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Abstract

In this paper, the definitions of a centrally closed Lie ideal and central identity property are
introduced and the behaviors of this type of ideals in 2- torsion free centrally prime rings are
studied, also we study the effects of derivation on them, so we will prove some properties of these

ideals.
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Introduction

Let R be aring. A non-empty subset S of R
is said to be a multiplicative closed set in R if
a, b € S implies ab € S, and a multiplicative
closed set S is called a multiplicative system if
0 ¢ S, [Larsen and McCarthy ,1971].

Let S be a multiplicative system in R
such  that [S, R] {0},where
[S,R]={[s,r]:seS,reR} and [s, r] is the
commutator defined by Sr—rS. Define a
relation ~ on R xS as follows :

If (a,5) and (b,t) are in RxS, then
(a,s) ~ (b, t) if and only if there exists

XeS such that x(at—bs)=0. Since
[S,R]={0}. it can be shown that ~ is an
equivalence relation on R xS.

Now denote the equivalence class of
(a,s) in RxS by dg, and the set of all

equivalence classes determined under this
equivalence relation by Rs, that is let
ag ={(b,t)eRxS:(a,s)~ (b, )}

and Ro={ag:(a,s) eRxS}-
On Rg we define addition (+) and
multiplication (.) as follows:
ag+b, =(at+bs), and

for all ag,b; € Rg-

It can be shown that these two operations
are well-defined and that (Rg+:) forms a ring

ag 'bt = (ab)st'

which we call the localization of R at S.
If R is a commutative ring with identity
then the equivalence class ag is also denoted
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by & [Larsen and McCarthy,1971] or by
s

S_la,[Ranicki, 2006], and RS is also denoted

by S-IR [Larsen and McCarthy,1971 and

Ranicki,2006].
If R is a ring and S is a multiplicative
system in R such that [s R]={0}, then:

i- Rs has the identity element though R does
not have, in fact if seS then Sg is the

identity element of Rs and this identity
does not depend on the choice of

the elements of S, that is SS:tt’ for all
s, te S. [Jabbar, 2006]
ii- If a,beR and  seS, then

ag +bg =(a+b)g-In fact this result can be
generalized to any n elements of R, that is
if a;,a,,.,apeR and seS then
(a)s +(@y)g +..+(an)g =

(@ +a, +..+ap)g-
For all seS,0q is the zero of the ring Rs

and this zero does not depend on the
choice of the elements of S, that means
05 =0y, forall s,teS.

iv- If ag € RS' where ae R and seS then

(-a)s is the additive identity of adg in Rs,
that is —ag =(-a)g-

V- If ag =0 in Rs, where acR,seS, then there
exists teS such that ta=0.

vi- If AcR, then by AS we mean the set

A ={as:aeA,seS}. [Jabbar, 2006].



Now we mention to some basic definitions:
Let R be aring. Then:
I- R is called a prime ring if, whenever a,beR

such that aRb={0} then a=0 or b=0,
where aRb={arb:reR} [Herstein,1969,

Tsai, 2004 and Ashraf,2005].

ii- An additive mapping D:R —R s called a

derivation on R if
D(ab)=D(a)b+aD(b), for all abeR

[Martindale and Miers,1983 , Vukman, 1999,

Jung and Park,2006], in other words a

mapping D:R — R is called a derivation on

R if:.

1: D(a+b)=D(a)+ D(b) and

2: D(ab) =D(a)b+aD(b),for all a,beR.

iii- If n is a positive integer then R is called an
n-torsion free ring if for x e R nx=0 implies
x =0[Vukman, 2001].

iv-:By the center of R we mean the set

Z(R)={xeR:xr=rx, forall reR}.

It can be shown that Z(R) is a subring of

R[Jabbar, 2006].

v- An additive subgroup U of R is said to be a
Lie ideal of R if [U,R] < U [Kaya, Golbasi,
and Aydin 2001, Haetinger, 2002, Ali and
Kumar, 2007].

vi- R is called a centrally prime ring if Rs is a
prime ring for each multiplicative system S
in R with [S,R]={0} [Jabbar, 2006].

vii- A derivation D:R—>R is called a
centrally-zero derivation on R if D(S) ={0}
for each multiplicative system S in R with
[S, R]={0} [Jabbar, 2006].

viii- :By an endomorphism of R we mean a
homomorphism of R into itself, and by an
automorphism of R we mean an
isomomorphism of R onto itself.

ix- If D:R — R is a mapping then by D? we
mean Do D .In general, if N is any positive
integer, then D" will mean DoDo...oD (n
times), and finally if x e R then by xD we
mean the mapping xD:R — R which is
defined by (xD)(r) =x(D(r)), forall reR.

We will try to extend the following results
on 2-torsion free prime rings to 2-torsion free
centrally prime rings, the proofs of which can

be found in [Ashraf, 2005].
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Theorem

Let R be a 2-torsion free prime ring and U
a Lie ideal of R such that Uz Z(R). If
a,beR such that aUb ={0}, then a =0 or
b=0.
Theorem

Let R be a 2-torsion free prime ring and U
a Lie ideal of R. If R admits

a derivation D such that D(u") =0, for all
ueU, where N > 1 is a fixed integer, then
D(u)=0, forall ueU.

Theorem

Let R be a 2-torsion free prime ring and U
be a Lie ideal of R such that u? e U, for all
u e U. Suppose that @ is an automorphism of
R. If D:R—R is an additive mapping
satisfying D(u2) =20(u)D(u), for all ueU,
then:
1. D(U) ={0} or Uc Z(R),
2. D(uv) =06(u)D(v)+6(v)D(u),

uveU.

for all

Definitions
Now it is the time to introduce the
following definitions: Let R be a ring, then:

Definition

We call a Lie ideal U of R a centrally
closed Lie ideal if UScU for each
multiplicative system S in R  with

[S,R]={0}.(Note that by US we mean the
set US={us:ueU,seS}).

Definition

We say a mapping f:R — R satisfies the
central identity property (CIP) if f

acts as the identity map on each
multiplicative system S in R with [S,R]={0},
that is if S is any multiplicative system in R
such that [S,R]={0}, then f(s)=s for

all seS.

Examples
If R is any ring then:

(1): Every ideal of R is a centrally closed Lie
ideal, since if U is any ideal of R, then
clearly (U,+) is a subgroup of (R,+)
and [U,R]< U.Thus U is a Lie ideal of R,

and if S is any multiplicative system in R
with [S,R]={0}, then UR — U, so we get
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US < U .Hence U is a centrally closed Lie
ideal of R .

(2): Clearly the identity map on R satisfies the
central identity property.

Throughout this paper all rings under
consideration are with non zero center z(R),
and now we begin with the following lemmas
which lead to our first result.

Lemma

Let R be a ring and S amultiplicative
system with [S,R]={0}.

If U is a centrally closed Lie ideal of R,
then Us is a Lie ideal of Rg.

Proof:
S= ¢ implies that there exists

seS.Since 0eU so OSeUS and thus
¢¢US .where u,veU

S
and s,t € S. Then we have
Ug —V; =Ug +(_V)t = (ut+ (_VS))st =

(ut— vs)st eU

- Rs-lf Ug, Vi eU

S
(Since ut,vseU so ut—vseU and

S,teS implies steS). Hence Us is a

subgroup of Rs.

To show Let

useus,rteRS,whereu eU,reR,s,teS.

(ur - ru)st = ([u, r])St e US (Since
[UR]c Uandst e S).Hence[uS Rslc U
and thus Us is a Lie ideal of Rs.

Lemma
R is an n-torsion free ring and S is a

multiplicative system in R such that
[S,R]={0}, then Rs is also an n-torsion free
ring.
Proof:

Let ag € Rg, where acR and

seS, be such that nag =0. Then

ag+ag+..+ag=0 (n times)
(a+a+..+a)g =0.Hence there exists teS
such  that  t@a+a+..+a)=0, that

ta+ta+..+ta=0(n times) and so Nta=0,
and since R is an

or

is
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n-torsion free we get ta =0, and then

ag =tiag = (ta)ts :Ots —0.Hence Rs is
an n-torsion free.

Lemma

If R is a ring in which Z(R) has no proper
zero divisors then

S=Z(R)—{0} is a multiplicative system
in R with [S,R]={0}.

Proof:

Since Z(R) is non zero so there exists an
0#seZ(R). Hence S=2Z(R)—{0}#¢, and
cleary 0¢S. Now if a,beS, then
0#aeZ(R) and 0=beZ(R), and since
Z(R) has no proper zero divisors so ab =0
and since Z(R) is a subring so 0=ab € Z(R),
that is ab € Z(R) —{0}=S, which establishes
that S=Z(R)—{0} is a multiplicative system
in R, and finally it is easy to cheek that
[S,R]={0}.

Now we are able to give the first property

of centrally closed Lie ideals in 2-torsion free
centrally prime rings.

Theorem

Let R be a 2-torsion free centrally prime
ring in which Z(R) has no proper zero
divisors and U is a centrally closed Lie ideal of
R such that Uz Z(R). If a,beR are such
that aUb ={0}, then a=0 or b=0.

Proof:

By Lemma 3, we have S=Z(R)—{0} is a
multiplicative system in R and
[S,R]={0}.Also by Lemma 2, we get Rs is a
2-torsion free prime ring, and from
Lemma 1, we get Us is a Lie ideal of
Rs.Fixing an seS, we get ag,bg e Rg. Then

for u; € Ug, where ueU,teS,
we have agUbg = (aub) s =0 =0+ SO that
agUghy —{0}-The next step is to show that

all

Ug zZ(Rg) .Since U & Z(R), so there exists

xeU and x¢Z(R). Now if USQZ(RS),

then x eUg cZ(Rg): Then for all e R,
we have ([X,r])ss =[Xg,rg]=0, which means
that there exists veS such that v[x,r]=0.



Since 0xveScZ(R) and Z(R) has no
proper zero divisors we get [X,r] =0, that
means X € Z(R), which is a contradiction and
hence US¢Z(RS).Hence Rs is a 2-torsion

free prime ring and Us is a Lie ideal of Rs with
U. & Z(RS). Also ag.bg e RS such that

S
aSUsbS ={0}- Hence we get aS:O or

by =0(see Theorem 1). If a, =0, then

there exists | € S suchthat la=0.1f a=0
then | is a proper zero divisor of Zz(R),
which is a contradiction, and hence a =0,
and if bg =0, by the same argument we can
get b=0.
Before we give the second property of

centrally closed Lie ideals we mention to the
following lemma.

Lemma
Let R be a ring and S a multiplicative
system in R such that [S,R]={0}.If
D:R—>R is a centrally zero derivation
on R, then : , defined b
D, :Rg = Rg y
D, (r5)=(D(r))g, for all rgeRg 15 @
derivation on Rs.(is called the induced

derivation by D).

Theorem

Let R be a 2-torsion free centrally prime
ring in which Z(R) has no proper zero
divisors and U is a centrally closed Lie ideal of
R. If R admits a centrally zero derivation
D:R—>R such that D(un):O, for all

ueU, where n > 1 is a fixed integer, then
D(u)=0, forall ue U.
Proof:

By Lemma, we get S=Z(R)-{0} is a
multiplicative system in R with [S,R]={0},
and by Lemma 2, Rs is a 2-torsion free prime
ring. Also by Lemma 1, we get Us is a Lie
ideal of Rs. If ugeU is any element, where

S
ueU,seS, then we
have D*((us)n) = D*(Ugn):
(D(uU")gn =04y =0,where D, : RS — Rs

is the derivation of Lemma 5.Hence Rs is a
2-torsion free prime ring, Us is a Lie ideal of
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Rs such that D, is a derivation of Rs with

Dy ((ug)")=0 for all ugeUg- Thus by
Theorem 2, we get D,.(ug) =0, for
all USGUS.NOW fixing teS.If xeU

is any element then XtEUS’ and hence

(D(x)); =Dy (x;)=0: and thus there exists

keS such that kD(x)=0. Since Z(R)
contains no proper zero divisors and
0= keS=2(R)-{0}, we get D(x)=0, and
this result is true for all x e U.Thus D(u) =0,
forall , _ .

Before we prove the next theorem we need
to prove the following lemma.

Lemma

Let R be a ring and S is a multiplicative
system in R with [S,R]={0}.If 6:R >R is
an endomorphism of R which acts as the
identity map on S, then ¢g'- RS _)RS’ defined

by 6'(rg)=(0(r))g, for all rSERs’ is an

endomorphism of Rs, and furthermore, if 6 is
an automorphism of R, then 6 is an
automorphism of Rs.

Proof:

Let ag :bt c RS’ where a,beR and
s,teS. Then (a,s) ~ (b,t).

Thus there exists keS such that
k(at—bs)=0. So kat=kbs, and then

O(kat) = O(kbs) .
Hence we get 6(k)6(a)o(t) =0(k)6(b)o(s),
which gives ko(a)t = ko(b)s or
k(6(a)t —06(b)s) =0, and SO that
(6())s = (6(b)), - that s 0'(ag) =0'(b,) -

Hence © is well-defined.Now let

aS’bt ERS' where a,beR and s,tS.Then

0'(ag +by) =0'((at +bs)g) =

(6(at +bs))g, = (B(at) +6(bS)); =
(0(@)t-+6(b)s)g; = (@)1 +(O(b)S).
= (0(@)s t; + (8(D)) S =

(6(a))s +(6(b)); =0'(ag) +0'(by) -
Also we have
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0'(agh;) =0'((ab);) = (B(ab))¢; =

(6(2)8(b))4; = (6(a))s (B(b)); =
6'(as)0'(by)- Hence @’ is an endomorphism.

It remains to show that if O is bijective

then ©' is also bijective.
Let ag e Ker®'. Then ¢'(ag) =0. So that

(0(a))g =0. Hence there exists teS such
that t6(a) =0. Then 6(t)0(a) =0. Therefore
O(ta) =0, so that taeKerd, and since 0 is
one to one, so we get ta=0.Then

ag =tiag =(ta) =05 =0-

So Ker0'={0}, and hence 0" is one to
one.lf Yu ERS’ for yeR and ueS. Then

there exists x € R such that 6(x)=y. Then
Xy € RS and 0'(xy,) =(0(x)), =Yy - So that

0" is onto.Hence 6 is a bijective mapping and
hence it is an automorphism of Rs.

Remark:
We call 6 in Lemma 7, the induced
endomorphism (resp. the induced

automorphism) of Rs.
Now we are able to prove the next
theorem.

Theorem

Let R be a 2-torsion free centrally prime
ring in which Z(R) has no proper zero
divisors and U is a centrally closed Lie ideal of
R such that u® e U, for all ueU.If 6 is an
automorphism of R which satisfies (CIP) and
D:R—R is an endomorphism which
satisfies (CIP) and D(u2) =20(u)D(u), for
all ueU, then either D(U)={0} or
UcZ(R).

Proof:

By Lemma 3, we have S=Z(R)—{0} is a
multiplicative system in R with [S,R]={0},
and by Lemma 2, we get Rs is a 2-torsion free
prime ring, and by Lemma 1, we have Us is a

Lie ideal of Rs. Since u? e U, forall ueU,
2
S0 we can show (Us) c US’ for all Ug EUS'

Define D':Rg — Ry, by D'(rg) = (D(r))g for
all rg eRyg.Let as,bteRS, where a,beR
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and s,teS.If ag = bt’ then there exists k €S

such that k(at —bs) =0 or kat = kbs .

Then we have

D'(ag) = D’(kkastt) = D’((kat)kst) =

D'((kbs)kts) = D’(kkbtss) =D'(by)

Hence D’ is well defined.Also we have
D'(ag + bt) =D'((at + bs)st) =
(D(at +bs)) (D(at) + D(bs))

st~ st~
(D(2)D(1) + D(b)D(S)),, = (D@)t+D(b)s)q
— (D(a))g; +(D(b)3) =

(D(@))st; +(D(b))Sg = (D(@))s +(D(b)) =
D'(ag)+D'(by)-So D" s an additive
mapping.If ugeUg is any element, where
ueU and seS, then we have
D'((us)?) =D'((u?)g,) = (D(u2)), =
(26(u)D(u))gs =
(6(u)D(u) +6(u)D(u))ss = (B(U)D(U))ss
+(0(U)D(U))gs =
(6(u))s(D(u))s + (B(u))s (D(U))s =
0'(ug)D’'(ug) +6'(ug)D’(ug) =
20'(ug)D’(ug), where 0" is the induced

automorphism of Lemma 7.
Thus Rs is a 2-torsion free prime ring, Us
is a Lie ideal of Rs with (ug)? € Ug, for all

USEUS.A|SO 0’ is an automorphism of Rs

and D’ is an additive mapping of Rs such that
D'((ug)?)=26'(ug)D’(ug), for all  uge U
Hence D'(US) ={0} or US - Z(RS ) (
see Theorem 3).

If D'(Ug)={0}, then since Z(R) has no
proper zero divisors we can show D(U) ={0},
and if U; < Z(R,), we can show U c Z(R).

Finally we give the last property of the
centrally closed Lie ideals.

Theorem
Let R be a 2-torsion free centrally prime
ring in which Z(R) has no proper zero

divisors and U is a centrally closed Lie
ideal of R such that uzeU, for all
ueU.If 6 is an automorphism and D

is an endomorphism of R both satisfy (CIP)



and D(u?)=20(u)D(u), for all ueU,
then D(uv) =06(u)D(v) +6(v)D(u), for all
uveU.
Proof:

By Lemma 3, we have S=Z(R)—{0} is a
multiplicative

system in R with [S,R]={0}. Let 6" and
D’ be the same as in Theorem 8.

Then exactly as the same technique as in

Theorem 8, we can show that Rs is

a 2-torsion free prime ring, Us is a Lie
ideal of Rs such that (ag)?eUg for all

ag €U and 0’ is an automorphism of Rs,

and D’ is an additive mapping such that
D'(ag)?=20'(ag)D’'(ag), for all ugeUs.
Hence by Theorem 3, we get

D’(asbt) = 6'(aS)D’(bt) + 6’(bt)D’(aS),
for all as’thU .Now let u,veU be any

elements.  Fix
Ug, V¢ € Ug.Then
(D(uv))gt =D'((uv)g) =D'(ugvy) =
6'(ug)D’(vy) +6'(v)D'(ug) =

(6())s(D(V)); +(6(v)); (D(u))s =

(8(u)D(V) +6(v)D(U))-

Hence there exists keS such that
k(D(uv) — (6(u)D(v) +6(v)D(u)))=0, and
since Z(R) contains no proper zero divisors
we can show that

D(uv) — (6(u)D(v) + 6(v)D(u)) =0, that is
D(uv) =6(u)D(v) +6(v)D(u) .
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