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Ahstract

The mun of this paper i= o obtain an woproximate soluwion of Caucky’s prublem of the second order by
uzing deficicnt sexlic spline which inlerpoluies (e laounary data (0,1 430 AT, we studied the convergence for The

aproainate solaron o tie exact sooabon,

Introduction
Let us consider the Cauchy's imitial wvalue
problem
=[xy, ¥ x e[0)] MU=y, yB=y,..(L.1)
Here we assume that f{x, v, y)eC[01],

r20,{ where C'[0,1] is the set of all continugusly
differentiable functions r-times over [OL1]} and
zafisfims the Lipschitz condition

E ey - by Yo sy, —sd Y i,
g=01..r for all xe[0]], where L is the

Lipschitz constant and ¥, V5, ¥ @nd ), are real
valued  functions. This  condition  ensures  the
existence of unique solution of the problem (1.1}
[5] Siddigi and Akann [6] used guintic spline 1o
find an approximation solution of fourth order
boundary-value problems.

In the last several years various authurs have
used spline functions for finding an approximare
solution of imitial wvalue problems incloding
(1.13[1,2,3 ;and 5],that the spline functions of full
comtinuity do not converge o exact solution for
arbitrary degrees of the spline (see for example [2]
and [3]). For this reason the continuity conditions
arc relaxed. Saeed[3] used the same idea for
finding approximate solution of (|.1jbut for the
lacunary data (0.2 3). In this paper we consider the
same problem but for the lacunary deta (0,1,4).

Definition of the approximate values Y
Let "";1:"!(' hel w, )= max{ iy 09-¥"ix) 1,
m m I ik :
0.1,

}’m :?“" ¥y ... ¥ "q=01.,0+2, be the

approximate values which are an approximate (o
the exact values

Y op oy vyig=00L.r+2. By using
lhese appm.:-maw values we consmict 2 spling
function 3, (x)}which interpolates to the set ¥ on
thz mesh A and approamate the solution ) of
{1.1). The set Y™ i ¥, =3.% =V,

o = P 0x, (0 Y (. g =0 L.

¥, —% -y’ - I If{u,'.f.{u},n;f_u}]daldt
Y., =¥+ §ICLY, (0.0]
Fin® = %0 P Fan s

g=40L...r ,k=0)..m

n{x)=y, + If{l,v{:},u’(t]}dt , oand for
¢, <x<x, k=0,..m-1.
v (x)= E"" b= 3 and

L{?‘} E-fp 1

"1
The error of the appmmmat:s values ¥, are
estimated by the |nequaht) (1.3) in[1) which is

|3."' - Voo =60 w o (h)  where &=0.1....m-!
and f=0,1
where L‘rTS denate different constants independent
ol fi.

v t2 ,see [1,Lemma 2.2.1 and 2.2.3]

3. The spline fumction 5, {x}
Lot &A:x, <%, <..<%, <x_ =1 bethe
uniform  partition of the mtuual [0,1] with

X, :%,ksﬂ,l,.._,m.Wc denote by S5 (63 m)ihe

class of splines 5, (x)such that S (x}) « C'[0,i] and
S,(x) is polynomial of degree six m [x,,%,] and
.+, ] and of degree five in each subintervals
[%,.%.,) k=L2..m=-2

Suppose that Y™ q=01...5andk =01,..,m

be given real numbers. Using thess approximate
values, we construet a umique Jacumary spline

funclion E_:l(x] of the type (0.1,4) which satisfies
the following conditions|4]

pai

S00)=¥,
0k =7 whereg=14 andk=0L... m }..(2.1)
Six,)=Y, and §,(x )=V,

W]




The exiztznce znd uniguensss of abhove :spling
fumction heve been slhown in 72] e hove
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Convergence of a spline function
In this section, we find the order of

convergence for spline function E[ £

given m section two to the exact solution of
problem (1.1} We also prove that it satisfies the
differential equation i (1.1) 35 m==, o
S,(x)be the spline function corresponding to the

agpraximare wvalies ¥ v -.G0,...m ared les
“:2[1} e the :.[_ﬂfnt; AL T T TRE L ~|mndm tor the
eracl vabies ¥k — G L. mul oroblem {1,1% Then
w2 have the following theorema

Theoram 1 The Fallew ng estimate: are valid
B N SBE ) el kel
Where U dunote differsat constants
inderendznt of &
D] 3 T SEH B -0, 5 Where
vixg I lhe esaet selulioe ol (117
and E, dunue differcni conatanis indepandeni oF
h
Proof of the theorem 1 (i): we have owing 10 (2.2)
S,00-8(x)=h"(a,, -8, )+h'(a,, -8, )+
h“{allﬁ -ﬁllﬁ]l'
where
"'Iu -:l":, _]_' I.:I'. :I'r| -}_'_ h-\.{-..'l _}| :|+ I‘?'p: J-lr
Using (1.37 we havﬁ
- ] Fl
B, — A, |s——(120¢c, + 240¢, +c Jh*w (h
1'4']- "!-|‘}36']( ot i +l' j': }WhEI'E

= 1h'w,(h)

[, == Jand e e ande are
.l

constants independent of i
Similarly

=il 8 ;
|?"m. =8, ':Eiitﬂc, +120¢, +c Jh’w,th)

where
= h’u.- J(h)

I (360, + 1202, +c,) ,
I'-"{}

- . ; :
and I“'”" -anoliEdHS'k.. 4'ﬁl]".. +I:.}|'Ih‘:_{h:|
= | hw,{h}

when:

I,-—mtlﬂk + 60, +€,) .

Hence
100 B, 00] =~ +ha, |+
W'a, —8, SIh'w.(h),

Wmlf i’-lrﬁJ- ||r|'|'.|r_1 -
and by suceessive differentiations

S (x) = S (0 <b h ™ w, (h) ;g = D.....5 . This

proves (3.1) for &~Q and X €[Xx,,X,]. Further,
owing to {2.3]
5, (0-F (0=, —F )+ -F6 %), B,)

o g x.)

+h'lay, -8, , 1+ Sl R, [ A T ¢
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We o have  owig  to (B3] we  get

Gy =Ty =130, —w?ﬁz ¥ R4

M g
Eﬂrj £+ 38 b J:J{vH -1+

ﬂl EEY £
?-h]fr _’!g’: ||.E_Eﬂ':.1}’l.'.—ll + "-TE } -
Moo
ij“_ au| ~_——{'I:]: H i =T W, ()

where L, -_J—Q{TS k +k, 3,

And &, and A5 ane conssant indeperdent of A
Similarls
I

< Loh'w (h)

i, <L bh'w,ih}

whate L, . -ard [ are congtants iedepemdane ok,
Hencei‘?_.l:qj th:-h* <dh’w, b}, whesd =L, +L, +L

kT

Al i,

and by successive  differentiation  we  aet
A E UL EXURTREFCY N B NI o 13
mroves ) k=12, w3

W carn reptare the sorme manazr in above tor d—an-
FTlence the proof of thecrer (0 13 cotmplene.

Proof af the theorem 1(i):
I L 1 1 L]
AR Y R EV R B

15 () - 5 (x).

it

Frem i= theorem 3.1 the following cashimates arc
valid i) - ¥ 1xde 2 h 7w (h) g - 012

Usitg this estimate acd estimate i theorern {0y we
have

|} My ‘:{:;: [.11-1’."—;q"|5
(7, + B =k W (h;
-0, Awhere B -k —h'T

Wick praves il
Tha ahowve theamem pive eror estimate batwse the
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e [hy— qu] it w, i} =

. . e s
ot (1.1, alse tor h— e fSodowing tharem
T

sacws that & (rsatisfies the difterendal equation

il 1asm— >,

Theovemy 21 The Fellowing camimases s walid
SO0x) S, 000, ()] 2 RR e th)

whare & ts canstant indzpendent of k.
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Proof: W have
S -fi S 00800=81 () ¥
#0016 5, (0.8 =150y (1
[ [x)— f{x_,g_‘{:-c}.gi{.x}}g ;
Therefire, owing te the Lipshizz condibon
] SH iy, 'I.m},ﬁitx]j EF;" (- ek
Uy i0-Six| [yeo B,

wo pol Lhe pmof of the theorem by uzing theoren
10HL} for o =ik 1,2

Conclusien

T his work, with [2],73] and [5] we conclude
that the type of the lacunary data has nn any make in
deciding the orier of converzence | bul Lhe degree
of the splme fenctinn haa to plavs a very impostanl
rale in deciding the rate of comvergerce.For this
senann, fo find o besl spprosimate solution Tor
Cancky®s aroblem, we melst use greatest possible
degree thr spline furction te chitain best accuracy.
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