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Abstract

Computing the volume and integral points of a polyhedron in SR is a very important subject in
different areas of mathematics, such as: number theory, toric Hilbert functions, Kostant's partition
function in representation theory, Ehrhart polynomial in combinatorics, cryptography, integer
programming, statistical contingency and mass spectroscope analysis.

Therefore a method for finding the coefficients of this polynomial are to be listed. A program in
visual basic language is made for finding the general differentiation of the function that used for
finding the coefficients of the Ehrhart polynomial which illustrated by a flow chart in Fig.(1).

Introduction

The Ehrhart polynomial of a convex lattice
polytope counts the number of integral points
in an integral dilate of the polytope(Every
bounded polyhedron is said to be a polytope).
Ehrhart proved that, the function which counts
the number of lattice points that lie inside the

dilated polytope tP( Let P—R%be an integral
polytope, for positive integer t, let tP={tX :
XeP} denote the dilated polytope P) is a
polynomial in t and it is denoted by L(P,t),

which is the cardinal of (tP1Z%)where Z¢ is

the integer lattice in RY. From the definitions
of the Ehrhart polynomial, the leading
coefficient is the volume of the polytope and
the constant term is one; these are termed as
the trivial coefficient of the Ehrhart
polynomial, the other coefficients are
nontrivial, [1].

In this work we present a method for
computing the coefficients of the Ehrhart
polynomial that depends on the concepts of
Dedekind sum and residue theorem in complex
analysis. General formula that counts the
derivatives in the introduced method is given.
To the best of our knowledge this method
seems to be new.

Formulation of this method
Before we discuss the method
following theorm where needed.

the
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Theorem (1), [2]:

Let pcs?be a lattice d-polytope, with the
Ehrhart polynomial L(P,t) :iciti. Then C, is
i=0
the volume of P, while the constant term is
one, which is equal to the Euler characteristic
of P.

The other coefficients of L(P,t) are not
easily accessible. In fact, a method of
computing these coefficients was unknown
until quite recently, [1], [3] and [4].

Counting integral points using Dedekind
sums

In this section we describe the relation
between the Dedekind sum and the Ehrhart
polynomial of a polytope and discussed a
theorem that counts the number of integral
points in a polytope.

Recall that the Dedekind sum of two
relatively prime positive integers a and b,
denoted by S(a,b), is defined as

s@b) =3 (@
o b b
where
1 )
(X)) = x—LxJ—5 if xeZ
0 if xeZ

| x| is the greatest integer <x and Z is the
set of integer numbers.



Remark (1):

The discrete Fourier expansions can be
used to rewrite the Dedekind sum in terms of
the Dedekind cotangent sum, that is, for two
relatively prime positive integers aand b:

S(a,b) = iicot(“—ka) cot(® Ky

where S(a,b) |s the Dedeklnd sum of a and b,
[5, p. 72].

Counting integral points using the residue
theorem

This section is concerned with a method
given in [6] to count the integral points of a
given polytope by means of the residue
theorem.

Theorem (2), [6]:
Let P be a polytope defined as

d
:zx—ksl and X >0}

k=1 Kk
.................................... (1)
with  vertices (0,0,...,0), (a;,0,...,0),
0,3,,0,...0),..,(0,..0,a4), Where aj,.,aq are
positive integers, A=aja,..ay,
A, =aa,.A..a, (Where 4 means the factor
a, is omitted), and A;,  denotes
ap.dj.dyg..aq.
f_;(z) and Q are defined as
—tA
e AR oy i et
1-z")Q-z"2)...0-z")(1-2)z
and

A
Q={zeC\{B: z*% =1,1<k < j<d}, then
L(P,t)=1-Res(f_4(2),z=1)— >_Res(f_4(2),z=2)
reQ)

The Ehrhart coefficients

In this section, some details for deriving
formula of Ehrhart coefficients are given. For
each coefficient of the Ehrhart polynomial

L(P,t) =c4t? +cyqtd ™ +...+¢q.
a formula for finding these coefficients can be
derived with a small modification of f,(z).
Consider the function,
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(Z—tA _1)|<
1-z")1-2z"2)..1-z")(1-2)z

KL taged) ;i
Z(j} e
j=0

1-2z"1)1-2"2)..1-z")(1-2)z

9k (@)=

gk (2)=

If _i['fj(_l)jzo is inserted in the numerator of
the above equation, we get

e

9y (2) =" A A ji
Q-z")1-2"2)..1-z")1-2)z
L (e
@)=Y

D (1-z")a-2"2)..A-2")(1-2)z

Z( J( )it _t(k-j) (2)

Recall that,
L(P,t) =Res(f_;(z), z=0)+1, using this
relation, we obtain,
k
Res(gy (2),z=0)= Res(Z( j( 1)) f,t(k ) (2.2

j=0

( j( 1)J Res(f_y_j(2).2=0)

~

-1

FH4M

k i :
(J(—l)‘ (L(P,(k=))1) -1)

—

Il
H”
/ﬁxo
—_— X

j( DI(LP, (k- ) - Z[JJ( -]

=0 j=0

9 (2) = Z[ J( DILP, (k- )ty +(-D*

The following lemma is needed to derive
the formula of the coefficients of the Ehrhart
polynomial.

Lemma (1), [6]

Suppose that
L(P,t) = cdtOI + cd,ltd*1 +...+Cq,
1<k<d

then for

d

Res(gy (2),z=0)=k! D S,(m,k)c,,t™, where
m=Kk

S,(m,k) denotes the Stirling number (number
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of partition of an m-set into k-blocks) of the
second kind of mand kand C,=1.

Theorem (3), [6] :
Let P be a lattice d-polytope given by
expression (1), with the Ehrhart polynomial

L(P,t)= cdtOI + cd_lt""l +..+Cy, then  for
1<k<d

d
> Sy(m,k)e,t" =
m=k

—H(Res(9(2).2=1)

+ Y Res(gy(2),2=0))

heQy
A
where ©, ={zeC\{1}:z%1%kn
=1L1<j; <jp <o <jpp <d}

Corollary (1), [6]:
Form>0, C_ is the coefficient of t™ in

r‘nll(Res(gm(z),z=1)+xe% Re (g (2).2 1)

Theorem (4) [6]:

Let Pc®R%be a lattice d-polytope, with
vertices (0,0,...0), (a,,0,...0),...,(0,0,...,a,)
where aj,a,..,aq are pairwise relatively
prime integers. The first nontrivial Ehrhart
coefficientscy_,, d>3 is given by,

1
" ([d-2)!

Cg—2 (Cq —S(Aq,a1) —.—S(Ag,2q))

where S(a,b) denotes the Dedekind sum and

1
Cq =z(d+A1,2 +.+Aga)
+i(£+ﬁ+...+ﬁ)
12 A a; aq

Computing C, , of The Ehrhart Polyno-
mial using V.B.P:

As seen before, the leading coefficient of
the Ehrhart polynomial represents the volume
of the polytope, the second coefficient
represents half of the surface area of the
polytope and the constant term is one, while
the other coefficients are unknown.

In this section we find the non trivial

coefficients C, , for the d-polytope with
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d>4, where P is represented by a list

of vertices (00..0) (a,0,...0), (0,a,,0,...,0)

,...(0,0,...0,a,), such that aj,...,a4
pairwise relatively prime positive integers.

are

Theorem (5):

Let P denote the polytope in $:¢(d > 4) with
vertices (0,0....,0), (a,0....,0)....,(0,0,...,.a4) Where
dq,...,dq are

pairwise relatively prime

positive integers. Then C, , is given by
d 1(1 1)
-1 ———| =+t
=———|Dl 4 44 ay
(d-3)!
—S(Ag,81) —...—S(Aqg, ag)
Where S(a,b) is the Dedekind sum of a and b,

Cy-3 -C

D:l(l—;(Bz +Bj +"'+Bd)j,

B
A2 99 |

C=
(A (Ag) 3

d-3
2 3

+...J---[1+(Adz)+ (Adz)z +
2 3

7)=
[1+(A12)+(A12)2
2 3
A=aa,.a,, A =aa,.4,..a,, (4 means
the factor a, is omitted), B =a,as ... az and
Bk == aza3...ék...ad .

Proof:
By corollary (1), if we define g, 5(z) as
,tA _q)d-3
94-3(2) = ( )

@-z")1-2"2)--1-2")(1-2)

WhereA\:ala2 ey Ak =aa, é‘k -eeay and
& means that the factor a, is omitted, then
the poles of the function g4_3(z) areatz=0, 1

and the roots of unity.
We find the residues of the function

04-3(2) at these poles.
Since a,,...,a, are pairwise relatively prime
therefore g, 3(z) has simple poles at
ay,...,aq-th roots of unity. Let 2°

1

=1#A



and since,A=a;---ay, Aj=ajyag---ag,-.-»

Ad =dqdy - ad_l , therefore

(Z—t(al---ad) _1)d—3

0¢-3(2) = (L 272a)(1_77) (17 1)(1_7)2
Nowat z=A,

1-2%27% L0 and 1- 1 0.

Therefore

A change of variables ,_ /% :exp[lmgwj is
3

made, where a suitable branch of logarithm
such thatexp[al Iog(l)J—?»' thus
1
vk
(@-2)L-2)n

(OJ_tB _ 1)d—3

R jo=1
es[(l—u)Bz)...(l—de)m ]

Wheren B =do,a3,...,a(, Bk =aza3...ék...ad .
Since Res(f(z), z =1) = Res(e“f (e%),z=0), then

(Z—tB_l)d—3
R z=1
eS[(1—232)...(1—25%) ‘
Z (,—tBZ d-3
e“(e -1 ,z:OJ

=R
es[(l—eBzz)...(l—eBdZ)

Res(gy a(2).2= 1) =

Let a = tB, then
eZ(eftBZ _1)d73
(L-eB7).. (1-eB?)’
eZ(e—OLZ _1)d—3
(1—eB2?). (1-eB?)’

Res(

=Res(

By writing the Maclaurin series for

exponential function one can get,
(@2 (a2

d-3
e{l—a Z+ +...+(—1)J
2 3
Res 2 2
[1—1— B,z —(Iazz)—...]~--[l—1— B,z B2 —]
2 2

,z=0
After simple computations the above residue
can be written as,
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@) @ "
- + -
(ca)*le? 2 3

Res) (-8,) -~ (-By)z ¢ [1+(Bzz)+(322)2 ],“[“(de)gsdz)z+ ]
2 C 2 c I
,z=0
Let
d-3
2 3
I :(1—gz+cx—z2 P +J
2! 3 41
A A, A N
=1+ 22+ 22 L8,
2! 3 4
-1
B, B} B}
J, :(1+—22+—222 +—273 +}
2! 3 4
-1
B;. B , B3
Jg = [1+—3z+—3z2 +—2 73 +J
2! 3 41

B. g2 3
Jg :(1+—0'z+—dz2 +—d

B -1
4

Then

,z=OJ

Z(n—0Z _1\d-3
Res i IgeZ 1) By4Z
1-e"27)..1—-e"9")

d-3,Z
_Reg — M8 43,040,220
(-B,)-+(-By)z?
For the function _ ()¢’ (11,--1,) We have

(-Bp)-++(-By)2”
a pole of order two at zero.

Letp(z) =e%1J,d5---dy,

and Y:L
(-B2)...(-Bg)
After simple computations ony, we get
d-3
y:t?. By the formula for finding the

residues, if we consider
f(z) = MZZ) then
z

o' (0)y

u

, Where

Res(f(z),z=0)=

(I)’(Z) = ¢(Z)+ezll\]2\]3 ‘Jd +...+eZ|J2J3 Ja
Let
Kl =eZ|'J2J3---Jd, K2 :eZIJ'2J3...Jd’“_,
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Kd zeZI\]Z\]B"'Ja
therefore
O (2)=0(2)+ K| + Ky +...+ Ky

at z = 0, we compute ¢(), after simple
computations we get

1 d-3
4)’(0):1—5(82+Bg+...+Bd)—a(2! )
therefore,

1
{43 1—5(BZ+83+...+Bd)
Res(f =0)=— - '
es(f(z),z=0) B | -3
2

Let D:%(l—%(BZ+B3+...+Bd))
Therefore,
Res(@y3(2),2=7 )= — 2> o=,

a; (1-2)(1- 1)
all the a, -th root of unity = 1 are added up to
get

Y Res(gq3(2)2=2 )=
= 1)

pti=3 1
ap 2= 1) (1_ 7\'A1 )(1 - }")

Let & be a primitive & —th roots of unity,
therefore
Dtd-3

ap

Z 1

o1 =22

Dtd—3 al_l 1
8 o @-e*na-e

then
1 &t

)

8 o (1- akAl)(l )
_ial_lﬁkAl _ékAl 1141
A g 20—

g gk 4141

2(1-&%)
J~[l+

L%L

421 g\ 1-gM

1 % 1+6%  1+ekA
1—gkA

e
:I +1—<§k

1+ .1+<§k
1—gkAL 1_gK

~ 1+£K
1-£X
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1 al -1 —l 1+&k l+&kAl
= e 1+ Z Kt A |
| k=1 k=1\1-& 1-¢&
c\1-gf 1-gN
E= 1+e% 14ekA |
z _ it kA
1 1 |ka\l-¢&" 1-¢&
= (@ -+ -
4a; 4a; | alpiek 14ekM
+Z oK 1 cKA
| k=\1-¢" 1-871 )]
1

Now, since & =1% then by using the

formula for finding the roots in the complex
2k,
—

plane, r, =e ®

a;— 1 k
z{ iy

,k=0,1,...,a; —1. We obtain

1+&A
+ kA

1 XM

A (2K,
l+e & +l+e &4
k) et
l-e & l1-e &

k=1\1-&

_cos(z)  [1+e?

But cot(z) = in(2) _—{1_62&
), (

l+e & 1+e &

+
(2T (2K
l1-e & l1-e &

-1
=> — [cot niK + cot nkAl]

o | a; a;

1+ &M
’ 1— A

2kTEA1)I
al—
hence Z
k=1

and

o\1-gX

alz—:l(:H_ ak




therefore

a1 ek 1pekA
Z‘[ kT kAlJ
1 s 2| 1-& 1-¢

4a, dag | g, gk 1+ E-}kAl
+ K 71 _LkA
| k=\1-g€ 1-80 )]
- a1
=i(al—l) + 12: cot ™ 4 cot AL
4a, da, & a; a,
1 % nk TckAlj

cot — - cot
4a, o az a;

The imaginary terms disappear, and then
the above equation can be written as

al—
11 1t Zl[cotn—k-cot nkAlj

4 4a 4a1 o ag aj
1 1 4a

2oL g a)
4 4da; 4da,;

where S(Aq,a;)is the Dedekind sum of
A, and a, . Hence

2 Res(gy3(2).z=2)

W= 1)

a1 1 '
=Dt 3(Z_H_S(Al’a1))
1

Similar expressions are obtained for the
residues at the other roots of unity.

Now we find the residue at g4_3(z)at z =
1, we have
Res(g4_3(z),z=1) =Res(e“gy_3(e?),z=0) then
Res(94-3(2),z=1) =
eZ (e tAZ _1)d-3
Res| (1-e”%)(1-e”?).. (1-e"Z)(1-e?%)e?
,2=0

By writing the Maclaurin series for
exponential function we get,

2 3 d-3
[l(x z+(a 2 7(& 2 +...+(1)J

2 3

Res| 2 2 2
{1—1—A22—%—...]--»[l—l—Adz—%—...]-(1—1—2—2——...]

2

,z=0

Shatha Assaad Al-Najjar

where o =tA, then the above residue
becomes
(A (Ag)*
2 d-3
[ @2 (x2) J
1- + -
2 3

Res

[l+(Alz)+(AlZ)2...]-~-[l+(AdZ)+(AdZ)Z+...][1+Z+Zz+...j
2 3 2 3 !

,2=0

the function for which we want to find the
residue has a pole of order four at zero.
Let

[1_(0LZ)+ (aZ)Z . m]ds

2 3
0(2) = 5 5 5
[1+ Ag) | (A2)” ](1+ (Adz)  (Ag2) ] . [1+ Zy Zj
2! 3 2 3 21 3

d-3 Z
y= (04 and f(Z)ZYd)El)
By the formula for finding the residue, we get

@
Res(f(2),z = 0) = ¢T(|0)v .

Let

Then ¢(z) =13;d5---I4h
and
O'(2) =133, - dgh + 13435 ---J4h
+...+ I\]l\]z '\]ah—k I‘]l‘]Z‘]dh,
let
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Kl = I'\]]_JZ . th
K2 = I‘]."].‘]Z .. ‘]dh
Kd+1 == IJ]_JZ ‘],dh and
Kaz =112 ---Jgh’
Hence
0'(2)=K; +Ky +...+ Ky + Ky
and
0" (2) =K + K5 +...+ Kgq + Kgo
Now,
tA tA)3 ¢
I—[l— ( ) 22—()z3+...)
2 3 4
therefore
2 3 d-4
(1 ﬁ —(tA) —(tA)z3+...]
2 3 4
z)=(d-3)
[ A 2(tA) ]
N [ Z+..
2! 3

Differentiating 1" to get 1”and 1", then put
z = 0 in the obtained expression to get

1(0) =1
I'(0) = (d— 3)( tAj

l@)(ds{m a0y 20 }

3

tA)
1"(0) = (d — 3){ (d-5)(d - 6)(— 5) +(d = 4)(—tA)

+(d—4) J[ )[Z(IA) [ 3A(tA)
2 3 41
For

A A2, A} N
J = 1+7llz+—1z2 +L 34

2(tA)?
3

)

3! 41

2
3
%(z)= (1+A12+A122+Al 23+...J
2! 3
A
2!

4
2A?
R N Qe

SAS 1724
3l 41

Differentiate J’ to get J"and J”, then put
z = 0 in the obtained expressions to get

A

, v AL
J1(0) =1, J;(0) =-7|1, 37(0) :?} and jr(0)=o-

In a similar way, we get the other
differentiation of J,,Js,...,Jgand h, then

Vol.11(1), April, 2008, pp.105-119

111

Science

d-3
Re S{(tp\)‘l
(A)-(Ag)z
(A)df3 td

(A (Ag) 3

¢cxz=0J=
—¢9(0)-
IR

(A1) (Aq) 3
So by corollary (1) we get for d>4, C

Let -_

437
which is the coefficient of t¢ 2% of

(Res(gg-3(2).2=1)

(d 3)'
+ Y Res(gq.3(2),z2=0)
reQq_3
So ) -
9_1 L+t
4 4 ag
Cd—3:(d%[;)| _S(Al’al)_ -C
|| —S(Ag,2aq)

General formula for the differentiation of
1,J J, .,Jd,h

1V

In thls section, we get a general form for
the differentiation of the terms
1,31,J5,...,dg and h that appears throughout

the process of finding the coefficients of the
Ehrhart polynomial, we begin by considering

W oe2i0g,0,-00 j=12,.
where 11l means that only I in the expression
eZIJ2J3 ---Jgh is differentiated j times.

Let = _]_+ji+ 4+ 4 then

2 ‘]d
=12 g,
1= 1B e 0@ ey ey,
1@ =14 e 2By
el e a2y s

16) =B 4y a1l 1)

+ 322180 4 37 (1B 4 17y + 38,E412]

el @ pamyrEn 3R



10 6] 4 g, a18) + |(5))+6E12I[4]+4Efl[3]
ceSR e 6114+ 41y 4 3672 2]
+126,E018) y 6E2E)12 4 4E,ENE]
+Ey @Bl 61+ Byl a1y @1

4]
1D =7 gy 1l |(6))+10E2|[5]+10Ef|[4]
+seX1B L E31l2l 4 Er o1 4 1))y

+ E1(10|[ 111019y + 7518 4 201m)
+E@ 4517+ EO 1 + 308, E411]
+ 30264181 1 10E3E71(2 4 20E,E11B]
+10e2e0@) 4 5E, EME 4 15E2]
+156, 521 L 10E7EN],

1® = 1By g (617 417 4 521 6] 4 20E3) 5]
+15E3181 L E81B 4 £ (15106] 1 619))
+E12015) 11510y 1 Erasi 4] 1 2019
+EV 618 +151m+EO (1P 1 617)
+EO1+60E,E}15 + 90E2E11 1]
+60E3E,18) 1 15E2E,1 4 60, ENIL
+60E2E2181 4 208 3E112) 1 30, E11B]
+15e2En P 4 68,112 4 45E121 1)
+E2212) 4 90g, E1218 1 45E2E2) 2]
+60E EN1B) 11581 EM2 1 60E,ELEN
+15(E})3 112,

In order to differentiate J5,Js,...,J4

we need to find a general formula for these
differentiations so we work on these elements
and find a general formula. To illustrate this,
consider for example,

2 3
W W W _
Jy=(+—2z+—-2724+2273, )2
2! 3 4
Py
eW22 1

The e"?%),-J, =w,z. By assuming the
implicit differentiation for both sides of the
above equation, we get

L emZy)-L3,)=
dz( 2) dz(z) W)

112

Shatha Assaad Al-Najjar

and the second derivative of the above
equation is
d2
dz 2
when we differentiate e > d-times we
get a shape like a binomial formula
(a+b)d=4d +dad‘1b+%ad‘2b2 +...+b¢

£

2
(e"21, )—dd(Jz) 0

WZZJ

Therefore,
e"? (3, +wy)™ -3 =0
where J{™ is the m-th derivative of J,, since

W, is constant therefore w35 means w,
raised to the power m. For example,

let h=y,e%2?,
then
h'=Jhe"2% +w,e"??],
oW z '
222 +w3ly)
h” = Jf;_e""zz +w,JheV2? 4 w2eB?y,

+w,JheBe? = eWo?(

h" =e%22 (3% +3w,J% +3w3d, + WiJd,).
and so on. Therefore
3y =eZ1)y -3y =39,
14 2 !
3 =4 E,
I’ J!
where E, =1+—+..+ 4.
I d
3y =38 4 2B, 0l L EZY, +ELY

4 4 3 24[2
3 = L 4 3E 30T 4 3E3)1A
+E3J, + 36508 + E5J), +3E,E5

and similarly for highest derivative.
By arranging them together we obtain

' AZ '
J=e*13---],
3 =14 By,

3= E, (0 435+ ELY,
3 =3l e, (20l +J”’)+ E2JA

+E5 (P +235) + E3J

3% +2W,Jd5 +W3J,),
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39 =30 B, 30k + 0Dy 4 EZ(301)

+E3IA LB, R0 1 30%) + E5 (01 4 30%)
+E%J}, +3E,E5,

30 =81 B, (4301 1 360y + 6E30 + 4E3ILY

+ESI LB, (6301 + 4059y + Ef (43
+639) + E§OP + a0 + Wy,
+12E,E5301 + 6E5E33T 1 4E ,E4I1A
+3(E%) 20l

I =30 e, 53 069 1082051 +10E30LY

+5E308 4 B33 L 5 (03D +538)) + B4 (103l
+10047) + E5 5351 +1005) + ESY (01 4+ 50%)
+EPJ, +30E,E530 1+ 30E,E501 +10E,E30LA
+20E,E5J8 +10E3E53) 4 5E,,E 5912

+15(E5) 238 +15(E5) 2 E 3P +10E,E59,

19 =3B g, 6307 + 987y +15E20081 4 20E3 9D

©
J 2

+15E5301 + 6E30 4 ESIIA 1 B, (15008
+630)+ E5 (20081 + 1500 + E5 (153LY
+203$7)+ ES (6013 + 1300 + EQ) (A
+63%)+EPJ, + 60E,E5I51 1 90E,EZILY
+60E3ELIA +15E5E531 + 60E,E I
+60E3E5I5 + 20E3E59L + 30E,E 530
+15E2E532 1 6E,E(V 31 1 45(E) %0l
+15(E})3 Il 1 90, (E)2 30 + 45E3 (E})?
32 4 60E,ESIL +15E,E5IL2 1 60E,E)
e3P 1 10(EY)2 3,

=N E, (73 1+ 0®) 1 2162307 4 35E 33

+35E3001 4 2163001 4+ 7ES0IT L E 71

+E, 00 4730 )+ E5 (350081 2039 )

+ Eg(35J 514 35)%) )+ 3% (21J LY (24))

vEO [ 1209} O 1 4 705 )+ ED 3,

+105E ,E 5301 12108, E30PT + 210E3E 311

+105E3E538 + 21E3E, 9121 1+140E ,E5 0]

+210E3E535 +140E3E48 + 35E3E5907]
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+105E ,E43L +105E3E595 4+ 35E3E4904
+42E,E$0301 1 213 (M3l 4 7E,ED) )2
+105(E,) 20l +315E, (E5) 2301 + 315E2
(E5)235 +105E3 (E5)2 34 +105(E,)3 0L
+105E , (E5) 392 + 2108, E5 3L +105E,E”
IR+ 2165 EV 3 1 70(E) %90 4 10E,
(E%)231 1 35E5E 532 + 420E ,EHE I
+ 210E3E,E %I 1+ 105€ ,E'E5IA,

similar procedure we get the

derivatives of J;,J,,...,J4and h that are used

in the definition of ¢(z) in the preceding
sections. When we arrange the obtained results
we get a triangle like a Polya triangle [8, p.20]
where the contents of the triangle are the
coefficients of E,”,E,...in the expression

4) (5
NN

!

2

E,

1 E Il
SN
1 el
0105 1 E
15 6
%
%% 10 % 28

Also, the first terms of the coefficients of
5,... in the expression of J(24),J(5),... are

\]2[3] JEZ]

J2[5] ‘]EA]\]E] \]gﬂ

gt

S LN U RN N

g L E I gE ke e



E?
W1 gy I
S 1 ey Bl
1© 6 4 1 P W
¥ 10 10 5 1 EY
® 15 20 15 6 1
I 21 35 35 21 7

The second terms of the coefficients of E5, E5,... in the expression of J
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g

ORONo

GER I
D S g

(24),J(25),... are

E, Ej
U XS B
N T T T = N N
¥ a6 4 1 EP U ooy,
Mo 1010 5 1 E® DU ooy
B 6 15 20 15 6 1 EPIOI O gy,
W1 a3 s 7 1 EPID P P P g

The coefficients of E,E5, E%E’ ... in the expression of J5,J7,... are arranged as follows.

JJ 0
J7 0
J» 0

E,E;
j® 3 e, J&
Jo 12 6 EXE, JJ
J 30 30 10 EJE
J® 60 90 60 15
J» 105 210 210 105

The diagonal of the above results is the
second column of the preceding Polya triangle,
and the first column for the above results is
obtained as follows:

By multiplying the diagonal by 4,5,6... we
get the line under the diagonal, which are:

(3)(4)=12,

(6)(5)=30,

(10)(6)=60,

(15)(7)=105,

The general formula of the differentiation
is given by

3 = o)+ ((m - 204 o) w

JB

‘]£4] J£3] ‘]£2]

ESE, I8 ol ol ol

21 ESE 3P 9P ol gl
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where 1<m<8 and W can be obtained from the
given tables as follow
when m=3 then

3 3 2 2
o) =151 e, 90)
when m=4 then
39 ol e, (0B 4 00 ) w
from the tables, W can be found as follows

w =E202) 1 5 (002 4 2020 ) 53
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S3=sum (A (i)/a (i))
m i=1to d

A 4 A 4

Fill Cq= (d+S2+ (1/A+S3)/12)/4
A (i), i=1to d

A 4

A 4

Cyo=1/ ((d-2)'.( C4-S1
A=product of a (i), o2 (E23{CeSY
i=1tod
A 4
v land 1™ at Z=0
A (i) = Ala (i)
i=1tod \ 4
J™And h™and jhat Z=0
A 4
B=product of a (i) v
i=2tod d
Ep=1+19/1+>"3®™
A 4 i=1
B (i) = B/a (i)
i=2tod l
d
v EOm)=ED =1M /24 T]3; *3%
S=sum (B (i) =
\ 4
4 Calculate coefficients of E, in
D= (1-0.5S)/B expression of JI"™=E1 (p,p)
A 4

A 4

M= t (m.i.A (i)/a (i)).cot (m.i/a (i
sum tcot (.1 iz(ll?j_gl)) cot (mi/a (D)} Make the upper triangle of

E1 zero

\ 4

S [i.Ali] =a(|)M/4 _v_
) i=1tod E1(i.i)=1

i=1,p

A 4

S1 = sum (SaijAfig)

A\ 4
E1 (i, 1) =E1 (i-1, 1) +1
i=2,p

Aii+1=Al(a(i).a(i+1))
i=1tod-1

A\ 4
S2=sum (A +1)
i=1tod-1

D
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Calculate coefficients of E{"E, in the

expression of J " =E4 (p,p)

A 4

Make the upper triangle of

E4 zero
A 4
_ ! E4 (i,i) =E1(i+1,1)
Next j . . . i=1,p
E1 (i,j)=E1(i-1,j-1)+E1(i-1,j) '
A\ 4 A 4
Next i E4 (i+1, i) = (i+1).E1 (i+1, 1)
i=2,p
Y
Calculable coefficients of E in the v
expression of JIM=E2 (P, P) =E1 (p,p) E4 (i’_l); E4 (i, i-1)
i=3,p
Y A 4
Calculable coefficients of EM in the Calculate coefficients of E,E{” inthe
expression of JIM=E3 (P, P) expression of J " =E5 (p,p)
\ 4
Y Make the upper triangle of
E3(1,1)=1 E5 zero
\ 4 \ 4
Make the upper triangle of E5 (i,i) =E1(i+2,2)
E3 zero i=1,p
\ 4 \ 4
E3 (i, 1) =2+1 E5 (i+1, 1) = (3+i) E5 (i.i)
i=1,p i=1,p

E5 (i, 1) =E5 (i, i-1)
i=3,p

A
i=1.

. >

i=2

A 4

Calculate coefficients of E,E{® in the

A 4

E3 (i,j)=E1 (i,j-1)

expression of J [ =E6 (p,p)
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Sk

Make the upper triangle of
E6 zero

E6 (i,i) =E1(i+3,3)
i=1,p

E6 (i+1, i) = (i+4) E6 (i,i)
i=1,p

A 4

Calculate coefficients of E,E{"in the
expression of J " =E7

A 4

Make the upper triangle of
E7 zero

A\ 4
E7 (i,j)=E1(i+4,4)
i=1,p

E7 (i+1, i) = (i+5) E7 (i,i)
i=1,p

E7 (i,1) =E7 (i, i-1)
i=3,p

W=w + w (i)
i=1, z (n)

A 4

W (1) = E,(1) [(12) J (m.n,-2) +
E2 (i,1)J (m,n-2)] , i=1,p

A 4

W (2) = E,*[3 (m, n,-3) E1 (i, 1)]
i=1,p

©
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+

W (3) = E,* (1) [E3 (i, 2) J (m, n-3)
+E2 (i, 2) J (m, n,-3)]

A 4

W (4) = E,* (1) [ (M, n, -3) E1 (i, 2)]

i=2,p

Y

W(5)=E, 3 [J(m, n, -4) E3 (i, 3) +E3
(i,3)J (M, n-4)],i=2,p

Y

W (6) = E, E, (1) [ (m, n, -3) E4 (i, 1)]
i=1,p

A 4

W (7) = E,"[J (m, n,-4) E1 (i, 3)]
i=3, P

Y

W@)=E, (4)[J(m, n -5)E2 (i, 4)
+E3(i,4)J(Mm,n-3)] , i=2,p

A 4

W (9) = E, (1) E,*(1) [J(m, n, -4) E4 (i, 2)]
i=2,p

Y

W (10)=E, E, (2) [J(m, n, -4) E5 (i, 1)]
i=1,p

A\ 4

W (11) = E,*(1) [3 (m, n, -4) E1 (i, 1)]
i=2,p

Y

W (12) = E,°[J (m, n,-5) E1 (i, 4)]
i=4, P

©

117

Science



Y

W(13)=E, 5)[I(m, n, -3)
E2 (i, 5) +E3 (i, 5) J (m, n-3)]
i=2,p

v

W (14)= E, (1) E,’(1)
[3 (m, n, -5) E4 (i, 3)]
i=3.0

A 4

W (15) = E,E, (2)

[J (m, n, -5) E4 (i, 3)]
i=3.p

W (16)= E, E, (3)
[3 (m, n, -5) E6 (i, 1)]

i=1,p

W(17) = E, E, (4)

[J (m, n, -4) E7 (i, 1)]
i=1,p

\4
W (18) = (E, (1))
.E, I (M, n;-5)]

A 4

W (19) = (E,(1))*[J (m, n,-5)]
i=4,P

v

W (20)=E (1) E, (2

[J (m, n, -4) E5 (i, 1)]
i=1.0

@

o
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W (21)= E, (6)[J(m, n, -7)
F2 (i. ® +F3(i. .1 (m. n-7N1

v

W (22) = E,'E, (1)
[J (m, n, -6) E4 (i, 4)]
i=4,p

v

W (23)= E, (7)[3 (m, n, -7)]

+R

v

Ji=3

(m,ny) =1*J3(i)/I(m)*JI(m,n)

i=1 d

A 4

3 =J3(m,n)=J(m,n)+E,[(n-2)
*J(m,n)+J(mn-1)]+W

v

¢" = ¢(n) = sum(J (i,n—1))

i=2,d

v

Y= product of (A (i))
i=1,d

v

C=A. (d-n).¢(n) / (Y.n1)

A 4

C,_, =C (d-3) =1/ (d-3)!
[D. (d/4-1/4. (1/A-sum))-C]

Fig. (1) : Program Flowchart for finding the coefficient of Ehrhart polynomial.
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