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Abstract

The aim of this paper is to prove the local existence, uniqueness and the exact
controllability of the mild solutions of semilinear initial value control problems in suitable
Banach spaces using semigroup theory "compact semigroup™ and Schauder fixed point theorem.
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List of symbols

L(X)  Banach algebra {the set of bounded
linear operators}

{T(t)}=0 Family of bounded linear operators

U Open set

O, X, Y Banach space

B Bounded linear operator
w Control function

LP([0, r):0) Banach space of p-integrable
functions with its domain

[0,r) into O such that
1

;

I, = 7 FoPdt | <o
P {t2o
u. Sequence of continuous function depend
onw
3e(E) The set of all continuous function
define from E into F

B,(uo) Closed ball with center up and radius

p

g, .u, ,u, Continuous function depend on w

Linear operator
O/kerW  Quotient space

=

[w(t)] An equivalent classes of w(t)

W Control function belong to [w(t)]

Py Mapping depend on the control
function w

Uy Sequence of continuous function
depend on the control function w.

\Y/ Subspace of X

W The inverse linear operator of W

I = (t
Hy = 20 ol

H[]HO/ KerW — IQE]O

1. Introduction

Byszewski in 1991 [1], has study the
local existence and uniqueness of the mild
solution to the semilinear initial value

problem:

%Ltu Au(t) =f(t,u(t))

U(O): U,

Where A is the infinitesimal generator
of a Cy semigroup defined from D(A)c X
into X and f is a nonlinear continuous map
define from [0,r)xX into X.
A continuous function u is said to be a mild
solution to the semilinear initial value
problem (1) given by [2]

u(®)=T(t)uo+ }OT(t —S)f(5,U(S))ds ++vrere- )
S=

Where T(t) is bounded linear operator
for t>0.

Bahuguna.D in 1997 [3], has studied
the local existence without uniqueness of the
mild solution to the semilinear initial value
problem:
d7u+ Au(t) =f(t,u@®)+ } h(t—s)g(s,u(s)dst >0
dt s=0

u@@=u,
............ (3)

where A is the infinitesimal generator
of a Cy semigroup defined from D(A)c X
into X and f and g are a nonlinear
continuous maps defined from [0,r)xX into
X and h is the real valued continuous
function defined from [0,r) into R where R
is the real number.



Pavel in 1999 [4] has studied the uniqueness
of the mild solution to the semilinear initial
value problem given by (3).

A continuous function u is said to be a mild
solution to the semilinear initial value
problem (3) given by [3]:

UO=TMOU+ | 149/t u)+ | h(s—r)g(r,u(r))dr}s

s=0 =0
............ 4)
Our work is concerned the semilinear initial
value control problem:
((jTLtj + Au(t) = f(t, u(t)) + }Oh(t —s)g(s,u(s)ds +Bw (t),t > 0}
S=
u(0) = u,
............ (5)

where A is the infinitesimal generator
of a Co semigroup defined from D(A)cX
into X and f and g are a nonlinear
continuous maps defined from [0,r)xX into
X, h is the real valued continuous function
defined from [O,r) into R where R is the real
number and B is a bounded linear operator
define from O into X. Where O is a Banach
space and w(.) be the arbitrary control
function is given in L"([0, r):0), a Banach
space of control functions with ||w(t)||o < ki,
forO<t<r.

The mild solution will be developed as
follow:

A continuous function uy will be
called a mild solution of (5), given by:

t Bw (5) + (s, uy () +
Uy (6 =T(ug +s i OT(t_S) ?Oh(s—r)g(r,uw (1))dt *
=
............ (6)

For every given we LP([0, r):0).

The local existence, uniqueness and
controllable of the mild solution defined in
(6) to the semilinear initial value control
problem defined in (5) have been developed.

2. Preliminaries

2.1 Definition: A family {T(t)}wo of
bounded linear operators on a Banach space
X is called a (one-parameter) semigroup on
X if it satisfies the following conditions:
T(t+s)=T({)T(s), V t,s>0

T(O) =1

2.2 Definition [5]
A semigroup {T(t)}=o on a Banach

space X is called strongly continuous

Radhi A. Zboon

semigroup of bounded linear operators or
(Co semigroup) if
The map R* 5 t —— T(t) e L(X), satisfies
the following conditions:
1. T(+s)=TMHT(), Vt,seR".
2. T@O)=1.
3. lim|| T(t)x—x|| = 0, for every xeX.
t40

2.3 Definition [6]

A semigroup {T(t)}=o Is said to be
compact if T(t) is a compact operator for
each t>0.

2.4 Definition [5].[7]

Given any two points ug , u, e X ( X is
a Banach space) , we say that the mild
solution given by (6) to the semilinear initial
value control problem given by (5) is
exactly controllable on Jo = [0,y] , if there
exist a control w eLP(Jo:0) such that the
mild solution uy(.) of equation (5) satisfy the
following  conditions  u, (0)=up  and

u, (v)=uy.

2.5 Precompact set
Let X be a Banach space, a subset S of
X is said to be precompact if for each
¢>0, there exists some finite set S =
{X1,....,xn} in X such that S is contained in

_GlB(xi,s), where px.e) = {y € X
1=
<g}.

2.6 Equicontinuous set
A subset S of C[a,b] is said to be
equicontinuous, for each ¢so,there is a

& >0,such that:
x-y|<3 And u € M imply
JuG) —u(y)

Hy_xi

Cla,b] <g

2.7Arzela-Ascoli's theorem

Suppose F is a Banach space and E is
a compact metric space. In order that a
subset H of the Banach space 3_(E)be
relatively compact, if and only if H be
equicontinuous and that, for each x € E, the
set Hx) = {f(x): f € H} be relatively
compact in F.
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2.8 Schauder fixed point theorem

Let M be a nonempty closed,
bounded, convex subset of a Banach space
X and the map T: M —— M is compact
then T has a fixed point.

2.9 Compact map
Let S, M be two sets,amap T: S——> M is
said to be compact if the following
conditions are hold:
1-T is continuous map.
2-For each bounded subset of S, T(S)
is relatively compact set in M.

2.10 Remark [2]:

A semigroup {T(t)}wo is called a
continuous in the uniform operator topology
if:

@) T+ Ax-T(@®X—> 0, as A — 0,
vxeX.

2@ ||IT(t)x -T(t-A)X|—> 0, as A —0,
Vxe X.

3. Main results

It should be notice that the local
existence and uniqueness of a mild solution
of (5) have been developed, by assuming the
following assumptions:

1. A be the infinitesimal generator C,
compact semigroup {T(t)}=0, Where A
defined from D(A) < X into X and X is
a Banach space.

2. Let p>0 such that By(uo) = {x € X | [|x
— Uo|| < p},

(where upeU and U is an open subset of
X), The nonlinear maps f, g defined
from [0, r) xU into X, satisfy the locally
Lipschitze condition with respect to
second argument, i.e.||f(t, v1) — f(t, v2)||x
< Lo|[va — V2l and [lg(t, v1) — g(t, v2)lIx <
Laflvi — V2|

For 0 <t <rand vy, V2 € By(Up) and
Lo,L; are Lipschitze constant.

3. h is continuous function which at least
heL1([0,r):R),where R is the set real
numbers.

4. Lett' > 0 such that |[f(t, v)||x < N1, ||g(t,
V)|Ix < Np,for 0 <t < t" and veB,(Uo).
Also let t"">0 such that || T(t)uo — Uol|x <
p'for0<t<t"and ug € U, where p"isa
positive constant such that p’ < p.
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5 w(.) be an arbitrary given control
function is given in Lp([0, r): O), a
Banach space of control functions with
O as a Banach space and here B is a
bounded linear operator from O into X
with |lw(t)[|O <ki1,forO<t<r.

6. Let t1>0 such that:

tp = min {r, t" , t"} and satisfy the
following conditions
(6.i) 1< p—p'
(K0K1+N1+hth2)M

6.ii)  ti< 1
M(L, +L,h, )

Theorem (1)
Assume the hypotheses (1)-(6) are

hold. Then for every upe U, there exist a
fixed number t; , 0 < t; < r, such that the
initial value control problem (5) has a
unique local mild solution u,eC([0, t1]:X),
for every control function w(.) € LP([0, r):
0).
Proof

Without loss of generality, we may
suppose r<co, because we are concerned here
with the local existence only.
Since T(t) is a bounded linear operator on X,
there exist M>0 such that ||[T(t)|| < M,
0<t<r.
Let p > 0 be such that B,(uo) = {v € X|||v -
uol| < p} < U { since U is an open subset of
X}. Assume

r

hr=" [ /Ao /ds i, )
s=0

Set Y= C([0,t1]:X), where Y is a Banach
space with the sup-norm defined as follows:
Iylly = Sup [ly(®llx , and define

0<t<t,
Su={uwe Y| uw(0)=Uo,un(t) eB,(to),for a given
weL([0,t1]:0),0<t<t Fovncici (8)
It is clearly Sy, is bounded, convex and
closed subset of Y.
Define amap Fy, : Sy — Y, by:
(Futw)(t) = ()uot
t S
[ Tt=9)|f(s,uy(s)+ | h(s—1)e(ru,(0)dr ds*
s=0 =0
t
j T(t—s)Bw(s)ds
s=0

For arbitrary w(.) € L°([to, r): O)....... 9)



Let uy be arbitrary element in S, such
that FyuweFw(Sw) , we must prove Fyuy €
Sw.

From (8), and the definition of the map
Fw,notice that Fyu,eY .

and  (Fwuw)(0) = uo by (9),
(Fwuw)(t) € By(uo), for any uy € Sy
From the definition of the closed ball B,(uo) ,
notice that (Fyuy)(t) € X { the definition of
the Banach space Y} and

[|(Futiw) (t) — Uol|x = [T (t)uo — uo +

t
[ T(t-s)Bw(s)ds T
s=0

to prove

[ Tt-9)|f.u, )+ | hs—ve(u, @)de| ds

s=0 =0

By using the conditions (4), (5) and (7), we
get:

||(FWUW)(t) — Uo”x < p' + MKoKltl + MNt; +
M htl N2 L=

[|(Futiw) (t) — Uollx < p" + (KoKz + N1 + h, N3)
M t; ,By using the assumption (6.i),we get:
|[(Fwuw)(t) — Ug|lx < p, for 0 <t <ty , i.e.,
(Fwuw)(t) € Bo(up), for0<t<ty

Hence Fyuy € Sy, for arbitrary uy, € Sy ,

which implies that F, : Sy—— Sw
So one can select the time t; such that:

tl = min {t',t",l’, p_p' }
(KOK1+N1+hth2)M

To complete the poof, we have to show that
Fw : Sw——> Sy is a continuous map:
Given |lu! — Uully —> 0, as n—— oo, to

prove |[Fuu! —Fylylly —> 0, 8 n—— 0
Notice that:
IFwu;, —Futully="sup [I(Fwu; )(t)-

o<t<

(Futw) ()llx =
lIFw Uvr:, — Fulully = Sup IT()uo +
OStStl

t
[ T(t—s)(Bw)(s)ds *
s=0

} T(t-s) {f(s, ur (s))+ ? h(s—1)g(t,ul (1) d‘t] ds
s=0 ™=ty

= T(t)uo — } T(t—s)(Bw )(s) ds —
s=0

} T(t—s){f(s,uw N+ | h(S—r)g(T,uw(r))dr} ds |l
s=0 =0
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After simple calculatios and using the
conditions (4), (5) and (7), we get:
||FW Uvr\], _FWUW”YSM [LO + htl L1]

since

uy —u, |, t

un —uWHY —0,asNn—> 0=
n'@oo IFwu,, —Fwuu{ly=0,i.e.

IFwu, —Fwuully =0, asn— o

Now, assume that S= F,(S), and for fixed t
e [0, t1], let S (t)={Fuun)(t) : UweSu}.

To show that S(t) is a precompact set for
every fixed t € [0, t1],

Fort =0 = S(0) = {(Fuwuw)(0) : UyeSu} =
{uo} which is a precompact set in X. Now
fort>0, 0 <e¢ <t, define:

(F\; UW)(t):T(t)U0+
tJET(t—S)|:f(S,uW (s)) + ? h(s—1)g(r,u, (r))dr} ds
[ T(t-s)(Bw)(s) ds»

For arbitrary u, €S,

=

(Fy Un)(O=T()uo+
f(s,u,(s)+

s

[ h(s=7)g(r,u, (t))dt+Bw (s)

.......... (10)
From the compactness of the semigroup

{T(t)}=0 and use equation (10) one can get
forevery g, 0 <g<t,

Set S, =
precompact set .
Moreover for any uy,eSy, we have:
[|(Futw)(t) = (R, tn)(Ollx = [IT(Ouo +

t

[ T(t-s) [f .4, )+ | hs=g(., (t))dr] ds

s=0

+ [ T(t-s)(Bw )(s) ds ~ T(Uo

T(s)T T(t—s—¢) ds

{(FS uw)(t):uweSu}is

T (-9 fs., )+ | hs=g(r.u, (@)de] ds
= TT(t-s)(Bw () ds|

After simple calculatios and using the
conditions (4), (5) and (7), we get:

[I(Futh) ())—(F,, t)(®Ix<(N1+h, N+
KoKl)MS =

[I(Futn)(®) — (K, uw)(®)lix
— 0,1, lim (Fu,)®=(Fu,)®

—> 0,a ¢
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Which imply that S (t) is precompact set in
X, for every fixed t > 0 {see [3], [7]}.

To prove that S = Fy(Sy) is an
equicontinuous family of  functions, we
have:

[|(Futhw) (r1)—(Futw) (r2) Ix < [I(T(r2) —
T(I’z))Uo”x'i'M KoKy (I’l —

r2)+M(N1+ hfl Nz)(rl—l’z)

Since {T(t)}=o Is a compact semigroup
which implies T(t) is continuous in the
uniform operator topology for t > 0 ,
therefore the right hand side of the above
inequality tends to zero as r;—r; tends to
zero. Thus S is equicontinuous family of
functions. It follows from the theorem
"Arzela-Ascoli's theorem" that is S =F.(S)
be relatively compact in Y and by Applying
"Schauder fixed point theorem™ , which
implies F, : Sy —Sy has a fixed point,
ie., Fywuy = Uy, Hence the initial value
control problem given by equation (5) has
a local mild solution u,eC([0,t1]:X).

To show the uniqueness,

Let g, (1), Gw(t) be two local mild solutions
of the initial value control problem given by

equation (5) on the interval [0, t1]. We must
prove:

15, (t)—Tw(t) lIx=0,
Assume || G, (t) — Gw(t)[|x # O, notice that:

I U, 1) — tw®)llx = T(tug + j’ T(t—s)(Bw)(s) ds

s=0

+

i T(t—s){f(s,ﬁw &)+ | hs-1)g(x., ('c))dr} ds —
T(t)uo -

j T(t—s)[f(s,UW S)+ | hs-v)g(@, (t))dr} ds

— [ T(t-s)(Bw)(s) ds

=l g, 1) —tu®lx <M (Loth, L) || G, -
Oy ||y t1 , By using assumption (6.ii)

=[G, () = w®lx <M (Loth, L) *

1
M(L,+h,L,)

=g, (O —tw®lx <l g, —wllv

By taking the suprumun over [0, t;] of the
both sides of the above inequality, we get:

1T, — Twlly
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| G, —twlly< [l G, — 0w [y , which implies

to a contradiction

=[G, O-u(0) Ix=0 = g, (=0w()
for 0<t<ty.

Hence we have a unique local mild solution

uweC([0, t1]:X) , for arbitrary w(.) e L"([O,

tl)Z O)

So one can select t;>0 such that:

(e p—p L
tlzmln{t’t KK N RN M ML +'*h1)}

It should be notice that the controllable of
the local mild solution to the semilinear
initial value control problem equation (5)
will be developed by using the following
assumptions:

1. A be the infinitesimal generator Cg
compact semigroup {T(t)}w=o0, Where A
defined from D(A) < X into X. where X
be a Banach space.

2. For p>0, we define B,(Ug)={x € X | ||x
—U||x< p}, where upe U (open subset of
X),The nonlinear maps f, g define from
[0,NxU into X, satisfy the local
Lipschitz condition with respect to the
second arguments , i.e.

[If(t, v1) — f(t, v2)llx < Lollvi — v2|| and
ll9(t, v1) —g(t, v2)lx < Laf[ve — V2|
For 0 <t <t;and vy, v» € By(Ug) and Ly,
L; is a Lipschitz constants.

3. h is continuous function which at least
helL'([0,t:):R),Where R is the real
number.

4. Let t' >0 such that |[f(t,a)||x < N1, [|g(t,a)||x
<Ny, for 0<t <t'and a € B,(Ug). Also let
>0 such that ||T(t)ug — Uo|lx < p’ for 0 <
t<t”and up € U, where p’ is a positive
constant such that p’ < p.

5. w(.) be an arbitrary control function is
given in LP([0,t1]:0), a Banach space of
control function with O as a reflexive
Banach space and here B is a bounded
linear operator from O into X.

6. The linear operator G from O into X
defined by:

Gw(y) =

[ T(y-s)Bw (s) ds, VW(.)eL"([0,y):0).

Induces an invertible operator G
defined on O/kerG.



7. There exist a positive constant 11, such

that || G -1|| < I1.
8. Let y=min {t', t”", t1} and satisfy the
following  conditions: 8.1 vy
p—p = LLAI VI +M ]l ug )

< @+LI)M(N,+h N,)

i 1
(8:11) v< (L, +h, L)+ LM

and

Remark
The condition (6) in our assumptions
can be satisfied {see appendix}.

Theorem (2)
Assume that the hypotheses (1)-(8) are

hold. Then for every uo, vo €V < U, there
exists a fixed number,y, 0<y<t;, such that (6)
is exactly controllable on Jo = [0,y].
Proof

Using the condition (6), define the
control:

w (t)=G" {vc —T(Ou,— [ T-9)[f(s.u, (5))+

i h(s—1)g(r, u(r))d{l ds] ....... (11)

=0
Define the following map, given by:
(duwti) (t) =
T(t)Uo+ | T(t—s)[(Bw )(s) +F(s,u, (5)) +
F h(s—g(r,u, (r))dr} ds, vV W(.)eLP([0, tz): O)

........................................................ (12)
By using (11) and (12), we have to show
that ¢wuy has a fixed point.

We can rewrite equation (12) as follows:

(dutiw) (=T (Quo+

[ T(t—s) {f (5., (8))+ | hs—1)g(x.u, (r))dr}ds
+LOBW) ,Yw() e LP([0, t): O)

By using (11) and (13), we obtain:

(dy Uy )V =T (o +

J T(-9) (5.0, )+ | hls-ate.u, (O)de s

+L()BG {vo ~T(@OU, - [ T(t-9)[F(s,u, )+

f his—g(r,u, (r))dﬂ:} ds} ,
For w eL"([0, t;):0).
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There exist M>0, such that |T(t)| <M, for

O<t<t; {since T(t) is a bounded linear
operator on X}.
Let p > 0 be such that B,(ug) = {xe X : ||x -

Uol|x < p} < U {since U is an open subset of
X}.To guarantee the fixed point property,
we have done as follow:

Assume h, = j | h(s) | ds
s=0

Set Z=C(Jp :X), where Z is a Banach space
with the supremum defined as follows:

Izllz =" sup llz (t) IIx
0<t<y

And define Zo ={u, € Z: u, (0) = uo,
U, (t)€Bp(Uo), for 0<t<v}

It is clearly Z, is bounded, Closed and
convex subset of Z.

Define a nonlinear map ¢v1 1 Zo——> Z, by:
(¢ u,) () =T()uo +
i T(t—s){f (.U, (8)+ | hs—Dg(x.u, (r))dr}ds

+(HBG™ {vo ~T(®ug— [ T-9)[F(s,u, (5)+

TO h(s-7)g(r,u, (r))dr} ds}

,forw e LP(J0, t):0.evvvicice (14)

Let u, be arbitrary element in Zo such that
¢y Uy € 0, (Zo), to prove ¢,u, € Zo for
arbitrary element u, € Zo. from the
definition of Z, , notice that ¢, u, €Z {the
definition of ¢, } and (¢, u, )(0) = uo {by
equation(14)}, to prove (¢, u, )(t)e By(Uo),

for 0< t < y. From the definition of the
closed ball B,(uo), notice that (¢, u,, )(t)eX

and
11(4, U, ) — Uollx = H T(t)uo — U +

J TE-9)[f(s.u, @)+
T h(s—t)9(r,u, (T))d’E:| ds+ L(t)B Gt
T T[T -

f s, @) o |

X
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After simple calculations and using
conditions (4) and (7), we get:
I, u, )(E) — Uoflx < p” +[1+1ol1J(N1+
hyN2)My + lol1[M [{uol| +{|Vol[]
By using the condition (8.i), we get:
[1(¢ U, )(E) — UolIx <

Therefore Gy Uy € Z,, for any u, € Zo =
¢v1 Zo——> 7o

So, one can select y >0, such that:
Y = Min
{t, t"t p p II(||V0||+M||u0||)}

A+ 1,1)M(N, +h.N,)
To complete the proof, to show that¢,, : Zo

—> Zp is a continuous map
Given |lu, —u, [z —> 0, as n——x,To

prove ||¢, uy —¢, Uy llz—>0,sn—— 0
Notice that:

by Uy =0y Uy ll= SUIO (4, uy )(®)
O<t<y
—(dy Uy, )OI

=y uy — G Uy ||z=os<l%|c<>y T(t)uo+

j T(t—s)[f (s,uy () + i h(s-7)g(t,u, (r))dt}ds
+L(t)BG ! {VO—T(t)uo I T(-9)[f(s,ul () +
} h(s—7)g(t,u; (r))dr} ds} ~T(t)uo—

[ T(t—s) [f (5.U, )+ | hE-Dg(r.u, (r))dr} ds
L()BG ™
[VO “T(Ou,— | TA-9)[f(s.u, (5))+

j hs—)g(z.u, (t))dr} ds}

After simple calculations and using
conditions (2), (4) and (7), we get:

16y uy =y Uy ll
<@+1,1,)M f [
=|ldy uVZ—d)w Uy, ||zs (1+1oly)
Uy _usz v

X

L -u, Jos

i1y ul —by Uy =0
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e[|y, uy — @y Uy llz—0,asn—> .
Assume R = ¢, (Zo), let R (t) =
{(¢y, Uy )(®) : u, € Zo}, to show that R (1)

Is a precompact set in X, for every fixed t €
Jo, when t=0

= R(0) = {(¢, u, )O) : u, €Zo} ={uo}
which is a precompact set in X.
Now, for t >0, 0 < ¢ <, define:

(¢, Uy ) O =TMUo+
TT(t-s) {f (5., () + | h(s—D)g(t.u, (r))dr} ds

+

[ T(t-5)BG* [vo —T(S)U, - ? T(s—6)

{f (0,u, (0)+ [ h(0-T)g(t.u, (t))dt}d@}ds

= (¢, Uy ) O=T(Ouo +
T(e)

th(t—s—g)[f(s,uw )+ [ hs—g(r.u, (r))dt}ds

t—e :
+T(8) J- T(t—S—S)BG_l|:V0 —T(S)UO_ J- T(S—e)

s=0

=0
{f (0,u,(6)) + T h(e—r)g(r,uw(r))dt}deids (15)
=0

From the compactness of the semigroup
{T(t)}=0 and equation (15) which implies
that for any g, O<e<t.

The set R .(t) ={(¢; u, )):u, €Zo} is
precompact set in X.

Moreover for any u,, € Zo, notice that:

[1(dy Uy, )(®) = (4, Uy JDIIx =] T(t)uo +

J TA-9)[f(s.u, () + ioh(s_r)g(r,uw(r))dt}ds

+ T(t—s)Bé{vo—T(s)uo— [ T(s-6)

{f 0,u, )+ [ h©O-D)g(t,u, (r))dt} de} ds
— T(t) Uo
= T(t-s) {f (5,u, (5)+ | hs—7)g(t,u, (r))dr} ds

~ [ Tt-s)BG {vo CTO)U,— | T(5-6)

{f ©,u, (0)+ lh(@—r)g(r, u, (r))dr}d@} ds

X



After simple calculations and using

conditions (2), (4) and (7), we get:

[1(d Uy )(®) = (o, Uy JDllx < M(N2+h,N2) &
+ MK [, [+M 1 u, 1] & +

MK L (N, +h N,) [tg_gj

= [I(¢y, Uy IO = (¢, b, JDllx—> 0, as ¢
—>0.

Which implies that R (t) is precompact set

in X for every fixed t > 0 {see [3], [7]}.

To prove that R=¢,(Z) is an

equicontinuous family of functions.

Notice that: [|(¢,, u, )(r)—( ¢, u,, )|

|(T(r) =T (R))u|, + M(N+ hr1 N2) (r—r)

+ MKol1 [V, ]+ M]u, ] (ri—r2) +
MzKoll(l\;‘l‘h‘lNZ) (r12_ r22)

Since {T(t)}=0 is a compact semigroup,
which implies T(t) is continuous in the
uniform operator topology for t > 0,
therefore the right hand side tends to zero

as r, — r, tends to zero.Thus R is
equicontinuous  family of  functions.It
follows from the theorem "Arzela-Ascoli's

theorem" that is R = ¢y (Zo) be relatively
compact in Z.

By applying "schauder fixed point theorem",
which implies ¢,, has a fixed point, i.e.

¢, U, = U, -To verifies that the uniqueness:

Let G, () and U, (t) be two mild solution of

equation (5) on the interval Jo, we must
prove that ||T,, (t)-U, (t)|x=0.Assume That

1T, ®—U, (B)]Ix = 0. Notice that:

15, ®©—0, @k

T(t)u, + j T(t—s){f(s,ﬁw )+ j h(s-1)e(z.a, (r)(‘c))dr} ds

+ L()BG ™

Vo= T(u, - | T(t-5) [f(s,ﬁw )+

| —

h(s—r)g(r,ﬁw(t))dtlds} - TMOu -

T

LT(t—s) {f(s,Uw () + Lh(S—‘t)g(r’ﬁw (T))dt} ds —

Radhi A. Zboon

LB [ T(t—s)[(Bw)(s) + F(sv,, (5)) +

s=tq

L()BG ™
{Vo —-T(Ou, - I T(t—s)[f(s,T, (5)) +
f n(s-De(e, () ds}

After simple calculations and using
conditions (2), (4) and (7), we get:

13, ® =0, Ok < (Loth,Ls) (1+lol1) M

g, =G, llz v
Take the spremum over 0<t<y of the above
inequality, we obtain:

sup [, =0, O x = (Loth, L) (1+lol1)
o<ty N

X

MG, -, llzy
1T, =0, llz £ (Loth/L1) (1+1ol) M
g, =G, llz v
By using the condition (8.ii), we get:
|u, -0, llz<llu, -4, llz , which get a
contradiction

= 115,00, Olk=0=5,0=0, O , for

0<t<y
Therefore, we have a unique local mild
solution u,, €C(Jo:X)

So one can select the time y Such that:
y=Min
{t' ¢ PP =lh(l Vo [ +M ] u, ) 1 }
T T LIL)MON, +hN,) (L +h L)1+ LI)M
Notice that (¢, u,, ) (0) = up and
(9 Uy ) () =T(¥)Uo
+
P Tiy—s) [f (.U, (8)+ | hE—1g(r.u, (r))dr}ds
+
L(y)BG™

=T [ TO-9)[f s, 6)+

j n—2atr.u, (r))dr}ds}

= (¢4, ) (v) = Vo, Thus equation (6) is
exactly controllable on Jo.
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Appendix
(construction of w) {[9], [10]}:
Define a linear operatorw : O/Ker W ——
X, by:
Ww (H)]=Ww () w () e [w (1)]
W is one-to-one
Since Wt |=w[w ], ¥[W () ].[7®)] <O/ Kerw
= WW (1) = WA (1), YW (1) €[ W () | W (1) < [W (0]
= WW (t)-WW () =0=
W (W (t)-w () =0
= wt)-w () € KerW
= W(t) € [w(t) | {Since [w(t)]=
{Ww(t) €O: w(t)—W(t) € KerW}
= [W(t)] = [W(t)]
So, there exist W 'defined from V into
O/Ker W.

To prove Range W=V is a Banach spaces
via the norm defined as follow:

My =W

Notice that:
w0, :HW_1WW ( )H

O/ KerW

o) e )

0/ Kerw H 0/ kerW

= f g W O 000

So, W is a bounded linear operator for
0<t<y.
And [Ww (t)]HX = |Ww O, . YW @) e[w ()]

x SIWliw ®ly vw © € w ©]

=
[Whw 0],

< ||W||W (t;an o] v ® —"W""[W ®] "0/ ker W

HW[W (t) H < HWHH[W (t)]Ho/ kerw '
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Since W is bounded and D(W ) = O/KerwW
is closed which implies that W™ is closed

Since W is closed operator and by the

normjy|,, :wal\,HO/ ! which implies that

V = RangeW a Banach space {[9]}.Since O
is reflexive Banach space and KerW is
weakly closed, So the infimum is actually
attained, we can choose a control function
w (t) € [w (t)]such

thatw () = www (t) ,{see[9],[10]}.
= Ww (t) =Ww (t), for 0 < LY
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