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Abstract

The main purpose of this work is the determination of cyclic decomposition of the group

K(Zp(n) )Z cf (Zp(n) , Z)/ R(Zp(n) )

(The factor group of all z-valued class functions module the group of Z-valued generalized
characters for elementary abelian group Zp(n) ). Where p=13.For this purpose a recurrence

relation is established for the cyclic decomposition of the group above and it is solved. This solution
gives the number of Zp(i) for distinct 1<i <n , in the cyclic decomposition of K(Z n)). A program

p(

for our work is made by C** and is demonstrated by a flow chart in Fig.(1).

Introduction
Let Zm denote the direct sum of n

copies groups Z, of prime p.. Let cf(zp(n),z)
be the group of all Z-valued class functions on

Zp(n) which are constant on the Q-classes

(two elements of G are said to be Q-conjugate
if the cyclic subgroups they generate are
conjugate in G. This defines equivalence
relation on G, its classes are called the
Q-classes of G), inside this group we have the

subgroup R (Zp(n) ) of all z-valued generalized
characters of Zp(n) , we

write K(Zp(n)) for factor group

cf (zp(n) , z)/ ‘R‘(zp(n) )
The problem of determination of the cyclic
decomposition of the group K(Zp(n)) leads to

the problem of diagonalization of the Z-valued
characters table matrix E*Zp(n) .

To simplify the problem of diagonalization
of the matrix E*Zp(n) . we partition it to

blocks with common properties and we

98

diagonalize the block matrix E*Zp(”) block

wise.
The problem for P=2, 3, 5, 7 and P = 11
has been solved in [4], [5] and [6] respectively,

and its solution give thenumber onpm for

distinct 1<i<n in the cyclic decomposition of
K(zp(n) )
Basic Concept
The cyclic decompositio of K(an ):[4]

Our work is specific for p =13 where the
diagonalization of the matrix E*Zp(n) in [1]

gives us the cyclic decomposition of the
group K(Zp(n) ).

The cyclic decomposition of K(Zp(n)) is

determined by determining the invariant

factors of the = (Zp(n) )where
= (Zp(n) )= {pz (Zp‘"‘l)) 0 }
0 My
Where M is an integral matrix formed

by replacing each Pt in E*(Zp(n—l)) by



27t
P—1 and (-1) else where. [m=e P is a
primitive nth root of unity ] .
To obtain the invariant of

E*Zp(n) we shall add the number of

factor

invariant factor of after

multiplying them by 13 to the number of I.F.
of M, ;.

The diagonalization
Mp_: [1]
The general form of the block matrix

of block matrix

M, of dimension p"*xp"?, p=13 is
given by:
M. .~ {In—Z’ An-2:By2.Ch2. Dy 2. B o, I:n—21]
1~
! Gn—2v Hn—2v‘]n—2v Kn—Z’ I-n—2113|n—2
Theorem (1), [4]

r
K(G) = DZy
i=1

Where d; =+D;(=*(G))/ D4 (=" G).

L AA BB G D1 E
1 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 13
13 13 13 13 13 196
13 13 13 13 196 196
13 13 13 196 196 196
13 13 196 196 196 196
13 196 196 196 196 196

The number of invariant factors of M is
the number of L.LF. (13) =78, number of LF.
(196) = 78 then by theorem (1) and Lemma (1)
we get
K(Z g0 )=2Z, 5 ®91Z , ®91Z,3®Z;

13
13
13
13
13
13
13
196
196
196
196
196
196
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Lemm (1),[1] :

n-1
If K(le(n—l) ): (‘928' lei
i=0

Where s, is the number of times the invariant
factors (13') appears in the invariant factor of

%
= (le(n) .

n
Then K(213<n) )=@21:5i—1213i ®DJ,
=

where J is the direct sum of cyclic Z- modules
of orders the distinct invariant factors of

M, ;.
Remark (1):

We write the invariant factor as I.F

Example (1):
When n=2, p=13

K(Z, 2 )=2Z . ®13 2,302,

When n=3 M, ~diag [ I; Ay By Cy, D1,
Ei F1, Gy Hi J1 Ky Ly 131t ].
where I; = M;

Gi
13
13
13
13
13
13
196
196
196
196
196
196
196

Hy
13
13
13
13
13
196
196
196
196
196
196
196
196

J1
13
13
13
13
196
196
196
196
196
196
196
196
196

Ky
13
13
13
196
196
196
196
196
196
196
196
196
196

Ly
13
13
196
196
196
196
196
196
196
196
196
196
196

131
13
196
196
196
196
196
196
196
196
196
196
196
196

Matrix of the I.F. of M n-1:

We definea (pxn)rectangular rmatrix
Xn—1=Xij)pxn, Where X;;= number of
P’ in the i-th block of M,_; and the number
of the I.F of P11 in
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Table (1)
Block matrices of the invariant factor matrix of M,_; and M, n>2.

Block
matrices
of the I.F Block matrices of the I.F matrixof M, p=13,n>2,u=n-2
matrix of
M,-1
ln-l An-l En-l gn-l Dn-l En 1 &n-l
Iy I, A, B, C, Dy Ey 131,
A, A, B, Cy Dy Ey Fy 13A,
B, B, C, Dy E, Fy Gy 13B,
Cy C, Dy E. Fy Gy | H. 13C,
Dy Dy E. Fy Gy Hy J 13D,
E. E. Fy G, | H, J Ky 13E,
Fy Fy Gy Hy Jy Ky L, 13F,
G, Gy H Jy Ky L, | 13l 13G,
H H J Ky L, | 13l 13H,
J J L, | 131, 13J,
131 13K,
13L,
13(13In)
Example (2): Then by theorem (1) and K(Z13 )= Z,90Z
When n=2 :
" 1 We obtain
3 K(Z o )=2Z,5 ®91Z , ®91Z,3®Z
13
13 0
5 K(Z, 2 )=2,,, ®13Z,3@Z,
13
Mi= 13 Recurrence Relation for the IF of
13
13 (E* (Zl3(n) ) )
0 3 In this section, we find the recurrence
. y relation for the I.F of E*(le(n) )
L Blsas According to the information in Table (1)
10 _ - which contains the thirteen block matrices of
01 1120 Xn-1. Let R(n,d) be the number of IF. of
01 012 1 (13)™ , m=1,2,...,n-1 in the nth stage , d
01 011 2 represents the position of the block matrices.
01 0 10 3 13I,L, K, J,H G F E,D,C, BA, and 13l
0 9 4 column-wise in general.
Xi= |01 5 Xp= 0 8 5 Now we derive a recurrence relation for
01 0 7 & R(n, d), from table(1) we can see that only the
01 upper left triangular part contributes to R(n,d)
01 0 6 7 when m=1 and d=1,...,13 which represent
01 0 5 8 131, L, K, J,H, G, F E D,C, B, Aand 13l
0 4 9 respectively ,where the lower triangular part
01 0 3 10 has no contribution to R(n,d),since the factor 1
01 0 2 1 dose not appear in the blocks 131, L, K, J, H,
01 G, F, E, D, C, B,A and 13l in general.
- 0 1 12},
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So R(n,d) is equal to the number of ILF
(13) in the nth stage,(r-1) position plus the
number of LF (13) in the (n-1)th stage, d
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With the boundary conditions
R(2,n)=1 d=1,.,12 R(2,13)=0
R(n,1)=R(n-1,1)=..=R(2,1)=1

position. Relation (1) represents the number of I.F. (13)
So we have: which was computed from the upper triangular
R(n,d)=R(n,d—1) +R(n—-1d). part of Table (1).
.................................... (2
n>3 d=2,..,13.
Table (2)
R (n,d) for I.LF (13) in X,,_;.
131 L K J H G F E D C B A |
d
0 1 2 3 4 5 6 7 8 9 10 11 12 13
2 1 1 1 1 1 1 1 1 1 1 1 1 0
3 |1 2 3 4 5 6 7 8 9 10 11 12 12
4 1 3 6 6 15 21 28 36 45 55 66 78 90
Number of the I.F (13) in
13
Xpa =2 R(,d) oo 3)

Now, the value of R (n,d) for I.LF (13") ,
m=2,..., n-1 is equal to the number of the I.F.
(23™) in the upper left triangular part plus the

number of I.F. (13'“‘1) in lower part , since
this is multiplied by 13 so we have the relation

R(n,d)=R(n,d-1) +R(n-Ld)-R(-1d-P)

With the same conditions in (1)
Where n>3 , p=13 and

(p-1)m + 1.

d=p+1, ...,

R(n-1,d-p)=0 when m=1.

The reason for subtracting R(n-1,r-13) in
the relation above is that, the blocks in each
column are the same blocks as the preceding
column except for the last one which is
redundant.

From Table (1) and (2).
(p—)m+1
ZR(n,d)

d=(p—1)m-11

Number of LF(p™) =

=R(M+L(pP—Im+1) ..... (5)
Where n>3 , m=1,...,n
Recurrence Relation for the I|.F of

%k
= (213(n) )and its general Solutions

In this section, we solve a recurrence
relation which is defined in (4) by using the
generating function
The generating function for (4) is

We shall find R(n,d) by finding its generating
function.

Multiplying both sides of (4) by X9

summing from d= 2 to d = «, we obtain:

and
R(n, d)x? = > R(n,d-1)x? + > R(n-1,d)x*
d=2 d=2

_>'R(n-1,d-p)x*
d=2
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Which yields
Fn (X) = R(N1)X = XF, (X) + Fy 1 (X)

~R(n-1D)x - xPF,_;(x)
Fo 00— x) =1 -xP)F, 4 (X)
(1 Xp)

Fn(x) = Fn1(x)
Repeating thls relatlon, we obtain:
(L—xP)?
Fn (X)ZWFn—z (x)
@-x")"?
F,(X) =———F (X
(=" T Rl
Then
1-xP)nt
Fn(X)IWX N>1oiinn, (6)

(Ordinary generating function for (4))
With the boundary condition F(X) = X.

By using binomial theorem:
We obtain:

_ E(—l)d[n - j s Z[n +d— 2}
d=0 d
Fn () = an_l(—l)d[” ﬂxpd
r=0 d
i[n +((;I — ijd
d=0

The problem is now solved .To find R
(n,d) all that need be done is to read the

coefficient of x"%,x/ (P  x'—(-D+p+l)
in F,(x)
Thus
R(n,d)=[n_lj[n+d_3j_[n_1j(”+d—(P+l)J

0 ) d-1 1) d-(p-1

gy n-Tyn+d-2-(n-Dp+1
Foet DT d-(n-Yp+1

d k
Rn.d)= Z( ) ( j(nd+ (plf+1)3j

By substituting (5) in (7) we obtain:
Number of the I.F. (p)'
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_ n n+(p—1)i—pk—1j
= _1k :
g‘)( ) [kj( (p—Di—pk
Now by theorem (1) we can obtain the

cyclic decomposition of k(ZE)n)) n>2.

Results
Theorem:
n-1
K(Zp) =2y @252
i=1
Where:
i1 n n+(p—1)i—pk—1j
5 = (-1 )
' kgo( )(kI (p—Di—pk
p=3,5,7,11,13

Example: p=13, n=5
4
K(Z,$)=2,5 @ lesizwi
1=

516
8, = =1820
012

22~{o s a0

B R

oo =5 2NE) ()
s
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\ 4

Input p, n

N\

i=2,n

it

D=

J=0, i

I

J=0,i-1

A 4

l 1 < < l
O - v

Cl=n!
C2=k!
C3= (n-k)!

A 4

A=n+ (p-1)*j-p*k-1
C4=c!

A 4

B= (p-1)*j-p*k
C5= B!

v

C6= (n- 1)!

A 4

D (i) =D (i) + (-1

k*(C1/C2*C3)*(C4/C5*C6)

v

Next k

\ 4

i=1

n—1
K(Zw)=2Z,® > D()Z,,

\ 4

Next j | Nexti

D,

Fig. (1) : Program flowchart for
finding the cyclic Decomposition of

K(Z gm)-
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