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Abstract

In this paper, we define another type of compactness which is called "strongly c-compactness ".
Also, we study some properties of this type of compactness and the relationships with compactness,

strongly compactness and c-compactness.

1. Introduction and Preliminaries
A topological space (X,t) is said to be

c-compact space if for each closed set A < X,

each open cover of A contains a finite

subfamily W such that {cl v: v € W} covers

A [1].

Mashhour et.al.[2] introduced preopen
sets, [A subset A of space X is said to be
preopen set if A < int (cl(A))]. Obviously each
open set in (X,t) is preopen, not conversely.
Also, they defined the following concepts:

Let A be a subset of a space X:

i. Ais called a preclosed set iff (X — A) is
preopen set.

ii. The intersection of all preclosed sets
contain A is called the preclosure of A and
denoted by pre-clA

iii. The prederived set of A is the set of all
elements x of X satisfies the condition, that
for every preopen set V contains x, implies
VKN AzQ.

Also, they proved some properties, as (the
preclosure of a set A is a preclosed set) and
(preclosure (B) = B iff B is preclosed set).
Pre-open sets are discussed in [3], [4].

Ganster [5] has shown that the family of all
preopen sets in X (PO(X)) is a topology on X
if closure G is open and {x} is preopen for
each x e interior Fwhere X=FuU G.

A space (X,t) is called strongly compact if
every preopen cover of (X,t) admits a finite
subcover.

Strongly compactness is defined in [6] and
discussed in [7] and [8].

In this paper we shall introduce a new
concept of compactness, which is called a
"strongly c-compact space" where [A
topological space X is said to be strongly
c-compact space if for every preclosed set
A c X, each family of preopen sets in X which

covers A, there is a finite subfamily W such
that {preclosure U :U € W} covers A].

We discuss some properties of this kind of
compactness and give some propositions,
corollaries, remarks and examples to explain
that. After investigating the relationships
among compact spaces, Cc-compact spaces,
strongly compact spaces and strongly
c-compact spaces are considered.

Proposition (1.1) [1]:

Every compact space is c-compact.
Remark (1.2):

The implication in proposition (1.2) is not
reversible, for example: A space (N,t) where,
t1={Uy={1,2,..n}ln e NFU{ND} is
c-compact which is not compact.

Definition (1.3),[9]:

A topological space (X,t) is said to be a
Ts-space iff it is regular and T;- space.
Proposition (1.4),[1]:

A T3-c-compact space is compact.
Proposition (1.5), [6]. [7].[8]:

Every strongly compact space is compact.

Remark (1.6):
The opposite direction of proposition (1.5)
may be false, for example:

Let X = [0,1] as a subspace of (R,ty).
Clearly, X is compact, but not strongly
compact space, since the preopen cover

c = {ointn ¢ No Eapo
2°n 3

{(l-rn,£+rn)|rn: ~ A N> 2} has no
n ' n

I
2(n+1)

finite subcover.



Proposition (1.7),[7], [8]:

If the set of accumulation points of X is
finite, then X is strongly compact space,
whenever it is compact space.

In proposition (1.8) and remark (1.9)
below we discuss the relationship between
strongly and c-compact spaces.

Proposition (1.8):
Every  strongly
c-compact.

compact space is

Proof:
Follows directly from propositions (1.5)
and (1.1). =

Remark (1.9):
The opposite direction of proposition (1.8)

may be false, see the example in remark (1.2),
(N,7) is c-compact space which is not strongly
compact, since {{1,n}| n € N } is a preopen
cover for N which has no finite subcover.

In the following proposition we give some
conditions to make the opposite direction of
proposition (1.8) true.

Proposition (1.10):

A Ts-c-compact space X is strongly
compact, whenever the set of accumulation
points of X is finite.

Proof:
Follows directly from propositions (1.4)
and (1.7). &

2. Strongly c-compactness:

In this section we shall introduce the
concept of strongly c-compactness and the
relationships among compact, c-compact,
strongly compact and strongly c-compact
spaces are examined.

Definition (2.1):

A topological space X is said to be
"strongly c-compact space” if for each
preclosed set A < X, each family {V,.aen}
of preopen sets in X and covering A there is a
finite subfamily W such that {pre-cl V.. V,
e W} covers A.

Proposition (2.2):
A strongly compact space is strongly
c-compact.

Proof:
Clear. B
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Remark (2.3):
The opposite direction of proposition (2.2)

need not be true, see the example of remark
(1.2), (N,7) is strongly c-compact which is not
strongly compact.

Proposition (2.4):
A Ts-strongly c-compact space is strongly
compact.

Proof:

Let X be a Ts-strongly c-compact space. If
X is not strongly compact, then there is a
preopen cover {u,.oe A} for X which has no
finite subcover. Since X is strongly c-compact
space, then there is afinite subfamily W
of the preopen cover {u,.aea} such that

X = _yl{pre-cluai

u, €W}. This means,

there isx e X, x e pre-clu, butx e u, for
some 1 = 1,2,...n. Implies X €
pre-derivedu, . Since X is Ti-space, then
{x} is a closed set and x ¢ u, , impliesy ¢
{x} Vy e u, . Since X is regular, then there

are two open sets Vy and V'y such thaty € Vy
and {x} c V'yand Vy N V'y = & for each y e
u

Therefore {Vy'}yeua,

But {x} is compact, then there is
Vv, V,, -V } covers {x}.

is an open cover for {x}.

Let V'= _mlvy’_ , then V' is an open set contains
i= i
X. Let V= U V,, then V is an open set
yeu(l|

contains u, , and V. .n V' = . Since,every

open set is a preopen, then V and V' are
preopensetsand x € V', u, cVandVnV

= &. Therefore, x ¢ pre-derivedu, which is

a contradiction. Then X is a strongly compact
space. B

Corollary (2.5):
A T3-strongly c-compact space is compact.

Proof:
Follows from propositions (2.4) and
(1.5). =
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Remark (2.6):

In general a strongly c-compact space need
not be compact, see the example of remark
(2.2), (N,7) is strongly c-compact space which
IS not compact.

On the other hand, a compact space may
not be strongly c-compact, for example: The
compact space (N,t;), where 7, is the indiscrete
topology on N is not strongly c-compact since
{{n}|neN} preopen cover for N, which has
no finite subfamily W such that {pre-cl ulu e
W7} covers N, since pre-ci{n} = {n} V¥ ne N.
In the following proposition we add a
condition to make any compact space strongly
c-compact space

Proposition (2.7):

If the set of accumulation points of X is
finite, X is strongly c-compact space whenever
it is a compact space.

Proof:
Follows from propositions (1.7) and
(2.2). m

Proposition (2.8):
A strongly c-compact space is c-compact.

Proof:

Let X be a strongly c-compact space, to
prove it is c-compact. If not, then there is a
closed set A — X and an open cover {U,.oen}

for A, such that A = glcluai Vv ne N. Since,

every open set is preopen, then {u,.aen} is a
preopen cover for A, then there is a finite

subfamily {u, :i = 1,2,...,m} such that
{pre-clu, :i=1,2,...,m} covers A.

This means, there exists x € A such that

X € pre-clu, and x ¢ clu, for some
=1,2,....m
Since x ¢ clu, , implies x ¢ u_ , but x e

pre-clu, thenx e pre-derivedu, .

On the other hand, since x ¢ clu, ,
implies x ¢ u, and x ¢ derivedu, .
Therefore, there exists an open set V such that
xeVandVnu, =49.

Now, we get a preopen set V such that x e
Vand V n u, = O, implies x ¢

aj

pre-derivedu, which is a contradiction.
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Therefore X is c-compact whenever it is
strongly c-compact space. B

Remark (2.9):

A c-compact space need not be strongly c-
compact. As the space (N,t).

In the following proposition we add some
conditions to make c-compact space to be
strongly c-compact.

Proposition (2.10):

In a Ts-space (X,t), if the set of
accumulation points of X is finite, then the
concepts of c-compactness and strongly c-
compactness are concident.

Proof:
Follows from propositions (1.4) and
(2.7).m

The following diagram shows the
relationships among the different types of
compactness we studied in this section.

compact

T3
The set of CP
accumulation 4
points is
finite
hJ
Strongly c-compact

compact

X/

Strongly
c-compact




3. Certain Fundamental Properties of
Strongly c-Compact Space

In this section we shall discuss some
properties of strongly c-compact spaces.

Remark (3.1):

Strongly c-compactness is not a hereditary
property, as the following example shows;

Let X = N U {0},
7= P(N) U {Hc=X | 0eHAX — H s finite}.

Now, X is a strongly compact space,
implies X is strongly c-compact space (by
proposition (2.2)). But, N < X not strongly c-
compact since {{n}/ne N } is a preopen cover
for N which has no finite subfamily W such

that {pre-c{n}: {n}eW} cover N.
Remark (3.2):

The continuous image of a strongly
c-compact space need not be strongly
c-compact. For example:

Let f : (N,t) — (N,7)) such that f(x) = x
Vv x € N where t = {U, | U,={1,2,....n} Ine
N } u {g, N} Then, f is a continuous
function and (N,t) is strongly c-compact
space, but (N,t)) is not strongly c-compact.

Definition (3.3), [10]:

Let f :(X,r) — (Y,t’) be any function, f
is said to be a preirresolute function, if and
only if the inverse image of any preopen set in
Y is a preopen set in X.

Remark (3.4) [10]:

A function f :(X;1) — (Y,7)) is a
preirresolute iff the inverse image of any
preclosed set in Y is a preclosed set in X.

Lemma (3.5):

A function f :(X;1) —> (Y,7') is a
preirresolute if and only if pre cl(f *(B)) < f*
(precl((B)) VB Y.

Proof:

Necessity, let f :(X,;1) — (Y,1') be a
preirresolute function and let B Y.
Since B c pre cI(B) thenf (B) = f *(pre
cl(B)), implies pre cl(f *(B) = pre cl(f *(pre
cl( (B))). Since f is preirresolute function and
pre cl (B) is preclosed set in Y, then f *(pre cl(
(B)) is preclosed set in X. So, pre cl (f *(pre
cl((B))) = f *(pre cl( (B)).
Therefore, pre cl(f * (B)) = f “(pre cl((B)).
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Sufficiency, suppose pre cl( f * (B)) < f *
(pre cl((B)) V B < Y. To prove f is
preirresolute function.

We must prove that if A is preclosed set in
Y, then f * (A) is preclosed set in X.

Which means : we must prove that f ™ (A)
= pre cl (f * (A)). It is clear that f * (A) < pre
cdftA))VYACY.

Now, to prove pre cl (f * (A)) < f 7 (A).
Since A is preclosed set in Y, then pre cl(A) =
A and since pre cl (f * (A)) < f “(pre cl((A)).
Implies, pre cl (f* (A)) < 7 (A).

Therefore, pre cl (f * (A)) =f ™ (A) and f *
(A) is a preclosed set in X. So f is preirresolute
function. B

Prposition (3.6):
The preirresolute image of a strongly
c-compact space is a strongly c-compact.

Proof:

Let f :(X,t) — (Y,t’) be a preirresolute
onto function and let X be a strongly
c-compact space. To prove Y is strongly
c-compact space.

Let A be a preclosed subset of Y, {ug:
aeA} be a t'-preopen cover for A. Since f is a
preirresolute function, implies {f ! (u,): a.en}
is a t-preopen cover for a preclosed set f *
(A) < X and since X is strongly c-compact
space, then there is a finite family
{u,,.u, ,...u, } such that {pre ci(f *(u, )i

= 1,2,....n} covers f 1 (A). So {f (pre-cl(f -
1(u(Zi )): 1= 1_2,...,n} covers A. In virtue of
lemma (3.5), {f (f "' (pre-cl(u, )i =
1,2,...,n} covers A and since f is onto, then
{ pre-cl( (u,, ):i=12,...,n} covers A. Hence,
Y is strongly c-compact space. B

Proposition (3.7), [10]:
Every homeomorphism function is a
preirresolute function.

Corollary (3.8):
A strongly c-compactness is a
topological property.

Proof:
In virtue of proposition (3.7), then
proposition (3.6) is applicable. B
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4. Conclusion and Recommendations:

Our conclusions in this paper, that a
strongly c-compact space is c-compact space
but not strongly compact space and not
compact space. So we have to strive to put
another type of compactness which lies
between strongly compactness and
c-compactness.

For future works, we shall study
o-C-compactness, semi-a.-c-compactness,
semi-p-compactness and semi-p-c-
compactness.

References

[1] G.Viglion, (1969),"C-Compact Spaces"”,
Duke Math. J., 36, pp. (761-764).

[2] A.S.Mashhour, M.E.Abd EI-Monsef and
S.N.El-Deeb, (1982), "On Pre-Continuous
and Weak Pre-Continuous Mappings", Proc.
Math. And Pnvs. Soc. Egypt 53, pp.(47-53).

[3] M.Caldas and S.Jafari, (2001), "Some
Properties of Contra-B-Continuous
Functions”, Mem. Fac.Sci. Kochi Univ.
(Math0.), Vol.22, pp.(19-28).

[4] M. Veera Kumar, (2002), "Pre-Semi-
Closed Sets™ Indian Journal of Mathematics,
44(2), pp.(165-181).

[5] M.Ganster, (1987),"Preopen Sets and
Resolvable  Space",Kyungpook Math.j.,
27(2),pp.(135-143).

[6] A.S.Mashhour, M.E.Abd  EI-Monsef,
I.A.Hasaneien and  T.Noiri, (1984),
"Strongly Compact Spaces”,Delta J. Sci.
8(1), pp.(30-46).

[7] M.Ganster, (1987),"Some Remarks on
Strongly Compact Space and Semi-Compact
Space",Bull.  Malaysian  Math.  Soc.,
10(2),pp.(67-70).

[8] D.S.Jankovic, IL.Reilly and M.K.
Vamanamurthy, (1988), 'On  Strongly
Compact Topological Spaces”, Q and A in
General Topology, 6(1), pp.(29-40).

[9] G.B.Navalagi, (2000), “Definition Bank in
General Topology”, Internet.

[10] Rana Bahjat Esmaeel, (2004),"On Semi-
p-Open Sets", M.Sc. Thesis, University of
Baghdad, Iraq.

Vol.15 (1), March, 2012, pp.140-144 Science

-

AauadAl)
Gl e Al s Chuyes il 18 Lk

3 Gl 53l Liad GBS 'C = Gl 348 " slivend

ol A 3585 pal Al Gus 4 ABDa) 5 & o1

.C— oal sl g



