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Abstract

Computing the volume and integral points of a polyhedron in R®is a very important subject in
different areas of mathematics, such as: number theory, toric Hilbert functions, Kostant's partition
function in representation theory, Ehrhart polynomial in combinatorics, cryptography, integer
programming, statistical contingency and mass spectroscope analysis .Therefore a method for
finding the coefficients of this polynomial are to be listed. A program in visual basic language is
made for finding the general differentiation of the function that are used for finding the coefficients

C, ,of the Ehrhart polynomials.
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1. Introduction

The Ehrhart polynomial of a convex lattice
polytope counts the number of integral points
in an integral dilate of the polytope. E. Ehrhart
proved that, the function which counts the
number of lattice points that lie inside the
dilated polytope tP is a polynomial in t and it
is denoted by L(P,t), which is the cardinal of

(tPNZ")where Z° is the integer lattice in

R. From the definitions of the Ehrhart
polynomial, the leading coefficient is the
volume of the polytope and the constant term
is one; these are termed as the trivial
coefficient of the Ehrhart polynomial, the
other coefficients are nontrivial, [1].
In this work we present a method for
computing the coefficients of the Ehrhart
polynomial that depends on the concepts of
Dedekind sum and residue theorem in complex
analysis. General formula that counts the
derivatives in the introduced method is given.
For our knowledge this method seems to be
new.
2. Formulation of this method:

Before we discuss the method we need the
following concepts:

Theorem (1), [2]:
Let P < 9R"be a lattice d-polytope, with
d

the Ehrhart polynomial L(P,t) :Z:Citi . Then
i=0
C, is the volume of P, while the constant term
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is one, which is to the Euler
characteristic of P.

The other coefficients of L(P,t) are not
easily accessible. In fact, a method of
computing these coefficients was unknown

until quite recently, [1], [3] and [4].

2.1 Counting integral points using Dedekind

sums

In this section we describe the relation
between the Dedekind sum and the Ehrhart
polynomial of a polytope and discussed a
theorem that counts the number of integral
points in a polytope.

Recall that the Dedekind sum of two
relatively prime positive integers a and b,
denoted by S(a,b), is defined as

S(a,b) = g«%))«%‘»

1 .
where ((X)):{X—LXJ—Z if xgZ

equal

and
0 if xeZ
LXJ is the greatest integer < X.

Remark (1):

The discrete Fourier expansions can be
used to rewrite the Dedekind sum in terms of
the Dedekind cotangent sum, that is, for two
relatively prime positive integers a and b:

1 b 7ka 7K
S(a,b) = m ECOt(T) COt(F)

where S(a,b) is the Dedekind sum of a and b,
[5, p. 72].



2.2 Counting integral points using the
residue theorem
This section is concerned with a method
given in [6] to count the integral points of a
given polytope by means of the residue
theorem.

Theorem (2), [6]:
Let P be a polytope defined as

d
'zﬁsland X, >0}

k=1 ak

with vertices

(0,0....,0),(a,,0....,0),
0,a,,0,...,0),...,(0,...,0,a,) ,where
a,...,a, are positive integers, and f_(z) and
Q are defined as

fﬁt(Z) =

and

7% -1
A-z")A-z")..1-z%)1-2)z

A

Q={zeC\{}: 2*% =1,1<k < j<d}, then
L(P,t)=1-Res(f, (z),z=1)-
D Res(f (z),2=2)

AeQ

2.3 The Ehrhart Coefficients

In this section, some details for deriving
formula of Ehrhart coefficients are given. For
each coefficient of the Ehrhart polynomial

L(P,t)=c,t’ +c, t"" +..+c,
A formula for finding these coefficients
can be derived with a small modification of

f.(2).
Consider the function,
_ (Z—tA _1)k
9%(@)= A-z")1-2%)..A-z™)1-2)z
Zk: (k} —tA(k-j) (_1) i
0.(2) =i

1-z")A-2%)..1-z")1-2)z

5l

j=0

is inserted in the

numerator of the above equation, we get

e

9(2)= J(;__ ZAi)(l— ZAZ)...(].— JZ:Aj )(1-2)z

138

Ahlam J. Khaleel

a (EJ(—D" (z7 D —)
9(2) =2 A-zM)A-2")..1-z")(1-2)z

j=

k-1 (k _
= Z( .J(_l)J f—t(k—j)(z)
i—o\ J
Recall that,

L(P,ty=Res(f_(2), z=0)+1, using this relation, we
obtain,

Res(g,(2).2=0) = Res(i['}j(—l)" Ly (@:2=0)

k-1 k ,
- Z(jj(_l)J Res(f ., (2),2=0)

e
_ zm(_n' (L(P, (k- j))-1)

j=0
k-1

kY, . Ak
=JZO(J<—1> (L(P,(k - nt)—;[jj(—l)

k-1 (k )
@JK(Z)=Z(J(—l)’(L(P,(k—J')t)+(—1)k

The following lemma is needed to derive
the formula of the coefficients of the Ehrhart
polynomial. But, before that we give the
definition of the Stirling number of the second
kind and its properties.

Lemma (1), [6]:
Suppose that

L(P,t)=c,t" +c, t"" +...4+c¢,, then for
1<k <d

d
Res(g,(z,2=0)=k!)_S,(m,k)c,t"™  where
m=k

S,(m,k) denotes the Stirling number of the
second kind of m and k and C,=1.

Theorem (3), [6]:
Let P be a lattice d-polytope given by
expression (1), with the Ehrhart polynomial

L(P,t)=c,t’ +c, t" +..+c,, then for
1<k <d
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d
DS, (m,k)c, t™
m=k

where

T (Res(g,(2).2=1)
+ > Res(g,(2),z=2))

AeQy
A

Q ={zeC\{}:z" %= =1,
1<), <J, << ]y £d}

Corollary (1), [6]:
Form>0, C_ is the coefficient of t" in

“(Res(g,(2).2=1)
m!

+ Y Res(g,(2),2=2))
AeQ,
Theorem (4) [6]:

Let P < R"be a lattice d-polytope, with
vertices (0,0,...,0), (a,,0,...,0), ..., (0,0,...,a,)
where a;,a,...,a, are pairwise relatively
prime integers. The first nontrivial Ehrhart
coefficients ¢, ., d >3 is given by,

1
Co2 = d_2)1
—...=S(A4,34))
where S(a,b) denotes the Dedekind sum and

d-2"

(Cd _S(Al’al)

1
C, :Z(d +A,++AL)

1.1 A
+—(—+—

12 A a,
A=aa,..a, A =aa,.4,..a, (where §
means the factor @, is omitted), and A, ,

denotes@,..d;...d,...a,.

+...+ﬁ)
ad

3.Computing C, , of The Ehrhart

Polynomial using visual basic program
As seen before, the leading coefficient of
the Ehrhart polynomial represents the volume
of the polytope, the second coefficient
represents half of the surface area of the
polytope and the constant term is one, while
the other coefficients are unknown.
In this section we find the non trivial

coefficients C, 4 for the d-polytope with
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d>10, where P is represented by a list of
vertices

(0,0.,...,0),(a,0....,0),
0,a,,0,...,0),...,(0,0,...,0,a,), such that
a,...,a, are pairwise

positive integers.
By corollary (1), if we define g, ,(z) as

(Z—tA _1)d—9
1-z")1-2"%)---(1-2%)(1-2)z
where A=aa,---a,,

A =aa, -4, ---a, and &, means that the

relatively prime

U4 0(2)=

factor A, is omitted, then the poles of the

function g, 4(z) are at z =0, 1 and the roots

of unity.
We find the residues of the function
04.0(2) at these poles.

Since 4;,...,a, are pairwise relatively prime
therefore g, ,(z)has simple poles at

a,...,a, -th roots of unity. Let 1™ =11
and since, A=a,---a,, A=aa,---a,,...,
A =aa,---a,, therefore

(Z —t(ay-ag) _ 1)d—9

Ga-9 (2)= @a- 7 323 Y1— 7 A8sag )---(A— 23132-"%71)(1_ 2)z
Nowat z= A,

1-2%* 20and 1- 1 #0,

Therefore

A change of variables 7 = a)%l =exp(i|og a)J
&
is made, where a suitable branch of logarithm

such that exp[llog(l)] = A, thus
a1

1t A

A-AM)A-N1 a,

Res((l(cf())BZ)...(ll)a)B”)'w
where
B=a,,a,,.,a,B, =a,,..4,..4,.
Since
Res(f(z),z=1) =Res(e” f(e”),z=0), then

Res(g40(2),2=4) =

2



Re E (;[B 1)d QB :1]
1-2z%)..1-2z%)’

~tBZ __1\d-9
—Res| 2 (Bez ) 55-.2=0
(1-e™)..(1-e™")
Let o = tB, then
z(n-1Bz _ 1\d-9
es( oY
@-e™)..(1—e™)
Z(n-0az _1)\d-9
e(BeZ 1) __2-0).
1-e™)..1—e™)
By writing the Maclaurin

exponential function one can get,
ez(l—a Z+(a 2" (x2) +

,2=0)=

Res(

series  for

2! 3!

...+(—1)J
Re s > > ,Z=0
[1717 B,z 7M7...J»-»[1717 B,z 7M7...J
2 21

after simple computations the above residue
can be written as,

(17 (0 2) N (o 2) 7}

(~0)*e? 2! 3
Res d49+d-1 2 2 ,Z=0
(-B)-(-8,)z M“(BZZ)+(BZZ) m]m(h(BnZ)Jr(B.,Z) +j
2 3 2 3
Let
2 3 d-9
I {1—z+0{z2 2+ J
20 3 4

Re S( e2(efaz _1)d—9 7 O]
(1—e®")..A—e>)’

:Re{wz(uz...\]d),z:o}
(-B,)---(-B,)Z
for the function

(_a)d—gez

13,---3,)

(-B)---(-B)z* " *
we have a pole of order two at zero.
Let ¢(z) =€°13,J,---J,, and
y B (a)d—g

(-B,)..(-B,)
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After simple computations on y, we get

y:g. By the formula for finding the
residuEs if we consider

f(z) = 7¢( ) then Res(f(@).2=0)=2" élo)V
where

#'(2) =p(2)+e“ 13,353y +...+€713,3,--- 0} .
Let

K,=e’13,J,---J,,
K,=e*1J.J,---J, ...,
K,=e’13,,---J!

therefore

P (2)=¢(2)+K +K,+...+K,at z = 0, we

¢ (0)
8B

compute $®(0), let D =
therefore, Res(f(z),z=0)=Dy

D d-9
Res 2),2=4)= .
(gd—9( ) ) ai(l—/lAi)(l—/i)
all the @, -th roots of unity = 1 are added up to
get

Dt** 1 :
R 7),Z=\)=
}Lal:zl:k e S(gd,g( ) ) a, w;ﬁ. (1 A )(1 _ }\’)

Let £ be a primitive @ —th roots of unity,
therefore
Dt 1

al 281 = 120 (1 - }\‘Al)(l_ }\.)

Dt‘® &3 1
a ;(1—&“*)(1—&)

then

12(1 5“*1)(1 &)
CLREM EM 14 S - 414l
Ca & 201-&%) 2(1- &%)

LR, 1 EMY (L 148
_4a1;(1+1—f;“}(1 1- 5)

_ LB 1+ E 14N 14 14 &
‘4@;(“1—5”1—5“1—5“ 1—5k]
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1+e¢ 1+¢g
+
1 |at  a-l ]__ék 1_§kA1
=— | Y1+
da, lia  ia gf1+E" 1+E"
+ Z kK KA,
i k1= 1-E™ )
2,1 1+&k :I__i_EJkA1 ]
)3 TR
1 1 |kal1-&° 1-¢§
=—~(a,-)+—
4a, da,| a-t 1+5_,'< 1+gkAm
+z kK KA,
i\ 1-8" 1-&™ )]

1
Now, since & =1 then by using the
formula for finding the roots in the complex

2km.
=i
plane, r. =e®* , k =0,1,..,8 -1 we
obtain
1+ 1+EN
Z ot |
=\1-& 1-¢
2kzz (M)l
Z l+e ™ l+e *
2kz 2KA, |-
(5 (S
“ll-e®* 1-e ®
and
i(ugkj (1+§WJ
—=\1-¢&) (1-¢&*
2k ety
a,; -1 a a;
|| 1+e l1+e *
a Gy ey
“ll-e ™ l1-e ®
2iz
But cot(z):CQS(Z)z—i 1+e2_ hence
sin(z) 1-e™
o 2y B
—|1l+e ™ +1+e L B
“1l-e *® l-e *
al—l_
f(cotﬁ =+ COt@J
peglll q a
and
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a -1

1+ &
S

k=1

_1+§“
1- &%

=> - (cot— cot—1
k=1

Q
a;—1

=—Z(cotﬁ cot’ 2L

&

|

kA
a

KA
a

a1

)
o

af(ugk g

therefore
1
4 (al _1) +

1
a,-1 k
1 Z :|.+§k N N
4a, | ia\1-¢
ntk

1_ak :I-_akA1
—(a L alzl(cot+cotnkA

1
48. a; k=1 a, a, j

K kA
- cot—-cot——=
The imaginary terms disappear, and then the
above equation can be written as

1+
1_ &kA1

k=1

1 1 1 ( 7k ﬂkﬂ

- . —— cot— - cot

4 4a 4a&2; a a ) 4
1

——4a1—4— S(A,a)

where S(A,8,)is the Dedekind sum of
A and a, . Hence
1

ZRES(QH(Z),Z =1)= Dt“(Z _

=122

Similar expressions are obtained for the

residues at the other roots of unity.

Now we find the residue at g4 4(Z)at z = 1,
we have
Res(g, 5(2).2
then
Res(g4.4(2),2=1) =

=1) = Res(ezgd—g (ez)1z =0)

e (e —tAZ 1)d -9
Res =0/
¢ ((1 eM)(1L—e™)...(1—eM)(1-e”)e” 'z
By writing the Maclaurin series for
exponential function we get,
(@2) (aZ)

+...+(—1)J 7

(17 Z+
2 3
(AZY

() ,]__[1,1,,%2, Z ,,,,}[1,1,2727:7...]'

where o =tA, then the above residue becomes

Res

[11AZZ

1
E—S(Apal))

)



[ (@2) (oz) ]
1- + -
(@* 2 3
Res 10 2 2 2 ‘ZZO
(A)-(A)Z Hh(m (AZ) },‘[H(Ajzu(/«ﬂn . I“E Lz, j
2! K 2! 3 7 2 3"

the function for which we want to find the
residue has a pole of order four at zero.
Let

(1—@ +LZ)Z + ...jdig
2 3

¢(Z)= 2 2 2
(1+(Alz)+(Alz) +j(l+M+M][1+E+Z—j
2! 3 2! 3 21 3
y_ ad—B
A.A,

and f(z) :LSOZ)
z
By the formula for finding the residue, we get

Res(f(Z),Z=0)= 4’(9);0” .

Let

o o’ o’ -
| :[1—2 +—272° -7 +] '
21 3 4
-1
h:(1+12+122+123+...]
21 3 41

A

J1:(1+—12+

-1
o ilzZZJrifZH...j :

3 41
2 3 -1
J, =[1+i2+iz2 +i23 +j
2! 3 41
2 3

-1
iz2 +ﬁ23 +j .
3

4
Then ¢(Z)=1J,J,---J,h
and
¢'(2)=1733,---3;h+133,---J;h+...+
13, - d5h+13,3,---J,h'

and J_ =(1+'62‘;’z+

let
K, =13J,---J,h,K,=13]J,---3,h,...,
Ky, =13J,---3/h and

Koo =13, 'th'

hence

P(Z)=K +K,+..+K, ,+K,, and
¢"(Z)=K'+KJ+...+ K], + K/ Now,

(tA)°
4

Z% -

2
I =(1—tAZ + (tA)
2! 3
therefore

d-9
ZS+...J
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[1—?Z+ (t';)z Z? - (t,:\lf Z® +J 7
I'(z)=(d-9) ' ) '
[—tA+ 2(tA) Z+...J
2! 3!

I "

Differentiating |’ to get 1" and 1", then put
Z =0 in the obtained expression to get
1(0)=1

1'(0) = (d — 9)(%)

i tA,, 2(tA)°
1"(0) = (d —9){(d —10)(—5) T3 }
"(0) = (d —9){«1 _11)(d —12)(—?'} +
(d —10)(—tA)[2(t3A')2 +(d —10)} F

()

2 3 -1
(1+A‘Z +iZ2 +iZ3 +j
21 3 41

or

J. =

1
A AN, A B
J(2)=-|1+2Z+ 2722+ 22+ ...
2! 3! 41
3
(ﬁ+—12+3ﬁ22+...j
2! 3! 4!

Differentiate J’ to get J"and J” until J
then put Z = 0 in the obtained expressions to
get

2A2

— ! _ Al 14 _iz
‘]1(0)_1' Jl(O)__E’ ‘]1(0)_ 3| and
370) =0.

In a similar way, we get the other
differentiation of J,, J,..., J, and h, then

G Y zzoJ:
es((A)---(Ad)z”’( )

(A"t 0).
-y a O
(A 40
(A)---(A) 9

So by corollary (1) we get for d>9, C

d-9°
which is the coefficient of t°~° of
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(Res(94.4(2),2=1)

(d 9)'
+ 2 Res(9,4(2),Z=)))
reQy g
So
d 1(1 1
-1 ———| =+ +— |-
Cyo = D| 9 9( adj -C
(d-9)!
S(A,,a,)—...—S(A;,a,)
Thus we have proved the following:
Theorem (5):

Let P denote the polytope in R*(d >9)
with vertices (0,0,..,,0),(a,,0,...,0),..,(0,0,...,a,)
where a,,...,
positive integers. Then C,

9_1 1+ N
cd_gz(d 9 9 T a, -C

—9)!
S(Al,al)— —S(Ay.2,)
where S(a,b) is the Dedekind sum of a and b,

_9"©)

8B
(W

T(A) - (A)

d, are pairwise relatively prime
is given by

FRON
a

. (B2) (tBZ)Z j h

2l 3
#(2)= 2
(1+M+M+,”J. (
2! 3

L(AZ) (I%Z)
2! 3

A=aa,..a, A =aa,.4,..4,,
the factor a,
B=a,a,..a,and B, =a,a,...4,...a,-

4, means

is omitted,

2.6 General formula for the differentiation of
1,3,3,,....d,,h

In this section, we get a general form for
the differentiation of the terms
1,3,,3,,...,J, and hthat appears
throughout the process of finding the
coefficients of the Ehrhart polynomial, we
begin by considering
IW=e193,3, 3.0 j=12,.
where 11 means that only I in the expression
e“13,J,---J his differentiated j times.
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J, J!
Let E, =1+—%+...+— | then
2 ‘]d
n__pl2] '
I"=1""+E]I",
1" =1+ E (1P 1)+ E]I,

19 =1 g 21+ 1my + X
E/(1 21" +E,I'

19 =14 £ 31 +19) + 32215 4 3E; (1 417)
+3EENP + BN 431 + EN + B3P,

19 = 11 4 £, (410 190) + 6E21) 4 4E21F) 4
EAP 1 E (611 + 4|<4>) +3E218 1126 E/1F) +
6E2E/1” + 4E,EN? + E/(41° 1 61™) +
E'0® + 41+ E@1 +ENP,

1D =14 E, 51 +19) +10E21F) +
10E3M 4+ 548+ ESI) + EL (101F) +
E’@01 +101) + EZGIP +101™) +
EY (1 +51") +E®I +30E,E/11 +
30E2E +10E°E/1! + 20E,EN1P +
10E2EN 4+ 5, ENP 4152
15€,E21” +10E,EM11,

1€ = 1F 4+ E (617 +17) + 5E21) 4 20E31F) +
15651 + EICT - E (151 4-61) +
E/(201F +1519) + EX151 + 2019 +
EQ 617 +151") +EP (1P + 61" + EOI' +
60E, /11" + 90E2E/I + 60EE/I +15E/E/11Y +
60E,EN“ +60E2E!™ + 20E°E/11 +30E,ENC
15E2EN + 6E E1F 4 45E21M LI 4

90E, E/2IF + 45E2E17) 1 60EEN® +15EENP +
60E,EEN" +15(E)* 1P,

1)) +

In order to differentiate J,,J,,...,Jd, we

need to find a general formula for these
differentiations so we work on these elements
and find  a general formula. To illustrate this,
consider for example

(1+ |Z + 2Z +.)t = w,Z

4 e’ —1
By assuming the

2|
WZZ‘]2

3

then -J,=w,Z.



implicit differentiation for both sides of the
above equation, we get

d d
—(€"J)-—,)=w
dZ( ) dZ( =W,

and the second derivative of the above
equation is

dd222 e"J,) _;ZZZ(JZ) =0 when we
differentiate €"2*J , d-times we get a shape
like a binomial formula (a-+b)°=
2’ +da**b+ 9 (d2|—1) a‘?b? +...+b"

Therefore,

" (3, +W,)" —J™ =0

where J{™is the m-th derivative of J,,

since W, is constant therefore W, means W,
raised to the power m. For example,
let h=J.e""
then
h'=J.e" +w,e™J, =e"*(J, +W,J,),
h” =J7e"* +w,J,e"* +wie®?J, +w,J,e®”
=e"?(J) +2w,J, +w3l,),

m w,Z m " 27/ 3
h"” =e™" (3)'+3w,J; +3w,J; +W,J,).
And so on. Therefore

" AZy1! 1
J =€, =JW,

r__ 7I2] i
J;=3."+E,J, where

I’ J!

E,=1+—+...+-%
I d

m__ 1[3] [2] 277/ rqr
J)=3"+2E 3" +EJ,+EJ".

3 21[2
I =30 4 3,35 4 3201 .
37 r 102 " r

+E3, +3E,JP + ESJ, +3E,EJ),
and similarly for highest derivative.
arranging them together we obtain

By

J,=e’13;---3,,
J/=J%+E,J,
Jr=JF+E,(P+I)+EJ,
IV =31 +E, (235 +97) + ESIY

+E, (I +230) +ELJ),
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IO =0+ E, (30 +3)
+E2(BIN + B + EL (30 + 307
+Ej (3% +337) + EJ, + 3E,E, I,
IP =+ E, (435 +39)
+ 6E§J[2‘” + 4E§J[23] + E‘Z‘J[;]
+ E, (635 +4307) + E5 (43 +609)
+Ey(% +435) + E, +12E EIP)
+6E'2E§J[22] + 4E2E’2'J[22] +3(E’2)2J[22],
IO =30 4 B (5307 4 3
+10E235 +-10E3J57 + 5ESILY
+ESJ 4+ E (1035 4+ 539)
+E5 (1035 +103(")
+EJ(5I% +1037) + ESY (31 +537)
+EPJ, +30E,E} I 4 30E,E2JY
+10E,E3J 1 20E,EJ5 + 10E2E 0L
+5E,E7P +15(E))? P +15(E})°E,I%
+10E,E5JP,
IO =3B L E_ (6301 +3(7) +15E500T +
20E30) +15E308 1+ 6ESIN + ESILT 4
E, (153°1 +6J%) + E5 (2035 +1509)) +
Ey(15357 +2007) + ES (695 +130Y) +
EY (3P +635) +EVJ, +60E,E, 1D +
90E,E I + 60EEI +15E5E, I +
60E,E 0L + 60EEIL! + 20E3ESJA +
30E,E5% +15E2E501 4 6E,E(VIT +
45(E})* I +15(E))* I + 90, (E),)? I +
45E2(E,)? 3P 1 60EESJ +15E,E) +
60E,E,E}JP +10(E})? 39,
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IO =0+ E, (798 + 39 + 21620071 +

@
39
3O
30
3®

9
J;

(10)
J2

35E3000 + 35E5301 + 2165051 + 7ESIDT +
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EJIS + B, (2057 + 709 ) + 5 (35057 + 2108 ) +

Ey(35357 +35]% )+ ES” (215" + 35057 ) +

EY (798 + 205 )+ EP (07 + 73 )+ ED 3, +

105E,E,J% + 210E,E2J% + 210E3E,JL +

105E3E,J% +21E3E,JP +140E,E50 +
210E2E5351 +140ESE,J5 + 35E5E5J7 +
105E,E515 +105E2E 505 + 35E3E 0P +
42E,EPIF + 21E5EPVIF + TE,ED I +

105(E,)2J% + 315E, (E,)? I + 315E2(E,

)2J[23] +

105E3 (E,)? I +105(E})* I +105E, (E})* P +

210E,E4J1 +105E,EM + 21E,EPI +
70(E2)?35) +10E, (E;)?IP + 35E1EMP +

420E,ELELIE + 210E2E,E,% +105E,E'EMP,

E:
1 E} JH

3 1 E; JF M

6 1 E QM gB gl

10 10 1 EF QR gl gl
15 20 15 6 1 E/ JPgB gl
210 35 35 21 7 1 ESJM P
28 56 70 56 28 8 1 E! JF

Also, the first terms of the coefficients of E;, E,..

@
39
3©
30
J©

(9)
J 2

E,

1 E; JH

3 1 Er J8 oM

6 4 1 E» JM B
10 10 5 1 E®» M
15 20 15 6 1 E®
21 35 35 21 7 1

JF

NISINTS
NFRINIS
ED )

Science

Since our work is for finding the
coefficients of the Ehrhart polynomial until
C4_o . SO the derivatives that we are needed

are until  9-th derivative.

By similar procedure we get the
derivatives of J,,J,,...,J,and h that are
used in the definition of ¢(z) in the preceding
sections. When we arrange the obtained results
we get a triangle like a Polya triangle [8, p.20]
where the contents of the triangle are the

. . 2 =3 . .
coefficients of E,",EJ,...in the expression
@ 16
J;7, 3.7,

NSEINIS

NSNS N A I

NP IO 1SN N TN 1

. in the expression of J\¥ J¥ ... are

J¢
J £4] J £3] J £2]
J £6] J £5] J £4] J 2[3] J £2]

The second terms of the coefficients of E;, E;’,... in the expression of J2(4), J2(5) 1
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E/ E!
@ 1 1 ErOJ
j® 3 3 1 E® 3 3
J© 4 6 4 1 EP J® 33l
J» 5 10 10 5 1 E® J®J® gr 3 Q!
J® 6 15 20 15 6 1 EMJI®J® J3® Jr 3 !
J® 7 213 3 21 7 1 E®JP J® J3® 3“9 Jryr oy
The coefficients of E, E, EE.,... in the expression of J,J.",... are arranged as follows.
o0
0
W0
E.E;
i 3 EXE, I
i® 12 6 EXE, JF M
Jj» 30 30 10 EE, I gl Gl
3 60 90 60 15 EE, JF gl af Jf
J® 105 210 210 105 21 ESE’ JE QP gl gblgP

The diagonal of the above results is the
second column of the preceding Polya triangle,
and the first column for the above results is
obtained as follows:

By multiplying the diagonal by 4,5,6... we
get the line under the diagonal, which are:
(3)(4)=12,

(6)(5)=30,
(10)(6)=60,
(15)(7)=105,

The general formula of the differentiation
is given by
I =34 g, (m=2)3l™ Y + (") + W where
1<m<8 and W can be obtained from the given
tables as follow
when m=3 then

39 =384 E (32 + 31 )when m=4 then

2
IO =ML E, (23 4+ 39)+W from  the
tables, W can be found as follows
W =E2JE 4+ /(I +23)+ ELL.
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