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Abstract

The local existence and uniqueness of S-classical solution (semi-classical solution) for a class of
semilinear initial value control problems in suitable Banach spaces have been discussed and proved.
The theoretical results are depending on the theory of analytic semigroup and Banach contraction
principle.
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Introduction

Byszewski in 1991 [1], has study the local
existence and uniqueness of the mild solution
to the semilinear initial value problem:

((jT\t/Jr Av(t) =f(t,v(t)

V(O):: Vo
Where A is the infinitesimal generator of a Co
semigroup (strongly continuous semigroup)
defined from D(A)c X into X ( X is suitable
Banach space) and f is a nonlinear continuous
map define from [0,r)xX into X. Eduardo [2]
in 2001, has study the local existence and
uniqueness of the of S-classical solution
(Semi-classical Solution) to the problem
defined in (1).
Definition :

A function xeC([0, r):X) is said to be an S-
classical solution (semi-classical solution) to
the semilinear initial value problem defined in

(1), if x(t)has the following form:
t
XO=TOXo+ [TE=9)T(s,X())ds +rrrsssvvvee )
0

Satisfies the following conditions: x(0)=x, ,
%x(t)is continuous on (0, r), x(t)eD(A) for
all te(0,r) and x(.) satisfies equation (1) on

O, ).

Manaf [3] in 2005, has study the local
existence and uniqueness of the mild solution
to the semilinear initial value control problem:

(il_)t( + AX(t) = f(t,x(t)) +

j h(t—s)g(s,x(s))ds+(Bw )(t), t >0
s=0
X(0) = xq

where A is the infinitesimal generator of a Co
semigroup defined from D(A)cX into X and f
and g are a nonlinear continuous maps defined
from [0,r)xX into X, h is the real valued
continuous function defined from [0,r) into R
where R is the real number and B is a
bounded linear operator define from O into X.
Where O is a Banach space and w(.) be the
arbitrary control function is given in LP([O0,
r):0), a Banach space of control functions with
[lw(t)]|o< kq, for 0 <t <r.

Definition :

A continuous function x, is said to be a
mild solution to the semilinear initial value
problem defined in (3) given by:

Xy (1) =T(tug +

[ T(t=9)] (Bw)($)+(s.x, () + [ hs=D)g(s,x,, (D) e |ds

s=0 s=0

vw e L”([0,r): 0)

In the present paper, the S-classical solution
(semi-classical solution) of the semilinear
initial value control problem defined in (3)
will be developed by the following definition:



Definition :
A function VEC([O,F)IX)iS said to be an

S-classical solution (semi-classical solution) to
the semilinear initial value problem defined in

(3), if v(t)has the following form:
Vi (0= T(OUg +

j T(t-s) {(Bw)(s) +(s,v,, () + j h(s-1)g(s, vy (r))d‘c}ds

s=0 s=0

vw L"([0,1): 0)

Satisfies the following conditions: v,, (0)=x,,
%vw (t)is continuous on (0,r), v, (t) eD(A)

for all t €(0,r) and vy(.) satisfies equation (3)
on (0, r).

Throughout this paper X will be a Banach
space equipped with the norm ||| and the

operator  A:D(A) cX—>Xwill be the
infinitesimal  generator of an  analytic
semigroup of bounded linear operators

{T(t)}_,on X. For the theory of analytic

semigroup, refer to Pazy [4], Jerome [5] and
Balachandran [6]. The books of Pazy [4],
Krien [7] and Fitzgibbon [8] contained therein,
give a good account of important results. We
mention here only some notation and
properties essential to our purpose, In

particular, we assume that {T(t)} s an

analytic semigroup generated by infinitesimal
generator A and Oep(A), (p(A) stands for
resolvent set).In this case it is possible to

define the fractional power(-A)*, for 0<a<1,

as a closed linear operator with domain
D((_A)a)is dense in X and the expression

IxI,, =

CORY

Defines a norm on D((_A)‘*).Hereafter we

represent by X_ the space D((—A)‘*)endowed

with the norm|| .

Preliminaries
Definition :

A family {T(t)f
operators on a Banach space X is called a

semigroup on X if it satisfies the following
conditions:

of bounded linear
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T(t+s)=T(t)T(s), Vt,s >0 T(0)=1 ,(T(O) is the
identity operator on X).

Definition :

A family {T(t)}[ois said to be an analytic
semigroup if the following conditions are
satisfy:

() t— T(t)is analytic in some sector A,where

A is a sector containing the
real axis.

(ii) T(0)=I and
lim|T(t)x-x| =0,vxeX.
tl0 X

(iii) T(t+5)=T()T(s), ¥t,5>0.

nonnegative

Definition :

A semigroup {T(t)}=o0 on a Banach space X
is called strongly continuous semigroup of
bounded linear operators or (Co semigroup) if

The map R* 5 t —— T(t) e L(X), satisfies
the following conditions:
(i) T(t+s)=T()T(s), Vt,s>0.
(i) T(O) =1.
(iif) lim | T)x x|l = 0, for every xeX.

Definition :

If —A is the infinitesimal generator of
bounded analytic semigroup then the fractional
power A~ exist for a.>0.

Definition :
Let —A be the infinitesimal generator of an

analytic semigroup T(t) if 0 € p(A), then:

(@) T(x): X — D(A?), for every t > 0 and
o>0.

(b) For every xeD(A%), we have T(H)A"X =
A°T(t)x.

(c) For every t > 0, the operator A°T(t) is
bounded and ||A“T(t)|| < Mt

() Let O<o<l and xeD(A*) then
IT()x —x||< Cot* |A*x| ,where C, is the
X

positive constant depend ona.
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Definition :

Suppose X is a Banach space. A mapping
T: X——>X is said to be strict contraction,
with  strict  contraction  constant L,
if[T Tyl <L |k -y |[,, VX ye X, where 0<

L<1.
Definition Banach contraction principle:

Let M is a closed nonempty set in the
Banach space X overk , where K are a scalar
field and the operator T: M —— M s strict
contraction operator then T has a unique fixed
point.

Definition :

Let | be an interval, A function f: ——X,
where X is a Banach space is said to be
Holder continuous with exponentd, 0 <3<
lon |, if there is a constant L such that

[fO-f©), <L|t-5, fors, t e l.

Main Result
It should be notice that the local existence

and uniqueness of S-classical solution (Semi-

classical Solution) of the semilinear initial

value control problem defined in (3)

developed, by assuming the following

assumptions:

A. —A Dbe the infinitesimal generator of
bounded analytic semigroup {S(t)}«o and 0
€ p(—A).where the operator —A define
from D(-A)c X into X, (X is a Banach
space).

B. Let U be an open subset of [0, r)xX, for
0< r<oo.Where X, is a Banach space being
dense in X.

C. For every (t, x)eU, there exists a
neighborhood G < U of (t, x),the nonlinear
maps f, g:[0,r)xX——>X satisfy the
locally Lipchitize condition with respect to
second argument,

[If (t, u) —1(s, V) [|x < Lol[v —llo
19 (t, u) —g(s, V) lIx < Lallv = ulla,
for all (t, u) and (s, v) €G.

D. For t">0, ||f(t,v)|lx<B1, ||g(t,v)||x< By, for
0<t<t" and for every ve X,.
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E. For t">0, |IS(t) — I|| [|A%o|| < &', Where
§<s,0<t<t,

F. h is continuous function which at least
heL}([0,r):R),Where R is the real number.

G. w(.) be the arbitrary control function is
given in LP([0,r):0), a Banach space of
control functions with O as a Banach space
and here B is a bounded linear operator
from O into X and ||w(t)||o< ka, for 0 <t<r.

H. Let t>0 such that
{t',t",t" r}satisfy the condition

t; <{[K K+ 8Ly +By)+
(H.1) 1
hy, (8L, +B,)I " CZ (L- 1) (3-8}

t;=min

- % <[K Ky +(BLy +B,) +
hy, (8L, +B,)] 'C,l - ) (5-8))

I. There exist C,>0 and 0<3 <1 such that:
lh®-hE)|<c3lt-9°, forall t, s €[0, t].

J. There exist Rp>0 and 0< &<1 such that:
v @ -w )], < Ro|t—s|§, forallt, s [0, ti].

Main Theorem:

Assume that hypotheses (A)-(J) are hold,
then for every vpeX,, there exists a fixed
number t;, 0< t3< r, such that the initial value
control problem defined in (3) has a unique S-
classical solutionvy,, eC([0,t;,]:X), for every

control function w (.) e L ([0,t,]: O)..

Proof :

Without loss of generality, we may suppose
r<oco, because we are concerned here with the
local existence only.

For a fixed point (0,vo) in the open subset U
of [0,r)xX,, we choose 6>0 such that the
neighborhood G of the point (0,vp) define as
follow:

G={(t, X)eU:0<t<t’, ||V — Vol < 8} U {since
U is an open subset of [0,r)xX,}.

It is clear that ||JA*S(t)||< Cot™, for t>0, see
{theorem (1.8.7) in [4]}.

Where C_is a positive constant depending

ona and assume



h= j|h(s)|ds.
0

Set Y= C([0,t;]:X), then Y is a Banach
space with the supremum norm: ||y|lv

= sup [ly()lx -
o<t<ty

Let Sy, be the nonempty subset of Y, define
as follow:

Suw={Xwe Y : Xu(0)= A”Xq,

IXw(t)— A%%o|[x< 8, 0< t <t1} ... 4)

To prove the closedness of S, as a subset of

Y. Let X,y €Sw, such that

n P.C.
XW ———>Xw 8S —— o0, we must prove

that x,eSw, where (P.C) stands for point wise
convergence.

Since X,y €Sw= Xy, €Y,Xy (0)= A% and
| Xy ()-A%o|lx< 8,0< t < t.

Since X, U—'C'>xw, hence XxyeY.

where (U.C) stands for the uniform

] n U.C.
convergence, and also since X, ————>Xw

=|| er\], —Xully—0, a8 Nn—— ©

n
1% Xallv=sup

<t<ty

X0, () =X, (t)“x—>0,as

n—20, {BY Iyl = sup Iy (D)l

Implies that || X, (£)—Xw(t)[lx—> 0,as —c0,
for every 0<t<t,,

ie., lim Xy () =%w(t), V 0t <tyorrinnnen, (5)

= lim Xy, (0) =xu(0) {by (5)}

= n"flAaXO:XW(O) {since er\], €S}

= A"%o= Xw(0)

Notice that:

Iu®) = A” Xoll=l] tim Xy (B) — A” Xoll {by
(5}
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_ . n T o _ .
= |[Jim Xy (1) lim A% Xollx | lim
(X (O-A"X0)[l= lim | Xy ()-A" Xollx

={[Xw(t)— A% Xo||x < lim &
n—oo

{since X, € Su}
= |Xul(t) — A% Xo|[x < 8, for 0 <t < t;.
We have got S, is closed subset of Y.
Now, define a map F,: S, —— Y, given by:

FoXw )O=SMA" up+

} A%S(t-5)| F(s, A Fxy (5))+ f h(s-1)g(t,A “xy (1)) dr |ds+
s=0 s=0

t o
| ATS(t-s)(Bw )(s)ds
s=0

To show that F.(Sw)cSw , let x, be
arbitrary element in S,, and let FuXwe

Fw(Sw)-

To prove Fyxwe Sy, for arbitrary element x,
in Sy. From (4), notice that FuxweY {by the
definition of the map Fy} And (FyXw)(0)=A"Xo
{by (6)}.

Now we have got

HS(t)A“xO-A“uo + j A“S(t-s) (Bw )(s) ds

(Fy X (1) =A™,
X

+j A"S(t-s) [f(s,A‘“xW SN+

j. h(s-1) g(r,A-axW (1) dr} ds
[|(FuXw)(t) — A%ollx =

t
IS(t) A%Xo—A X+ j A%S(t—s) (Bw )(s)ds

s=0

X

t
+| AaS(t—s)[f(S,A_axW (5)+
s=0

t

j hs—1)g(t, A "X, (r))dr}ds+

s=0
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t t
j A%S(t—s)f(s,X)ds — j A%S(t—s)f(s,x,)ds +
s=0 s=0

t t
jA“S(t—s)[j h(s—r)g(r,xo)erds—

s=0 =0

t t
jA“S(t—s)[j h(s—r)g(r,xo)erdsnx

s=0 =0

I(Fsxw)(t) — A%l = [IS()A™%0 — A%y +
t

I A%S(t—s) (Bw )(s)ds +
STO

[ A%st-9) [f (5 A%, (5)~F(s, xo)]ds +
s=0

t t

j A“S(t—s){ j h(s—r)[g(r,A_“xW (1) -

s=0 s=0

9(t,Xo) ]dr)ds+

t S
JA“S(t—s)[f(s,x0)+ j h(s—r)g(r,xo)dr]ds

s=0 =0

I(Fauxa)(t) — A%ollc < [IS()A™0 — A™ollx*
t

[ 1As-s) 11 @w (s los N
s=0

X

t

[ IASE=9) 1165, A "%, () ~F(5.%0) llds +

s=0

t t
[1Ast-s) [ [ 1h6=D 119 A %, ()
s=0 s=0
—g(t,Xg) ||drj ds+

t
[IAst-9)1I.

s=0

{II f(s, %) I+ I Ih(s-1) 19(t. Xo) IIdT]dS

=0

After a series of simplifications and using
the conditions C, D and E we have got:

t
[(Fuxw)(t) — A%ll < & + [ C,(t—5) KoK, ds

s=0
t
[ Ct=-9) L AT, )Xl ds  +
s=0
t — —
| Colt=9)"hy Lo A7, (5)=Xq |, ds +

s=0

t
[ Co(t=5)"[B,+h,B,]ds
s=0
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By using the properties x|, =HA°‘xH , We get:
X

[l (FuX) () —AXo|[x<8'+ oKoKa(1—ar) tts* ™
+ 8CoLo(1-0) i1 + 8Cq Ly hy, (1-0) Lty
(Bi + hy Bz) Ca(l - o)ttt

[I(Faxu) (t) — A™ollx < & +
[KoKi+38Lot+0L, htl +(B1t+ h ty B2)]

Co(l — o) 1

[[(Fuxu)(®) — A%l < 8" + [KoKy + (SLo + By)
+ hy, (8Lo + B2)ICu(1 — o) * 12"

By using condition (H.i), we get: |[(FuXw)(t) —
A%||x <8, for 0 <t <tj.

So one can select t;>0, such that:

t]_:min{t', t”, t”,, r,
[{KoKy + (8Lo +By)+hy (8L, + B,) 'C.l(1-a)

(3-8)}}
Thus, we have that Fy: S,y —— Sw

Now, to show that F,, is a strict contraction
on Sy, this will ensure the existence of a
unique S-classical solution to the semilinear
initial value control problem. *

14

LetX;, , Xy, € Sw then:
I(FuXy )®) — (FuXy )OIk = [ISMA™0 +

j A%S(t—s) (Bw )(s)ds +
s=0

t
j A“S(t—s) [f (s, A*x" (5)) +
s=0

t

j h(s—1)g(t, AX, (r))dt}ds—S(t)A“xo

s=0

t
- I A%S(t—s) (Bw )(s)ds —
s=0

t
[ As(t-9 {f (A, (5) "
s=0

t
j h(s—1)g(t, A "X, (r))da.}ds

s=0

I(Fu X35 )(©) = (Fu Xy, YOl =

X



t t
j A“S(t—s){f(s,A“xv"v () + J’ h(s—1)g(t, A X, (r))dr]ds
s=0 s=0

t t
—I A“S(t—s){f(s,A"‘xv’v (s) + I h(s—1)g(t, A™"x,, (r))dr}ds

s=0 s=0

X

[1(Fw X )(®) - (Fu Xy YOIk

[ IS5 116 A5 (9) - F6, A%, ()l s+

s=0

[1Ass(t-s) ||{ [ In6s=91 oA %, (@) -g(m A X, (r»bv}ds
s=0 s=0

By using the condition C and the properties

IAS()|| < Cot™ with he = j |h(s)|ds ,
0

We have got:
[1(Fw X ) = (Fu Xy YOIk <

t
| Calt=s) " Loll A (9)-A %, (5)Iis +

s=0

t
I Co(t=5) " hy LIl A™xy, (1) —A™x;, (1) [|ds
s=0

”(FWX\X, )(t)_(FWX\;V )(O)lx< Ca(l_a)_ll—o
1% &)=y ) lhe i+ Ca(1-0) " Dy Lo

11X (1) =X (D) [l ta ™

I(Fw X, YO-(Fu Xy, )OIk < Ca(l-a) Lo
sup I M-x, Okt +  Col-a)™
<t<ty

hy, Lasup I (-, @l t™

0<t<ty

[I(Fu X[, Y(O—~(Fu X}, JOIx<Ca(l-o) Lo
X, =Xy lly 67 +Cal - o)
x5 =% Iy t2'™

IFux O — Fuxy YOIk < (Lo + hy L)
Co(l = a) t™ I =Xy Ily
IFugy O = (FuXey YOl = 8(Lo+ La ha)
Co(l =)t |Ix7, = lly
IFugy O = FuXy OIS = [3Lo+Shula]
Co(l =)t |Ix7, = lly

hula
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IFux JO-Fuxy )OI < < [8Lo+d
ht1L1+K0K1+Bl+ htlBg] Ca(l — 0()71 tllia
[ X0 —Xw Iy

IFX O = FuxXy YOl < 5 [KoKy +

Ly + By) + hy (@©OL1 + By
Ca(l-0) I, =, [ly ™
IFX O = Fuxy O S 5 [KoKs +

(8Lo + B1) + hy (8L1+ By)] Co(l — o) [KoKy +
(8Lo + By) + hy (8L1+ B)] ' ¢t (1 — a)(8 - &)
Ix, —x, Il {by the condition (H.i)}.

1w, )0 = g OIS (12 ] 1 - 1y

Taking the supremum over [0, t;] of both sides
to (7), we have got:
-5
8

IFuXg, = Fuxy e < (1) =, {by
Iyl = sup IOl

0<t<ty

sup [I(FuXy )(® = (FuXy )l <

0<t<ty

X = iy

Thus, F, is a strict contraction map from
Sw into S, and therefore by the Banach
contraction principle there exist a unique
fixed point x, of F, in Sy, i.e., there is a
unigue XweSy, such that Fyx, = X4 This fixed
point satisfies the integral equation:

t
Xa(t) = S(H)A%X + j A“S(t—s)[f(s,A’“xW ©) +
s=0

j h(s —1)g(t, Ax,, (1))dr |ds

=0

t

+JA°‘S(t—s)Bw(s)ds, for 0 <t < ty, V
s=0

w(.)€ LP((0.t,): O)

For simplification, we set f(t) =f(t, A *xu(t)),
() =g(t,A *xw(t)). Then equation (8) can be
rewritten as:
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Xuw(t)=S()A*Xo +
t S
j A%S(t—s)| f(s) + j h(s—1)§(r))dx |ds +

s=0 =0

t
j A%S(t—s)Bw (s)ds, for 0 <t <t,
s=0

VW(.) € LP((0,87) 10) evvvreeiieeiee e 9

To show that f(t)is
continuous on (0, t1].

We first show that x.(t) given by (9) is
locally Halder continuous on (0, t;].

Notice that, from the theorem (I1V.7) in
[4], it follows that for every 0 < f <1 — o and
every 0 <h <1, we have:

I(S(h) — DA’S (t — s)|| < Cp h’ |A“PS(t-9)]
<ChPt=s) ) e, (10)

Which is useful for proving xu(t) given by
(9) is locally Holder continuous on (0, t4].

locally Holder

Next, we have forO<t<t+h<t,
[IXw(t+n)—=xuw(t)lx={IS (t+h) A%xo+

t+h S
.[A“S(t+h—s)[f(s)+ j h(s—r)g(r)dr}s +
s=0 =0

t+h

I A®S(t+h—s)Bw (s)ds — S(t)A%xo —

s=0

t+h s
j A%S(t—s) [f )+ j h(s—1)§(x) dr}ds -

s=0 =0

j A’S(t—s)Bw (5)ds ||
s=0

||XW(t+h)—XW(t)||_X =||S(t + h)A%Xo — §(t)A°‘XO +

t
J.A“S(t+h—s) fs)+ j h(s—1)§(r)dr ds +
s=0 =0

t+h S
jA‘*S(Hh—s) fs) + j h(s —9§(7)d<
s=t =0

j=N

s +

t
I A°S(t+h—s)Bw (s)ds +
s=0

t+h
j A%S(t+h—s)Bw (s)ds —

s=t

t S
j A“S(t—s)[f(s)+ j h(s—r)g(r)dr}s—

s=0 =0
t

j A“S(t—s)Bw (s)ds [|x

s=0
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[IXw(t+h)—=xw(t)|lx < [|(S(h)—1)S(t)A”Uol|x +

t S

[ (S(h)—l)A“S(t—s)%ﬁ(s) I + [ 1hG=2)1115() ||xd+s
s=0 =0

t
+ _f [ (S(h) = NA*S(t—s) lix | Bw (s) lIx ds  +
s=0

t+h S
[ 1A%S(t+h-5) lix [nf(s)ux + [ Ihs=91196) ||xd+s

s=t =0

t+h
+ [IAS(E+h=9)llc |1 BW (S) llx ds

s=t
S P P O P PV (11)

We estimate each of the terms of (11)
separately.
i = [IS(h) = DSMA™llx < Ch’A“PS()lIx
[I%oll < ChP {|xo|[t™**® {by using equation 10}
I, < M1hP, where My= C ||xo[|t P depends on
t for O<t<t,.

I =

t S
[ 1M -nAsE-9)| 1) lx + | |h(5—T)|||Q(T)||xdT}S
s=0 =0

t
< j (B, +hy,B,)ChP(t—5) P ds <
s=0

t
(B, +h, B,)Ch? j (t—s) @B gs |
s=0

{by using equation (10) and the condition D
with hy = j|h(s)|ds},
0

p

< (B, +h, B,)Ch e
1-(a+B)

(B, +h, B,)ChP P

1-(a+p) !

(B, +hy B,)ChP P

< B —
I, < M, h”, where M (B is

independent of t for 0<t<t;.

t
Is = I I (S(h) = NA“S(t—s) [Ix [ Bw () [Ix ds
s=0

t
I3 < j ChP(t—s) P K K, ds <
s=0

t
ChPK K, j (t—s)"@*B) gs
s=0



{by using equation (10) and the condition G},

< ChPKoKy 1@+ . CPKoKy 1-(aap)

3= 1 (w+p) T 1 (a+p)

ChPK Kt P
1-(o+B)

I3 < M3 hB, where M3 = IS

independent of t for O<t<t;.

t+h s
la= [ ass(trh-s)l [”f(s)“x | Ih(S—T)IIIG(T)ledT}S

s=t =0

t+h
ls < (B, +h,B,)C, j (t+h—s)ds<
s=t
(By+hy,B2)C,,
1-a

and the properties ||A“S(t)|| < Cot™ with

h** {by using the condition D

r

he= {Ihes)1os 3,
0
B,+h,B,)C, .
ls < My h'™%, where M, = (1+1t—12)°‘ is
-
independent of t for 0<t<t,

So that 15 < M4 h".
t+h
Is= [ I A"S(t+h=5)ll | Bw (5) I ds

s=t

t+h

C KoK, 1
ls < caKoKlj(uh—s)-“dss ~al0™ plo
o 1-a

{by using the condition G and the properties
IA*S@®)I| < Cat ™},

Co KoKy
l-a
independent of t [0, t1], so that 15 < Ms h?.
Combining (11) with these estimates, it

follows that there is a constant C; such that:

IIxu(t+h) = Xu(®)ll < C1 hP< Cy ]

Is < Ms h** where Ms = is

Where C; =M1 + My + M3 + My + M.
=Let k=t+h = h=k-t
X (K) XDl [<Calk—t]P. For0<t<kst,.

Therefore x, is locally Holder continuous on
(0, t1].

Now, to show that f(t)is locally Holder
continuous on (0, t1], we have, For t > s:

Manaf A. Salah

IO —F6) lIx = lIf (t. A™xu(t)) — (s,
A%ul9))lIx

I =F(s) lIx < Lo it = | + | A™%u(t) = A™Xu(S)llc]

for 0<0 <1{by using the condition C},

1T —F()lIx < Lo [it = 5I° + [IXa(t) = Xu(S)]lx]
{by using the properties |[X||o. = [|A"X||x},
IFO-f©lx < Lo [It = s° + Cilt - s°], {by
using equation (12)}

If () —F©)|Ix < Lo [Jt — s|" + Caft — s|"], where y
=min {6,5}

If®)—F@E)Ix < Lo (1 + Ca) [t —sf'

[F)—F(S) [[x S Calt = 5[, cverveeerrieercienn, (13)

Where C, = Lo (1 + Cy) is a positive constant.
t
Let A(t) = F(t) + j h(t-1)g(r)dt + Bw(t)
=0
To show that h(t) is locally Holder continuous
on (0, t1]. For t >s, we have:
[IA(t) =h(s) [Ix=

t S

(o) + j h(t—1)§(z)dr—F(s) - j h(s—1)§(7)dt

=0 =0

+Bw(t) — Bw(s)

X

Iht) = hE) Ix < IF®)-FE) I +

t

[Int-9-hE-91 159 lxdx +

=0

[IB (W(t) —w(s))llx
After a series of simplifications and using the
conditions I, D and J with equation (13), we
have got:

||Fl(t) — h(s) Ix < Coft — 8" + C3 By |t—S|8 t; +
KoRolt - S|é

| h(t) — h(s) Ix < Coft — Sl‘@ +C3 Byt - Slp t; +
KoRolt — 5|, where o =min {y, 9 ,£}

||ﬁ(t) — FI(S) ||x < {C2 + C3 Byt + KoRo} |t —
s|¥ .
This show that h(t) is locally Ho&lder
continuous on (0, ti].
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From the theorem (2.4.1) in [5], we infer that
the function:

V(t) = S(t)xo + j S(t-s)A(s)ds , where
0

R() =F(t) + j h(t-1)§(x) dt +Bw(t).
=0
V(1) :_S(t)xo +
jsa—s) f(s)+ j A(s—1)§(x)dc+Bw (s) |ds
0

=0

vi(t) = S(t)xo +

S

j S(t—s)| f(s, Ax,, (5)) + j h(s—1)§(t, A X, (1))dt
0

FBW(S) | OSiiiiiiiiie (14)

ForO<t<t,Vwe Lp((O, tl]O)

is X, —valued, that the integral terms in (14)
are  functions in  c'((0t,J;X)and that
v, (t)e D(A),Vte(0,t,]. Operating on both
sides of equation (14) with A% we have got:
A%y (t) = S() A +

S

f(s, A, (5)) + j h(s—1)

t
J' S(t—s)A*
0 =0

d(t, A", (t))dt + Bw(S) } ds

From equation (8), implies that A vy(t) =
Xw(t), i.e., viu(t) = A7 xu(t),

For 0 <t <t;,Vw() e LP((0, t1]:0), and hence
that v, (t) is aC" functionon|0,t,].So we have

got a  unique
Vi €C([0,t,]: X).

S-classical solution
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