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Abstract 

Computing the volume and integral points of a polyhedron in 
d is a very important subject in 

different areas of mathematics, such as: number theory, toric Hilbert functions, Kostant's partition 

function in representation theory, Ehrhart polynomial in combinatorics, cryptography, integer 

programming, statistical contingency and mass spectroscope analysis .Therefore a method for 

finding the coefficients of this polynomial are to be listed. A program in visual basic language is 

made for finding the general differentiation of the function that are used for finding the coefficients 

9d
c


of the Ehrhart polynomials. 
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1. Introduction 
The Ehrhart polynomial of a convex lattice 

polytope counts the number of integral points 

in an integral dilate of the polytope. E. Ehrhart 

proved that, the function which counts the 

number of lattice points that lie inside the 

dilated polytope tP is a polynomial in t and it 

is denoted by L(P,t), which is the cardinal of 

)( dtP  where 
d  is the integer lattice in 

d . From the definitions of the Ehrhart 

polynomial, the leading coefficient is the 

volume of the polytope and the constant term 

is one; these are termed as the trivial 

coefficient of the Ehrhart polynomial, the 

other coefficients are nontrivial, [1]. 

In this work we present a method for 

computing the coefficients of the Ehrhart 

polynomial that depends on the concepts of 

Dedekind sum and residue theorem in complex 

analysis. General formula that counts the 

derivatives in the introduced method is given. 

For our knowledge this method seems to be 

new. 
2. Formulation of this method: 

Before we discuss the method we need the 

following concepts:  
 

Theorem (1), [2]: 

Let 
d be a lattice d-polytope, with 

the Ehrhart polynomial L(P,t) =


d

i

i

i
tc

0

. Then 

d
c  is the volume of P, while the constant term 

is one, which is equal to the Euler 

characteristic of P. 

The other coefficients of L(P,t) are not 

easily accessible. In fact, a method of 

computing these coefficients was unknown 

until quite recently, [1], [3] and [4].  
 

2.1 Counting integral points using Dedekind 

sums 

In this section we describe the relation 

between the Dedekind sum and the Ehrhart 

polynomial of a polytope and discussed a 

theorem that counts the number of integral 

points in a polytope. 

Recall that the Dedekind sum of two 

relatively prime positive integers a and b, 

denoted by S(a,b), is defined as 


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b
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 and  

 x  is the greatest integer x . 

  

Remark (1): 

The discrete Fourier expansions can be 

used to rewrite the Dedekind sum in terms of 

the Dedekind cotangent sum, that is, for two 

relatively prime positive integers a and b:   


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b
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where S(a,b) is  the Dedekind sum of a and b, 

[5, p. 72]. 
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2.2 Counting integral points using the 

residue theorem 

This section is concerned with a method 

given in [6] to count the integral points of a 

given polytope by means of the residue 

theorem. 
 

Theorem (2), [6]: 

Let P be a polytope defined as  
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 and 
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2.3 The Ehrhart Coefficients 

In this section, some details for deriving 

formula of Ehrhart coefficients are given. For 

each coefficient of the Ehrhart polynomial  

0

1
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A formula for finding these coefficients 

can be derived with a small modification of 

)(zft . 

Consider the function, 
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numerator of the above equation, we get  
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    Recall that,  

1)0  ),((Re),(   zzfstPL t
, using this relation, we 

obtain, 
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The following lemma is needed to derive 

the formula of the coefficients of the Ehrhart 

polynomial. But, before that we give the 

definition of the Stirling number of the second 

kind and its properties. 

 

Lemma (1), [6]: 

Suppose that 

0

1

1
...),( ctctctPL d

d

d

d
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
, then for 
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d
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m

mk tckmSkzzgs ),(!)0,((Re 2  where 

),(
2

kmS  denotes the Stirling number of the 

second kind of m and k and 
0

c =1.  
 

Theorem (3), [6]: 

Let P be a lattice d-polytope given by 

expression (1), with the Ehrhart polynomial 

0
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Corollary (1), [6]: 

For m > 0, 
m

c  is the coefficient of 
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Theorem (4) [6]: 

Let 
d be a lattice d-polytope, with 

vertices )0,...,0,0( , 1(a ,0,...,0), d..., (0,0,..., a )  

where 
d21

a...,a,a  are pairwise relatively 

prime integers. The first nontrivial Ehrhart 

coefficients 
2d

c , 3d   is given by, 
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means the factor 
k
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dkj

aaaa ...ˆ...ˆ..
1

. 
 

3.Computing 9d
c  of The Ehrhart 

Polynomial using visual basic program 

As seen before, the leading coefficient of 

the Ehrhart polynomial represents the volume 

of the polytope, the second coefficient 

represents half of the surface area of the 

polytope and the constant term is one, while 

the other coefficients are unknown. 

In this section we find the non trivial 

coefficients 9d
c  for the d–polytope with 

d10, where P is represented by a list of 

vertices 

0,...,0,0( ), ),0,...,0,(
1
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2
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d
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1  are pairwise relatively prime 

positive integers. 
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aâaaA   and k
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k
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function )(9 zgd  are at z = 0, 1 and the roots 

of unity. 

We find the residues of the function 

)(9 zgd  at these poles. 

Since d
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1  are pairwise relatively prime 

therefore )(9 zgd has simple poles at 

d
aa ,...,
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after simple computations the above residue 
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The imaginary terms disappear, and then the 
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Similar expressions are obtained for the 

residues at the other roots of unity. 
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where tA , then the above residue becomes  
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the function for which we want to find the 

residue has a pole of order four at zero. 
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))),(g(sRe

)1),(g(s(Re
)!9d(

1

9d

9d

9d













  

So  

d 9 1 d

1 1 d d

d 1 1 1
...1

c D C9 9 a a
(d 9)!

S(A ,a ) ... S(A ,a )



   
       

    
     

 

Thus we have proved the following: 

 

Theorem (5): 

Let P denote the polytope in )9(  dd
 

with vertices )a,...,0,0(),...,0,...,0,a(),0,...,0,0(
d1

 

where 
d

aa ,...,
1

 are pairwise relatively prime 

positive integers. Then 
9d

c is given by  

d 9 1 d

1 1 d d

d 1 1 1
...1

c D C9 9 a a
(d 9)!

S(A ,a ) ... S(A ,a )



   
       

    
     

 

where S(a,b) is the Dedekind sum of a and b,  
 

B
D

!8

)0(8
 , 

!9

)0(

)()(

)( )9(

1

9 







d

d

AA

A
C  , 











































...
!3!2

1...
!3

)(

!2

)(
1...

!3

)(

!2

)(
1

...
!3

)(

!2

)(
1

)(
222

11

9
2

ZZZAZAZAZA

tBZtBZ

Z
dd

d



 

d21
a...aaA  , 

dk21k
a...â...aaA  , 

k
â  means 

the factor 
k

a  is omitted, 

dk32kd32
a...â...aaB and a...aaB  . 

 

2.6 General formula for the differentiation of 

h,J,...,J,J,I
d21

 

In this section, we get a general form for 

the differentiation of the terms 

hJJJI
d

 and ,...,,,
21

that appears 

throughout the process of finding the 

coefficients of the Ehrhart polynomial, we 

begin by considering  
    ,...2,1         

32
 jhJJJIeI

d

jZj     

where 
 jI  means that only I in the expression 

hJJIJe
d

Z 
32 is differentiated j times. 

Let 

d

d

J

J

J

J
E





 ...1

2

2

1  , then 

  IEII 
1

2
, 

    IEIIEII 
1

2

1

3 )( , 

     

 

4 3 2(4) 2

1 1

2

1 1

I I E (2I I ) E I

E (I 2I ) E I

    

   
, 

       

     

5 4 3 3(5) (4) 2

1 1 1

2 2 23

1 1 1 1 1

I I E (3I I ) 3E I 3E (I I )

3E E I E (I 3I ) E I E I ,

      

        
 

       

       

     

   

6 5 4 3(6) (5) 2 3

1 1 1

2 4 2 34 (4) 2

1 1 1 1 1

2 2 32

1 1 1 1 1

2 2(4) 4

1 1 1

I I E (4I I ) 6E I 4E I

E I E (6I 4I ) 3E I 12E E I

6E E I 4E E I E (4I 6I )

E (I 4I ) E I E I ,

     

      

      

    

 
     

       

   

   

     

     

7 6 5(7) (6) 2

1 1

4 3 2 53 4 5 (5)

1 1 1 1

4 3(4)

1 1

2 4(4) (5)

1 1 1 1

3 2 32 3

1 1 1 1 1 1

2 2 32 2

1 1 1 1 1

I I E (5I I ) 10E I

10E I 5E I E I E (10I I )

E (10I 10I ) E (5I 10I )

E (I 5I ) E I 30E E I

30E E I 10E E I 20E E I

10E E I 5E E I 15E I

1

    

    

     

     

    

    

   2 22

1 1 1 15E E I 10E E I ,  

 

       

     

   

   

       

 

8 7 6 5(8) (7) 2 3

1 1 1

3 3 65 6 (6)

1 1 1

5 4(5) (4)

1 1

3 2(4) (5) (6)

1 1 1

5 4 3 22 3 4

1 1 1 1 1 1 1 1

4

1 1

I I E (6I I ) 5E I 20E I

15E I E I E (15I 6I )

E (20I 15I ) E (15I 20I )

E (6I 15I ) E (I 6I ) E I

60E E I 90E E I 60E E I 15E E I

60E E I 60

     

   

    

      

      

 
     

       

       

   

3 2 32 3

1 1 1 1 1 1

2 2 4 22 (4) 2 2

1 1 1 1 1 1

3 2 3 22 2 2

1 1 1 1 1 1 1 1

2 23

1 1 1 1

E E I 20E E I 30E E I

15E E I 6E E I 45E I E I

90E E I 45E E I 60E E I 15E E I

60E E E I 15(E ) I ,

    

     

        

  
 

In order to differentiate d
JJJ ,,,

32
  we 

need to find a general formula for these 

differentiations so we work on these elements 

and find    a general formula. To illustrate this, 

consider for example,  

1
...)

!4!3!2
1(

2

213

3

22

2

22

2


 

Zw
e

Zw
Z

w
Z

w
Z

w
J

then ZwJJe
Zw

222

2  . By assuming the 



Ahlam J. Khaleel 

 144 

implicit differentiation for both sides of the 

above equation, we get  

222
)()( 2 wJ

dZ

d
Je

dZ

d Zw
  

and the second derivative of the above 

equation is  

0)()(
22

2

22

2

2  J
dZ

d
Je

dZ

d Zw when we 

differentiate 
2

2 Je
Zw

 d-times we get a shape  

like a binomial formula 
dba )(  = 

dddd bba
dd

bdaa 


  ...
!2

)1( 221 . 

Therefore, 

0)( )(

222

2  mmZw
JwJe  

where 
)(

2

mJ is the m-th derivative of 
2

J , 

since 
2

w is constant therefore 
mw
2

 means 
2

w  

raised to the  power m. For example,  

let  
Zw

eJh 2

2
  ,    

then  

)(
222222

222 JwJeJeweJh
ZwZwZw

 ,  

),JwJw2J(e

eJwJeweJweJh

2

2

2222

Zw

zB

222

zB2

2

Zw

22

Zw

2

2

2222





).33(
2

3

22

2

2222

2 JwJwJwJeh
Zw

  

And so on. Therefore  
]1[

222
JJJIeJ

d

Z   , 

22

]2[

22
JEJJ   where 

d

d

J

J

I

I
E





 ...1

2 . 

JEJEJEJJ 
22

2

2

]2[

22

]3[

22
2 . 

22222

]2[

222

3

2

]2[

2

2

2

]3[

22

]4[

2

)4(

2

JEE3JEJE3JE

JE3JE3JJ




. 

and similarly for highest derivative. By 

arranging them together we obtain 

 

d

Z JJIeJ 
22
 , 

,
22

]2[

22
JEJJ   

JEJJEJJ 
22

]2[

22

]3[

22
)( , 

(4) [4] [3] 2 [2]

2 2 2 2 2 2 2

[2]

2 2 2 2 2

J J E (2J J ) E J

E (J 2J ) E J

   

     
, 

(5) [5] [4] (4)

2 2 2 2 2

2 [3] 3 [2] [3]

2 2 2 2 2 2 2

[2] [2]

2 2 2 2 2 2 2 2

J J E (3J J )

E (3J ) E J E (3J 3J )

E (J 3J ) E J 3E E J ,

  

    

       

 

 

(6) [6] [5] (5)

2 2 2 2 2

2 [4] 3 [3] 4 [2]

2 2 2 2 2 2

[4] (4) [3] (3)

2 2 2 2 2 2

4[2] [3]

2 2 2 2 2 2 2 2

2 [2] [2] 2 [2]

2 2 2 2 2 2 2 2

J J E (4J J )

6E J 4E J E J

 E (6J 4J ) E (4J 6J )

E (J 4J )  E J 12E E J

6E E J  4E E J 3(E ) J ,

  

  

    

      

    

 

(7) [7] [6] (6)

2 2 2 2 2

2 [5] 3 [4] 4 [3]

2 2 2 2 2 2

5 [2] [5] (5)

2 2 2 2 2

[4] (4)

2 2 2

[3] (4) [2]

2 2 2 2 2 2

(5) [4] 2 [3]

2 2 2 2 2 2 2 2

3 [

2 2 2

J J E (5J J )

10E J 10E J 5E J

E J E (10J 5J )

E (10J 10J )

E (5J 10J ) E (J 5J )

E J 30E E J 30E E J

10E E J

  

  

  

 

     

    

 2] [3] 2 [2]

2 2 2 2 2 2

[2] 2 [3] 2 [3]

2 2 2 2 2 2 2 2

[2]

2 2 2

20E E J 10E E J

5E E J 15(E ) J 15(E ) E J

10E E J ,

  

    

 

 

(8) [8] [7] (7) 2 [6]

2 2 2 2 2 2 2

3 [5] 4 [4] 5 [3] 6 [2]

2 2 2 2 2 2 2 2

[6] (6) [5] (5)

2 2 2 2 2 2

[4] (4) (4) [3] (3)

2 2 2 2 2 2

(5) [2] (6)

2 2 2 2

J J E (6J J ) 15E J

20E J 15E J 6E J E J

E (15J 6J ) E (20J 15J )

      E (15J 20J ) E (6J 13J )

E (J 6J ) E J

    

   

    

    

   [5]

2 2 2 2

2 [4] 3 [2] 4 [2]

2 2 2 2 2 2 2 2 2

[4] 2 [3] 3 [2]

2 2 2 2 2 2 2 2 2

[3] 2 [2] (4) [2]

2 2 2 2 2 2 2 2 2

2 [4] 3 [2] 2 [3]

2 2 2 2 2 2 2

2

60E E J

90E E J 60E E J 15E E J

     60E E J 60E E J 20E E J

30E E J 15E E J 6E E J

45(E ) J 15(E ) J 90E (E ) J

45E

 

    

    

   

    

2 2 [2] [3] [2]

2 2 2 2 2 2 2 2

[2] 2 [2]

2 2 2 2 2 2

(E ) J 60E E J 15E E J

60E E E J 10(E ) J ,

      

  

 



Journal of Al-Nahrain University                       Vol.15 (2), June, 2012, pp.137-147                                          Science 

 145 

   

   
  

(9) [9] [8] (8) 2 [7]

2 2 2 2 2 2 2

3 [6] 4 [5] 5 [4] 6 [3]

2 2 2 2 2 2 2 2

7 [2] [7] (7) [6] (6)

2 2 2 2 2 2 2 2

[5] (5) (4) [4] (4)

2 2 2 2 2 2

3(5) [3] (

2 2 2 2

J J E (7J J ) 21E J

35E J 35E J 21E J 7E J

E J E 21J 7J E 35J 21J

       E 35J 35J E 21J 35J

E 7J 21J E

    

   

     

    

   6) [2] (7)

2 2 2 2

[6] 2 [5] 3 [4]

2 2 2 2 2 2 2 2 2

4 [3] 5 [2] [5]

2 2 2 2 2 2 2 2 2

2 [4] 3 [3] 4 [2]

2 2 2 2 2 2 2 2 2

[4] 2 [3]

2 2 2 2 2 2

J 7J E J

105E E J 210E E J 210E E J

       105E E J  21E E J 140E E J

210E E J 140E E J 35E E J

105E E J 105E E J 3

   

    

    

    

   3 [2]

2 2 2

(4) [3] 2 (4) [2] (5) [2]

2 2 2 2 2 2 2 2 2

2 [5] 2 [4] 2 2 [3]

2 2 2 2 2 2 2 2

3 2 [2] 3 [3] 3 [2]

2 2 2 2 2 2 2 2

[4] [3]

2 2 2 2 2 2

5E E J

42E E J 21E E J 7E E J

105(E ) J 315E (E ) J 315E (E ) J

       105E (E ) J 105(E ) J 105E (E ) J

210E E J 105E E J

 

  

    

    

     (4) [2]

2 2 2

2 [3] 2 [2] [2]

2 2 2 2 2 2 2 2

[3] 2 [2] [2]

2 2 2 2 2 2 2 2 2 2 2

21E E J

70(E ) J 10E (E ) J 35E E J

420E E E J 210E E E J 105E E E J .

 

 

     

      

 

Since our work is for finding the 

coefficients of the Ehrhart polynomial until 

9d
c  , so the derivatives  that we are needed 

are until    9-th derivative. 

By similar procedure we get the 

derivatives of 
d

JJJ ,,,
43
 and h that are 

used in the definition of (z) in the preceding 

sections. When we arrange the obtained results 

we get a triangle like a Polya triangle [8, p.20] 

where the contents of the triangle are the 

coefficients of ,...E,E 3

2

2

2
in the expression 

,..., )5(

2

)4(

2
JJ    

 

 

   

     

   

 

   

       

         

       

 

     2

2

3

2

4

2

2

2

5

2

6

2

7

2

8

2

9

2

3

2

4

2

5

2

6

2

7

2

2

2

3

2

4

2

5

2

2

2

3

2

)10(

2

8

2

)9(

2

6

2

7

2

)8(

2

4

2

5

2

6

2

)7(

2

2

2

3

2

4

2

5

2

)6(

2

2

2

3

2

4

2

)5(

2

2

2

3

2

)4(

2

2

2

182856705628

1721353521

16152015

151010

146

13

1

JJJ

J

JJJJE

JJJJJ

JJJJ

JJ

J

EJ

JEJ

JJEJ

JJJEJ

JJEJ

JEJ

E

 

Also, the first terms of the coefficients of ,,
22

EE   in the expression of ,..., )5(

2

)4(

2
JJ  are 

 

   

     

   

 

   

       

           2

2

3

2

4

2

5

2

6

2

7

2

2

2

3

2

4

2

5

2

2

2

3

2

)7(

2

)9(

2

6

2

)6(

2

)8(

2

4

2

5

2

)5(

2

)7(

2

2

2

3

2

4

2

)4(

2

)6(

2

2

2

3

22

)5(

2

2

22

)4(

2

2

 

1721353521

16152015

151010

146

13

1

JJJJJJ

JJJJ

JJ

EJ

JEJ

JJEJ

JJJEJ

JJEJ

JEJ

E







 

The second terms of the coefficients of ,...,
22

EE   in the expression of ,..., )5(

2

)4(

2
JJ  are 
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222

)4(

2

)5(

2

)6(

2

)7(

2

222

)4(

2

)5(

2

222

2

)8(

2

)6(

2

)4(

2

2

)9(

2

)7(

2

)8(

2

)5(

2

)6(

2

)7(

2

2

)4(

2

)5(

2

)6(

2

222

)4(

2

)5(

2

222

)4(

2

22

      

17213535217

161520156

1510105

1464

133

11

JJJJJJJ

JJJJJ

JJJ

J

E

J

J

J

J

EJ

JEJ

JJEJ

JJJEJ

JJEJ

EE















 

The coefficients of ,...EE  ,EE
2

2

222
  in the expression of ,...,

22
JJ   are arranged as follows. 

 

   

     

   

 

   

       2

2

3

2

4

2

5

2

2

2

3

2

6

2

6

2

)9(

2

4

2

5

22

5

2

)8(

2

2

2

3

2

4

22

4

2

)7(

2

2

2

3

22

3

2

)6(

2

2

22

2

2

)5(

2

22

)4(

2

2

2

  

21105210210105

15609060

103030

612

3

0

0

0

JJJJ

JJ

JEEJ

JJEEJ

JJJEEJ

JJEEJ

JEEJ

EE

J

J

J

















 

 

 

The diagonal of the above results is the 

second column of the preceding Polya triangle, 

and the first column for the above results is 

obtained as follows: 

By multiplying the diagonal by 4,5,6… we 

get the line under the diagonal, which are 

(3)(4)=12, 

(6)(5)=30, 

(10)(6)=60, 

(15)(7)=105, 

The general formula of the differentiation 

is given by 
           WJJmEJJ mmmm   1

2

1

2222
2 where 

1<m≤8 and W can be obtained from the given 

tables as follow 

when m=3 then 
        2

2

2

22

3

2

3

2
JJEJJ  when m=4 then  

         WJJEJJ  3

2

3

22

4

2

4

2
2 from the 

tables, W can be found as follows 
      

22

2

2

2

22

2

2

2

2
2 JEJJEJEW  . 
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