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Abstract

In this paper we prove that the fuzzy metric space (F, p) is a fuzzy complete metric space,
(where F is the family of all fuzzy sets in general fuzzy numbers F; and fuzzy points Fp and any
numbers of intersection, union of fuzzy sets in F; or Fp), then the proof of the fixed point theorem
in the fuzzy metric space (F, p) is given as a main result.

1. Introduction

The concept of fuzzy set was first
introduced by L. Zadeh [1] in 1965, several
researches  were  conducted on  the
generalization of the concept of fuzzy set. In
the next decade I. Kramosil and J. Michalek
[5] in 1975 introduced the concept of fuzzy
metric spaces, which opens an avenue for
further development of analysis in such
spaces. Consequently, in due course of time
some metric fixed point results were
generalized to fuzzy metric spaces by A.
George and P. Veeramani [6] in 1994 and M.
Grabiec [7] in 1998 and others.

Several approaches are proposed to study
fuzzy metric spaces depending on the
definition of the distance function either using
the a-level sets, or using the membership
function, or using fuzzy numbers, etc.

Therefore, the study of some well know
results on fuzzy metric spaces will depend on
the structure of the fuzziness, such as the
completeness of such spaces, fixed point
theorem, etc.

In this paper, the distance on F is based on
the distance defined and given by Kaufmann
and Gupta [8] in 1991 (where F is the families
of fuzzy sets which are any intersection union
of fuzzy sets are fuzzy numbers or fuzzy
point). M. Aziz [9] in 2006 studied fuzzy
numbers and fuzzy points again in different
approachs and given the construction of fuzzy
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metric space, as well as, a modified distance
function between fuzzy sets.

Also, in this paper we prove this fuzzy
metric space is complete and the fixed point
theorem is valued.

2. Preliminaries

In this section, some fundamental and
primitive concepts related to fuzzy set theory,
in general, and fuzzy metric space, in
particular are given.

Definition 2.1 [2]:

If X is a collection of objects with generic
element x, then a fuzzy subset A in X is
characterized by a membership function;
uz: X— I, where 1=[0,1], then we write a fuzzy
set A by the set of points:

A= {(x, mi(¥)) [ XE X, 0 < pz(x) <1}.

Remark 2.2 [2]:

The set of all fuzzy subsets of a set X is
denoted by I* that is
X = {A: A is fuzzy subset of X3}.

Definition 2.3 [3], [4]:
A fuzzy point p in a set X is a fuzzy set
with membership function:
r forx=
(%) = {0 for x i};/
where xeX and 0 < r < 1, y is called the
support of p and r the value of p.




We denote this fuzzy point by y, or p.tow
fuzzy points x; and ys are said to be distinct if
and only if x #y.

Definition 2.4 [3], [4]:

A fuzzy point x, is said to be belong to a
fuzzy subset A in X, denoted by x, €A if and
only if r < pz(X).

Definition 2.5 [10]:

Let A be a fuzzy subset of X, for any
ae(0,1], the set of all elements x such that
Hi(x) >a is called the a-level (or a-cut) set of
A and is denoted by:

A ={xeX : pui(x) >a }.

The next definition depends on the
extension principle:

Definition 2.6 [9]:

Let f be a function from the universal set X
to the universal set Y. Let A be a fuzzy subset
in X with the membership function p;(x). The
image of A, written as f(A), is a fuzzy subset
in Y whose the membership function is given

by:

sup{uz ()}, if f7H(y) # 0
Heca) (V)= Jxef~L(y)
0 otherwise

Now, before introducing the definition of
fuzzy number, we introduce the definition of
metric space based on real numbers.

Definition 2.7 [9] :

Let R be the set of real numbers, let p: R
x R — R suchthat p'(x,y) = |x-y| VX, y € R,
then (R, p ) is a metric space.

Definition 2.8 [11]:

If a fuzzy set is convex and normalized, and its
membership function is defined in R and
piecewise continuous, then it is called a fuzzy
number.

Remark 2.9 [11]:
Fuzzy number is expressed as a fuzzy interval
in the real line R represented by two end points a
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and ¢ and peak point b as [a, b, c], such that the
highest of the fuzzy number at b is equal to 1.

Now, we can put (Remark 2.9) as the
following to make the definition of fuzzy number
more clarify.

Definition 2.10 [4].[8]:
A fuzzy number M with the membership
function is given by:

fi(x); ifa<x<b
g () ={fr(x); ifb<x<c
0 other wise

Where  f.(x) is a continuous increasing
function in [a, b], fr(x) is a continuous
decreasing function in [b, c] and f (a) =
fr(c) = 0,f (b) =fg(b) =1, is called general
fuzzy number.

We denote the family of this kind of fuzzy
numbers as F;={[a, b, ¢]: Va< b <c;a b, c
eR}.

Definition 2.11 [4],[8]:

Let M be any general fuzzy number, then if
fix) =(x—-a)/(b—a), a<x<b and fr(x) =
(c=x)/(c—=b), b<x<c then we call this
fuzzy number as triangular fuzzy number
which is denoted by M= (a,b,c) with
a<b<c.

The family of all triangular fuzzy numbers
is denoted by F, where:

Fr ={(abc):Va<hb<c, ab,ceR}

Remark 2.12 [4],[8]:
For a level A (0, 1] we can define a fuzzy

point a, with the membership function:
A, X=a
liax(X)={0 X#a

All A-levels fuzzy points a;, form a family
given by:

Fp(A)={a, : acR}

Especially: if A=1, then this degenerates a
fuzzy number (a, b, ¢ ), with a=b=c, which is
denoted by 3@ = (a, a, a).

i.e. Fp(l) ={a; : aeR} = {3 = (a,a,a)| aeR}
and let Fp = Ug<<1 Fp (L).
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Remark 2.13 [4], [8]:

Let F be the family of all fuzzy sets in
general fuzzy numbers F; and fuzzy points
Fp suchthat F; N Fp c Fand F; U Fp CF.

Notation 2.14 [9]:

For each A, 0 < A <1, there is a one-one
and onto mapping between Fp(A) and R,
which maps a; €F onto aeR.

The next definition is a modified approach
for the distance function between two fuzzy
numbers, which will be used later in defining
the fuzzy metric space.

Definition 2.15 [9]:

Let A BeF where A =[aj,aa3],B
[by, by, bs], then the distance between A and
is defined as:
p(AB) =1 [ Ixz (@) —xg; (@)|doc+

!y xar(0) — Xgg()]da
where ae(0,1], and
xzL(a) = a; + (a; —a;)a is a-cuts of A from
the left-hand side.
xg (@) = by + (b, —b)a
from the left-hand side.
xzr(0) = az3 — (a3 — az)a
from the right-hand side.
xgr(a) = bz — (b3 —by)a
from the right-hand side.

Properties 2.16 [4].[8]:
1- Ifa;,bg €Fp,0 <A <p <1,then
p(ax,bﬁ) = fohla — blda + fflblda
= Ala—b|+ (B—A)|b|.
2- If 3= (a,aa),b=(bb,b)eFp(l), then
p(é,B) = |b—al.

B

is a-cuts of B
is a-cuts of A

is o-cuts of B

As an illustration, consider the following
example:

Example 2.17 :
Let A, B € F be any two fuzzy numbers,

where A = (1,3,5), B=(2,4,6) membership
functions:
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( x—1 .
|fL(x)=T; if1<x<3
AlX) = — X
ha () |0 =——; if3<x<5
0 otherwise
( X—2
|fL(x)=T; if2<x<4
g(x) = 6 —x
b () |f00 =" if4sx<6
0 otherwise
then in order to find the distance between

Aand B, we must find a-cuts of A and B,
where ae(0,1], as follows:

For A the left-hand side is xz, (o) = a; +
(a; —aj)a =1+ 2 a, and the right-hand side is
Xz (@) = a3 — (a3 — ax)a =5-2a.

Similarly, for B the left-hand side is
XBL ((X) = b1 + (bz — bl)a = 2420, and the
right- hand side is xgg (@) = b3 — (b3 — by)a =6-
20.

Then the distance between A and B is:
p(AB) = % fol |xzp, () — x5, (@) |da +

%fol |xzg (@) — xgg (0)|da
1,1
=211+ 2a—2—2alda+
1,1
> Jy 15-20—6 + 20| da
1,1 1,1
=Ef0 1d0(+5f0 1da
=1
Theorem 2.18[9]:
Let p:FxF—- R, then the distance
p(A,B)on F satisfies the following three
axioms of the distance function:
() p(A, B) =0ifand only if A =B,
(b) p(A,B) = p(B,A),
© p(A B) +p(B,C) = p(&,C).

So, (F, p) is fuzzy metric space.

Remark 2.19[9]:

It is important to notice that (Fp(1), p) is
isometric to (R,p ), where p is as given in
Definition (2.5), which is denoted by (Fp(1),
p) = (Rp), since there is f: (Fp(1), p) —
(R,p) such that f(3) = a V 3 € Fp(1), is one-



one, onto mapping and p(3b) =|b—al=
p'(a,b) = p' (f@), f(B)).

3-Fixed Point Theorem on Fuzzy Metric
Space (F, p)

In order to investigate fixed point theorem
in the fuzzy metric space (F, p), we must
firstly show that the fuzzy metric space (F, p)
is complete. So some additional basic
definitions are introduced.

Definition 3.1:

Let {P,} be a sequence of fuzzy points in
F, then {P,} is said to be converge to
P, (written as P, - PB,) if and only if for each
€ >0, 3k € N such that p(P,,B) <€ vk >

n.

Definition 3.2:

The sequence {P,} is called Cauchy
sequence in (F, p) if and only if for each
€ >0,3ke N such that p(ﬁn,ﬁm) <€,
vn,m > k.

Definition 3.3:

A fuzzy metric space (F, p) is said to be
complete if and only if every Cauchy sequence
in (F, p) is converge.

Theorem 3.4:
The fuzzy metric space (F, p) is complete.

Proof:

To prove (F,p) is complete, we must
prove any Cauchy sequence in F is convergent.
Let {p,} be any Cauchy sequence of fuzzy
points, such that p; = le,f)z = Xp; 0 e

Pn = Xny, oo

Consider the following three cases:

1-1f {p,} € Fp(2), for all neN.

Then Py = x4, P2 = X3, e, Py = X -

Since {p,} is a Cauchy sequence, then we
have Ve > 0,3k € N such that p(p,,, p,y) < €,
vn, m > k.

And since {p,} € Fp(1) for all neN, implies
from (Properties (2.16)part(2))

P(Pn,Pm) = | Xn —Xm| <€ Vnm>Kk.
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Thus {x,} is Cauchy sequence in R, but R is
complete metric space, then {x,} is a
convergent sequence.

2-1f{p,} € Fp(1);0<r <1
Then Py =x4,,P2 = X2, s Pn = Xy oo
Since {p,} is a Cauchy sequence, and A> 0,
then from Archimedean property for any
e > 0,3k € N such that p(p,, Pm) < A€,
vn,m > k.
For pn = X, Pm = Xm, €Fp(1); 0< A <1, their
o-cuts, 0 < a <1, and from the definition of
the fuzzy points, are :
x5, 1,(a) = XP‘HR((X) =x,f0<a<h
xp (@) = xp p(a) =0,ifA<a<1
Xme(oc) = Xme(a) =X, If0<a<
Xme(oc) = xﬁmR(a) =0,ifA<a<1
Therefore, by (Properties (2.16) part(1)) the
distance between p,,, P, IS
p(Bn, Br)=ly | X — X |da+ [} | O]dax

= }‘*lxn — Xm I
Since p(P,, Pm) < A€, Vn,m > k, implies
P(Pr, Pm) =AXy — Xm | < A€, Vn,m > k,
O<Aa<l1
Therefore |x, — x| <€, Vn,m >k
And hence { x,} is Cauchy sequence in R, but
R is a complete metric space, then { x,} is a
convergent sequence.

3-If {p,} € Fp, then p; = Xlxl'ﬁZ = Xg;, o
Py = ann'f’m = Xmjy e such that
O<An <1, Vvi=123,.., where from
Properties (2.16) part(1)it is supposed that {A;}
is @ monotonic increasing sequence of levels,
then for m>n, we have A, >A,0r Ay-
A, > 0. Since {p,} is a Cauchy sequence in F,
and suppose that:
M €+ (A= Ay )IXm| > 0, then ,3k € N such
that
P(Bn, Pm) < M € + (A= An )X | Vn,m > k,
by (Proposition (2.16) part(1)), we have:
p(ﬁn' ﬁm):}\'n |Xn - Xml + (}\'m - }\'n )lel
<hp €+ - Ay)xm| Vn,m >k
= Xy — X | <A, € Vn,m >k
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= Xy —Xp| < € Vn,m >k
=p (X, Xp) < € vn,m > k
Implies {x,} is Cauchy sequence in R, but
R is a complete metric, therefore {x,} is a
convergent sequence.
Thus in all cases {p,} is a convergent
sequence, and therefore (F, p) is a complete
fuzzy metric space.

Now, we are ready to investigate the fixed
point theorem in fuzzy metric space (F, p) .

Theorem 3.5:

Let (F,p) be a complete fuzzy metric
space, and f. (F,p)—(F p) satisfy
p(f(p), f(q)) <rp(p,q), where 0 <r < 1. Then f
has a unique fixed point p.

Proof:

For any fuzzy point poe F. Let
p1 = f(f)o); p2 = f(fh) = f(f(f)o)) =

£2 (o) Pn = £ (Bo)

So, we have a sequence of fuzzy points

{Bo, D1, P2s - }-

Now, we show that for each py, {pP.} IS

Cauchy sequence.

Ifm > n, p(P, Bn) = p(E™ (Bo), " (Bo))
<r"p(f™ ™" (Bo), Po )
:an(ﬁm_n,ﬁo)
< r{p(Po, 1) + p(P1,D2) +

et p(ﬁm—n—ll ﬁm—n)}
< 1rp(Po,p1) {1+ r +

r.2 + “__l_r.m—n—l}
< rp(Po.P1)

1-r
Sincer <1, Ve > 0,3n € N and as n— oo, then
rp(Po.P1) <e
1-r
N o~
Then p(f’m; f)n) < % <€ Vn, m >k

Thus {p,} is Cauchy sequence. Since (F, p) is
complete fuzzy metric space, there exists p
such that {p,} — D.
Similarly if n >m.

Now, we show that p is fixed point in F,

then we must prove f(p) = p.
p(f(B), P) < p(f(P), Bn) + p(Pn, P)
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= p(f®), f(Bn-1)) + p(Pn, D)

=r p(f"f’n—l ) + p(f’n' f’)
Since {P,} = p, thus p(f(p), p) <re+e=
r(1+ €). Therefore p(f(p), p) = 0, implies
f(p) = p.

Next, we must show that p is the unique
fixed point of f, suppose there exists another
fixed point ge F, such that f(q) = §.

p(P,d) = p(f(E), f(@) <rp(p,q)

Thus p(p,d) < rp(P,d)

Therefore p(p,q) = 0 implies p = G. Thus,
there is a unique fixed point p of fin F.
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