowion of propasitior £3.30.

34 Corollury let § be a Bownded seorigrows.

taen u yuesindlpotand opesstor can o be G-cyelic
uvur &

-

et Corellasy. A compael uperator can aof be G-

cyclic over any hounded sertgroup 5.
Prool Lal T be o corapact operaior which 18 4-
eyelie over §. Since every A € r:r{’:"' ). A=0,

an eigervalue lor T, then G+ A e m, |i ‘I
k)

Ly {3.2) either @, {T'J—Qﬂ ora, I ] {7 }




Al=1. Herco  willer H[T}={ﬂ}_ ur
g (T)={0,4}; A=V ¥ {7 )=]{0}. then
we gat a  contrudoction wnl (343 10
J(T]={ﬂ,i};|}t|}], then sinee A is an

isalzted point ln < {I ] liznce {U} is o componznt
fer HT(T J wacociediclion with (3.4
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