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Abstract

In this paper we prove that some properties of tensor product and we show that if A,A, are 0-
adjoint then A ®1+1® A, is normal .Also we prove that a continuous operator is invariant under
tensor product.

Introduction (A®C-B®D (x®Xx,),(x®x,))>0
Let H be an infinite dimensional separable YX®xX, € HOH

complex Hilbert space with inner product (,) then A®SC>B®D >0
and let B(H) be the algebra of all bounded e - T

linear operators on H, given A, A, e B(H), the Proposition
tensor product A ® A, on the Hilbert space If A>C>B=>0 then
H®H has been considered variously by many COA°’®B>CR®B*®B
of authors (see [2],[3].[5].[6].[7])
When A ® A, is defined as follows proof
<A1®A2 (X1®y1)'()(2 ®y2) Since A>C>B>0 then

> = <A1X1,X2><A2y1,y2> <AX,X> 2 <CX,X> > <BX,X> >0 VxeH

The operation of taking tensor product And <A2X’X> 2 <BZX1X> >0
A, ®A, preserves many properties of <Cx,x><A2x, x><Bx, X) > (CX, x><Bzx, x><Bx,x> >0
A,and A, € B(H) but by no means all of them ( COA*®B (x®x®X)(x®X®X)
, Thus, whereas the binormal property is
invariant under tensor product ,the *- >2 <C®82 ®B (x®x®x)(x®x®x) ) >0
paranormal property is not [9] .a gain ,whereas A’RB_ B2®B-

A, ®A,is posinormal if and only if A, and <C® ®B-CeB®

A, eB(H) are [9] and is similarly for U- (x®x®x)(x®x®x) )>0
operator  ,pseudo normal ,subnormal and then CR A°®B>CQ®B*®B
normaloid operators [3],[9],[10] .it was shown

in [9]that paranormal is not invariant under Proposition

tensor product . If A>B>0then

In this section we prove some properties of
tensor product .

Q|-

1
r "\q r r
[BZ®A"®BZ] Z(Bz@)Bp@BZ] and

Proposition . .
If A>B>0 and C>D >0 then T g T \q

AX®C>B®D=>0 [A2®Ap®A2J 2[A2®Bp®A2J for

Proof: eachr>0,g>1p=>0
Since A>B>0 then

(AX,X) 2 (BX,x) Vx e H Proof:
And Since C>D 20 then (Cx;,X;) = (Dx;,X;) Since A>B>0 then AP>BP  hence
VX, eH (AP, %,) > (BPXy,X,)

(X, X)(OXy, %) > (B, XDy, )
(A®C (x®x)(x®x))>(B®D (x®x)(x®x,) )
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r r
<B X, x> Apxl xl><82x2,x2>2
r r
<Bzx x> Bpx1 x1><82x2,x2>20
r
< .

QAP ® 82 (x®x ®x; ), (x®x ®Xy) )=

N\-‘

B2 ®B" ®82 (x®x ®xy), (x®x ®x,) )>0

r r

)
B2® AP®82 B2 ®BP ®B2

(x®x ®%)(x®x ®x,) 2

1 1
r "\a r a
hence {BZ®A"®BZ} [2 Bp®BZJ
1 1
r L q r L q
Similarly {AZ ®AP®A2J [AZ ®Bp®A2J
Proposition
If A>C>B>0 then for each
r>0,g=>Lp=0
1
r "\a r "\
C2®Ap®02] ZLCZ®C"®CZJ >
1
r "\aq
C2®B”®C2] >0
Proof:
=) since A>C=>B=>0 then
(Ax,x)=(Cx,x)>(Bx,x)>0  and
<Apx,x>2<Cpx,x>2<BPx,x>20 vx e H

i)
i)
|

szl,x1><Bpx, x><02x2,x2>20

r

r
(C2RAP®C2 (®x®X)(x®x®x%) ) >

r r
(C2@CPRC2 (4 ®x®x%) (4 ®xDxp) ) >
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r

(C2®BP®C2 (x,®x®x)(x ®OX®X,) )=0
then( C2® AP ® C2 —C2 ® C* ® C2
(X, ®X®X, ), (X, ®Xx®x,)) =0

1
r r

1
q r g
hence |[C2®AP®C2| >|C2®CP®C2| >0

and

(c2 ®CP®C? 02 ®BP®C2
(X, ®X®X, ), (X, ®X ®X,))>0

1
r r
>|C2®BP®C?

r r a
q r r
2[02 ®CP®C2J >

o

C2®CP®C? >0then

Q|-

r

r
C2®AP®C?2

1

q
20

r

'
C2®BP®C?2

The following example to show that how
to find the Log—operator on a Hilbert space

Example
Let H be a Hilbert space and let A B be

positive operator matrices such that

B=(ez O] and sz(e“ (;jv where
0 e 0 e?

V:iﬁ J2
V52 =2

J( unitary) ,then we have

Log(B):((z) (l)J and Log(A { r \/ZJ

and Log(A)—Log(B)>0

Theore
Let AB,C be a positive operator if

Log(A)> Log(C)> Log(B)=> 0 then
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r

Log C? |® Log Ap ® Log[

Log ® Log Cp ® Log(

Log

® Log(B° ®Log( 2)

Proof:
Since Log(A)> Log(C)> Log(B) then
Log(A)+...+ Log(A)> Log(C) +.... + Log(C) >

Ptime Ptime
Log(B)+...+ Log(B)
Ptime
pLog(A) > pLog(C) > pLog
Log(A )> Log( p)z Lo

)
AP K, x,) > <Log(Cp)>< X;)
)xl,xl>

(Lo
<
<Log(05 x x> Log(Ap)x ) Log(cg]xz,x2>2
|

Log,czT > Loglc ™) ,xl><Log{c5]T2,x2>>
bl

{ Log(C;J ® Log(A®)® Log[C;J
(X®x,®X,),(x®x%, ®x,))>
( Log(C;) ® Log(C’)® Log(C;J
(X®%, ®X,),(X®x, ®X,))>
{ Log(C; ® Log(B")® Log(C;)

(X®x, ®x,),(x®x, ®x,))>0
then

( Log(C;J ® Log(Ap)® Log[C;J_

( VX, eH
Log(B
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Log(C;] ® Log(Cp)® Log(CQJ

(X®x, ®X,),(X®x, ®X,))>0
VXX, ®X,e HOH®H
Then

Log(C2 ® Log(Ap)® Log[C2

Log(C2
Similarly

Log(C2

@)Log(Cp ® Log| C2 J

(
&)

)
)
B’)® Log(er
)
)

® Log(Cp ® Log

Log(c2 ® Log

Hence
Log| C? |® Log(AP ®Log(C J>

r

Log ® Log(Cp ® Log[c >

Log

® Log(Bp)® Log[C;J

recall that an operator A B(H) is 0-
adjoin if A" =e"A ,0eR.[4]

Theorem
If ARI+I®A, is 0-adjoin
are 0-adjoin .

then
ALA,

Proof:
Since A, ®1+1®A, is 0-adjoin then

AQI+IQA, =e"(A,R1+IQA,)
ARI+1IQA —e /A ®I-1®e?A =0
A;,1,e®A, are linear independent

thenl = A} =e®A, =0 see [2] hence 1=0
contradiction .then A;,1,eA, are linear

dependent hence A; =re®A, ,

1 .
—‘ =e"and
r

A}, 1,e°A, are linear independent then
I =A, =¢"A, =0 hence | =ocontradiction .



then A}, 1,e°A, are linear dependent then
A, =1eA, , |r|=e" then r=1hence =0
A, =A] ,A is 0-adjoin (since every self —
adjoint is 0-adjoin where 6 =0 ).
and A, =e®A, , A, is 0-adjoin.

Theorem

If ALA, are  6-adjoint  then
A ®I+I®A, isnormal .
Proof:

Since A,,A, are 6-adjoin then

A =e™A and A, =e"™A,, 0,0, R
AA ®I+IQAA, -AA QI-IQAA, =
e AR A ®1+1®e™AR%A, -
AARI-IRAA, =0

hence A, ®1+1®A, is normal

In this section we may assume that A ¢ B(H)
If A:H—H let xeH ,A iscontinuous
at x incase x, — X impelsAx, — Ax [1]

Proposition
If A,i=1..,n are operator and
ARA,®--®A, on Hilbert space

H®H,®---H ,A®A ®--QAis
continuous operator if each A,,i=1..,n is
continuous operator .

Proof:
By induction it is enough to show that
A, ® A, is continuous if A, and A, are

If |x,®y,-x®y|=0we prove that
IAX, ® Ay, —AX®AY|=0

since A, is continuous if x, — X then
AX, — AX

and A, is continuous if y, —y then

A2ym _>A2y

IAXx, ®AY, —AX®A,Y|=
IAX, ®AY, —AXOA,y -
AX, ®A,Y+A X, ®A,Y|=

IAX, ®(AY, —Ay)+(Ax, —AX)®AY| =

0
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then A, ® A, is continuous .

Proposition

If A®A,®--®A, =0is continuous
operator and A, is continuous then
Ajj=2--n are continuous operators
Proof:

By induction ,it is suffices to show that
A ®A,then A ®A,®---Q®A, #0
Let A, ® A, is continuous.
if X, ®y, >Xx®y then
IAX, ® Ay, —AX®A,Y|=0
since [JAx, ® Ay, [ -[Ax® A,y <
IAX, ® Ay, —AX®AY|=0
then [AX, ® Ay, |- [[AX ® A,y|=0
[AX 1Ay ]| = [Ax]AY] = O
[AXi 1Ay = ALY | +
[AXA2y] = [AX[lAY] = 0
(x| = [AxAYA] -
[Ax|(lAy, |- [A.y])=0
since A, is continuous if X, — X
AXx, > AX
then ||A1x||(“A2yn - ||A2y||) =0 hence A, is
continuous.

then
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