AFLIENY tEAEE LEE 4 oEE 4 vwm

Numerical Solution of the Sugeno Fuzzy Integrals

Radhi A, Zboon, Meena ¥. ¥Lahmoaod
Dheparbnent of Matwermatics & Cempuzer Applications. Cellepe of Seenze, AL-Muahriin irversity, Bagadad,

Ahstract

and devaloped.

1A

Nurierical procedurss supdeTtsc 3y ootirizatien technign e 25 woll g wanz ranwrical mezhods have alu
heen developed and prosended in weder o salve numerically the Suger Sy inteprals.
Sorae eaapples have boor llustrzied csing e poepussd comoctatioral peacedies.

Intraduciion

Cine of Uw Oest concepts of ¢ uzay
intrprals was il forvacg B [Segers, [874]
whi gomsides fuamy mcosarcs aml gpeasted a
definition of 2 luxey  wloogra. which 5 2
pemevelization  af  Lemesgoe inlegias, buzey
inlegra.s ave moesuiy o kimlaf norlivear fusctionals,
wide Laebespre inteprals ace linear onco. [Sugerne.
1877

Tle ard’nary measures in e Swowsye of
| shesgnc niezig. hiov: additive prupeay. whils
Sogern consider the fuzzy wezsurcs aswosul
furctien with monoonie but o aleavs w
additivity. Adso, he pueposad Sngane Fuzey measies
o O-fuzze measare) as aspesinl fonn of ey
measune. [Bugsno, 1577].

[SLacno, 1974, inzredueced el
fviglizaled she fursy reasare and fuzey itegrl
lur real- walied finivons berween O end L
Tealoze. 19R0] ganerzlzad the defmilio: o7 il
fizry measeses 2nd fasee mteprais roresd wilues
funstiong  hetwsen 0 wad a0 AR zltemzlive
capressive o e fuzme legral was laier swrpesed
W Handol, (WIS, amd inves igalud
interearing mequalilivs relaed W e intcerals Dy
[Linala. .987].

Tl term “forzy mtecsal” actcally apalioy
foa lacpe clasz of non-limecar functicn-ls tha aes
Dased o the cencest a2 ran adZid (uzzy)
regsmce [Kellor, §250)0 e application of Zumey
miceral can ke foand Gnoimasr processiog sond
[tlen reeceniticn. Tidans, (997]

sl

Suzen Fweey integralin] Duhois 1980

Sew, bByoLag fazey creasurs Lrbeis
1954, Iet us defins Sugeno Juzex Tmegrals, which
are warw sihrilar o Lebesgoe fuopralas Tath beow
fimeron from X oo |3, 0F e Sogena Dcey infogral
wewr Ll nei-tizay ser A X of the [unction b owir
pesprct A frzy rwasure oS deined as lelows,
_I-JL Tl 1 — seonie monf A ME il
where H,, beine an weowt ¢ 1, 1, = Ix=X]Ha0s

e} and 19e svmbol 5 denoes e Sagenn iy
Irhegral.

i

Yhe Suzens [usey  steesnb is a o mer
fanetlony’ jreressirg: Die Sallpaing onosore wsiul
propratics see |sapens. 1977)

vz [hixa- gy By
2 [a-oli-a wy o L i3}

S laads b Cwn g hisi=plas Tl gl

i Wlaneronis? (1
AR

whether A f

1

famay  or ol wherz

U, gtands dor e ceeo b =hi function o¢
clienacmislic SietE !'fSpf-CTi'v:J':'.

30 i A 3o ﬁ e _t' Besdepd 4000
Ler P be a eroaahilite oessera then botl
ety Lebesmie end Coeey are detinod wil
rospee.

B . . I —
LT Nl e L O e o
: 4
tor rore detanlg]Sugena. | G74]

Mow, Ten s s he b cebership fuse o of 4
firry s &L Lioe the fuzzy raeacure of 3 ey sol A
i5 detinee ai loilowe:
siAJ=l 0 an
Where o wands Lor e Nieee integral with respses
by ey nczsare @00, Lhas, the Sogene Ty
intzaral of 3 fmelion b Zom Xt [001] tera Deay
e A with regpeet o Dy visere £ s delined as
L v
jr Bl g ==, iy, Gl e ai ) THY

Asslmu M = {581, ekl and thr ectico h
ki a newetonezalty i creasing sequsnea say: hix) =
hix i, & |1|f].:"‘], e el g e Slzgz‘.m‘: fuzmy
imearal B dafiaed a: el

}x_ et eaf — e min{h{x LeH ) 9

Woere I, consiats of oowd of al, the greatou
element of %

o P i N S | e 1 M

Whien the fumsy mzasdrs @ lis contamoas, b
defincd  as ollaws]

mlesral iz

megeln funmy )

[Foamdel, 197

{.hixise() = inl maxfe.sfA T I1)] il

1550 1814-5922




By nuting thar g (A7)0 3 & non-ingreasing
furgzion at o,

Mumericnl solution of Sugino fuzzy integral:
T iz seetian, s zresenl o eenera] numorics!
procadiss o caloulale the Sugeny ey irlegial,

Theorvin 1: | Kandel, 1996)

Lot 1T} Be u nue-pegative monctonic inzrewsing
Lipkseaitr eortimecus furcidss defosd ove tHe
faerval |a,9], that oreans.

I ffst =20 levalla<s 2k

Fale =i s Ve forn atx L x-k
Jofm-1-0g) sl =, xp corzilae tx Jx, ¢ b

ard tor sarte carstant L= 0

Ther dhe Saeenn [eese rereal of Brooie defees
a3

' Wadds = seplmin e, auk 3] Ll

Where I ={x7x) = o and m is the Lebesaus
nepmune, Kucdel Les cavvecd e, 074 e g neanzral
Eotween a and b for which fish=b 5 1leq

ERTGE D BEqualicn, 2 i+ izl

b s pepee, the beliowiane, theerern hove Been
devzlcped and proven 1 insurs thak fhz Sugeno
Ciey imlemrs” sohilien <{[ak. o0 Dy and (173,
st exist wund enigue,

Theorem 2X:

12 He ﬂi—.r‘-1|'|'-_"-1:{|||,;; a7 LHaran {l:l I walid,
then tiae sovabon of ST 0 bex, ber all €0 a, 2], 2515t
Al Lobiee d lees, U solucion of CF Dand ¢12
i3 oalst acd unlcuel
Proest’
bet el =k - %, t]a.b)

(ad  bew, 00 0 moe 2onzl b then tlemeane
CILSCN
Tither f{a) = b-a or fia) < b-a

Case 1,
[ B~ bez Fia

Then detime 2751 Fsy—b+x

mince W] s nor-ngsadive Jonvten (e ez D, Tor
all xcfz,b]), andd from 2quation (.5, we have,

JL N E L Y R U RS

gar=5iz) bh+a«o (4]
Since £ conenuous on x| b, and g8 satisly
Ly Fxefa] vz e dnterrredatz: walas theorer.
then Lhere exist scfa.h], such a0 glsr = 0 exists,
anzl ils 3 k-5

Raw, 10 giove tha sclubon o) 10s) dr- 404 0o gue,
sappasc 35, s abkl such Dat:

ced=figl—bi1 3 =0 iL5)
E = Ia - b b a =0 (Lad
Since gl s conlnueus Eilorentiablz on [a,b], wnd
long (137 wnd 18) exists, and applics Rolle’s
tasorem, there 13 0 umser s Boa b such thar

g {s)=10

and Fom (L3
Fis) 1=N=fi=-i {17

ALESPRER e FORFLALP L B0 RFor

Stnce Hix: ds venotome noansteg,  oamt by
definition of derivative:
g Nt S [
Fronye qm R T

ERE TR (N

o Ea g, koL el

1

Waoet DTN 20t el sl Dot from 2guation
17T wehavs: 7 (30— -1

Theefwe, this conrradizts the Baile's thaoemr
Tlus = {il axin] sl bebome wy e intered (ol
wngl o lore:

3.5 5

Cane 2

[“Ea) ™k a R
Sinrs x) is o meholaaic incrersing fracnia on
szl and sirce

" Ax)ds = seplminfeei(F o) R

Whare |7 [ fiar 2ol

How, singe o9 x 7 xslakl], and 610 s o onstonic
ircoedsing funclios thal nazens: :
fias = i) T oxRe|ab

ard o =1k | fixh = ob ard thes

Ak tal Woxela, ]

Soemeanal oo 1Y el S = 0 h—a
Then, [xrzlz—g 20;
s ecuaten i 2, and Pt = boa

There is only ene soletion <oz h] arx —

Ther ["fvids — Fa1= liw

Tl [ailowing corpuiational procedures fee fnding
nir t?‘!'il:ill Sl]i_:l_'“i_'l rl,.l.ﬁ,(;n_f ::'li_‘él't!!'ﬂil_ |Ii:|'\.-'.! I'_I\.!,,!]I
davzicpad ang &3 faliows

Compubaliomal prevedure fur selvinge suecno
inleyral

Mo we shall discss somo menesical netaods
in cloigl 1o lind the meretical <oliion o arenn
luzz integresion.

1 {Mewran-Haphson imetheal): | Feeden, 200
Wewtar'z mathod 3 ong of the mase power

and well-zmivwr rurnereal wzitlewl For lindine o

oot of ook e equaiim, Uy virue of theerers

Ly and i), the saluticn of the Sugeng gl

hecomas fiading, the ront of

[feh=rxi-h x

Wlieee o oteol s inounbguz, Tx) s the inezread

e inn salislics:

]’I' fs1ds —snpfrialw miF b |

Woherz Fo— 1l = nd o 35 ecucvalert to find
the rocl ol Tal =2 x.

Irowrder va Gnd sach @ oroed s, we ussame Ba) o o
[3.lx] ard the iotial value is sulllcienky close 12 the
soaluz b al

Fix)y=x= 1 fixi-bh=L and
v xefab]

Mewlon-Rapbson flenuicn procedure fur fiading
such & ot s given kv

I"(x)=0




Journal of Al-Mehruin University

Fix ]
xr-l = I\‘-‘n ,-.-r.
FLx, ]
M i=b . .
=X -—;J farsemeneM 21y
14 7ix, )

Sinee Ma) is monctonic increas'ms [Loction, we
ave i”-;'n] = 0, and theo dzmomicator ioowgeation
£ 5 is alweys bowadad below by 1.
Flew il shocld e ooted cha:
1. Forany x 3 which salisfy a <x S22
Fisad = KLt Qe —xa] 20-00 Gxl-2)
= fxy— o +(Hixd Bx i) )
Gince 1% i3 munedonic incressing idpaschils
conlinLows Minction zefingd over ne inte vl
[a1.4], them we ave:
F(x.)— Fix )= 0 forafla<y <x:=b
That i F{x) is monotonic increasing, also from
equaion (22),we have:
| F{sad = Flaiy} [ =41 = L} %0
L=1
where L. is Liphschitz constam for f{x].
Therefore, F(%) has Liphschitz constant, 1." -
(1-L)
2 Ipcase 2, we have fia) = b-aand {b) = 0
This implies that:
Ffa}=fia) + a—b<0Dand F(h)= (b} -~ b-b =0
That means Fa) . Fib} < 0, then by using (he
intermediate value theorem, we have pelabl,
such that F(p) = O (cxistence of such a
salution)
3. If the initial point is “too far” from 4 solution. the
procedure may diverge soo
[Eurdin, 2001]
Sa. the bisection method can be applicd to find an
initial approximatien ¥, to the solulion of the
equation (13), and then jump to apply Newton-
Raphsen method of the quadratic convergenee 10
£EL AN ACCUNILL TOO
4. In bisection method, we generare a sequence
ip 17, approximating o Zero p of F{x}.
xefab] and we have the following standard
equution: [Burdin, 2001 ]2 where:

%qf, for some 0 <

b=-a
—— whenn >
“n

lp=p =

3. Wa can use another approach to find a suitable
initial point X, approximation to 5,
Consider f ecab]l, let xs[ab] be an
approximation fa s, such that:

{x,)= 0 and {5-x), is small.
Consider the first three trms  of Taylor
pohnomial for {x) extended about x:

f (x}= rﬁ)m—in"np-“f

£ (=

Where ((x) lies between x and X, since f{x) is
defined to be {fix) = b = x}, and using the mean
1{b) - fia}

b-a

value theorem [ (X )=

letting X = a, then:

Yol Ni1h June, 200, Tap. 8- 03

=il

L] b IR N

b—s— fTs)~(x—ul* g I e
{9
Since {x - a) 13 small, e wer
u¥ s much smaller, thers S
b-xsliw)+(s-m%a
fib} - fia)
bh—n

ah—"ig)- b

| [
Thig % s the el s of £ i [inzam ox can Le
crxily waified

£
bh—a 2

mvalving {x -

wheme A =

225)

Remark 1:

i fix) is a non-gegalive
decreasing, we aimply define;
f(x}=fa+b Kk

furalla<x zh
Then the new function will satisfy the required
assertion for the theorems (13, and theorem (2).
Thus from above vne can develap the following
alparithm:

I NGiodic

Algorithm A.I:
Input: the interval end points 2.b and the tolerance
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Step 1:
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Otherwise go (o step 2

Step 2:
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{5.B) Computational Procedure using Optimization
method:

The following equivalent are needed in the
bt (b o dinary indegiation iz

[fex)as = iixad = 239685

numerical  solution  of  Sugeno  fuzzy
inlegral:

Femark 2:

L2t ) has a unique root in [ab] and fta) .

fib) < 0, then one can write an equivalent form as
follows:
£} = 0 <= min (f{x)) exists x[a,b]
From This remark, we can use the optimization
method to find the solution of Sugeno fuzz
intcgral. So, In this paper the sweepest-descent
method ta lind the numerical Sugeno fuzzy inteeral
has been considered.

5.B.1 The steepest-descent methail:

Suppose that F(x} — £x) + x = b, where (ix)
denoted @ non-negative  menotonic  increasing
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This method is sn fterative process, at stage i, we
have an approximation x; for the minimum point,
Clur next approximation is

Xio =N, - A, Valx) (26}
Where A, is a parameter called the optimal step size
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Where &, is the value of & that minimizing h{z}.
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15 a nou-linear algebraic equation in paramcier 3.7,
50 we Can salved it by using any suitable oumerical
method 1o find i15 root.

Alzorithm B.I:
Input: initial point x, and a termination criteria &
(Azcuracy).

Output: the solution of Sugeno integral
Srep liseti=0
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