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Abstract

The purpose of this paper is studying the effect of magnetic hydrodynamic (MHD) of unsteady
flow with fractional Burger’s model between two oscillating parallel plates. The fractional order
derivative in described in the Riemann-Liouville sense. The solutions which we obtained of the
velocity field and the shear stress by using Laplace transform and Fourier transform in the
expression of Mittage-Lefller function. Furthermore, the influence of the parameters on the velocity
field spotlighted by means of the several graphs. [DOI: 10.22401/IJNUS.20.4.13]
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Introduction

The significance for flow of non-Newtonian
fluids have much grown due to the
development in technological capabilities
(inclusive of foodstuffs, artificial propel-ants,
molten plastics and numerous others),
whereas, it is not easy to propose an only one
model, that show characteristics of non-
Newtonian fluids as in Newtonian fluids.So
there were many of the constituent equations
suggestion [1-3]. Rate type models have
obtained particular consideration. A thermo-
dynamic framework as being put into region to
expand a rate type model referred to burger's
model [4]. That applies to illustrate the
movement of the earth’s mantle. In addition,
The Burgers’ model is used to characterize
visco-elastic materials, equivalent to asphalt in
Geo-mechanics. Lately, Fractional derivatives
[5], are discovered to particularly soft for
illustrating the action of viscoelastic fluids,
several researchers should investigate fully
various problems associated with fluids, the
constitutive equations for non-Newtonian
fluids are changed by using the time derivative
of an integer order called the Riemann-
Liouville fractional calculus operators. Najeeb.
A. K et al [6] have been studied the unsteady
flow of an incompressible Maxwell fluid with
fractional derivative induced by a sudden drive
plate, the no-slip hypothesis between the wall
and the fluid is none longer solid. Constantin.
F et al. [7] have investigated the flow of a
generalized Oldroyd -B fluid because of
constantly accelerating plate, Dumitru. V.et al
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[8] have studied unsteady flow of an
incompressible generalized Oldroyd-B fluid
induced by an infinite plate subject to a time-
dependent shear-stress. Dhiman. and Uma. B
[9] discussed the visco-elastic flow of an
incompressible generalized Oldroyd-B fluid
between two infinite parallel plates. Yaging. L
and Liancun. Z etal [10] discussed the
oscillating flows and heat transfer of a
generalized Oldroyed-B fluid in a magnetic
field. in Liancun. Z and Xinxin. Z et.al [11],
discussed the MHD flow of a generalized
Burgers’ fluid due to an exponential
accelerating plate, khan. M, et al [12],
discussed the exact solutions for the oscillating
motions of a fractional Burgers’ fluid due to
cosine and sine oscillations of an infinite flat
plate. In Dhiman.B and Uma [13], studied the
unsteady incompressible flow of a generalized
Oldroyd-B fluid between two oscillating
parallel plates in the presence of a transverse
magnetic field.

In the present work, we studied the effect of
the magnetic field on the flow of an
incompressible generalized Burger’s fluid. The
solutions which we obtained of the velocity
field and the shear stress by using Laplace
transform and Fourier transform for the
fractional calculus.

1- Basics concepts
In this section, we prepare some definitions
which will be used.



Definition1.1 ([5], [14]) :
The Riemann-Liouville fractional derivative of
order o > 0, of function X(t) is given by

DEX() = o)

m-1<o<m

(dt) [L(t - 8™ X(6)ds,

The initial timea is often set to be zero.
Where I'(.) is the Euler gamma function

Definition1.2 ([5], [14]) :

The Riemann-Liouville fractional integral,
let X be an integrable function of order
o >0, define as

JEX() = e )f (t—6)7"1X(6)ds
Definition1.3  Generalized  Mittage-leffler
function ([15-16]):

In 1971 Prabhakar introduced the three
parameter Mittag-leffler function or general-
ized Mittage-leffler function or Prabhakar
function.

(@)m
m!T(am+b)

Egy(x) = Ym=o Re (a > 0),Re(b > 0)
Where (6),, =a(c + 1) ...... (c+m—-1)
The function appeared in the kernel of a first
order integrate equation which Prabhakar
treated by using fractional calculus.

2-The description of the problem

Supposed  that an incompressible
generalized Burger’s fluid limited by means of
two infinite parallel plates in Fig.(1), the plates
start of the beginning at relaxation at t— 0%,
the plates oscillated in its plane with the
velocity Vcos(w;t) and Vcos(w,t) where V is
the velocity fluid, as a result shear the fluid
velocity moved step by step. we have taken
along for x- coordinate, y- coordinate are taken
vertically to the parallel plates at sequentially
in the presence of a magnetic field By applied
parallel to y-coordinate, hence, an initial
condition and the boundary condition are
given by

u(y,0)=00<y <1
u(d,t) = Vcos(w,t),u(0,t) = Vcos(w;t)
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Fig.(1): Geometry model of the problem.

3-Basic governing equations
The fundamental equation of unsteady
Burger’s fluid and an incompressible is given

by:

T=-pl+S
S(1+ 29D + 24574) = (1 + A55f )

Where Dt‘"s=¥, T is the Cauchy stress

t
tensor, -pl denotes the indeterminate spherical

stress, S is the extra stress tensor,
A=L+ (L)T is the first Rivlin Ericksen
tensor, L =VV is the velocity gradient, u
viscosity coefficient, A, and A; (< 4,) the
relaxation and retardation times respectively,
A, a new material constant of Burger’s fluid
and a,f are fractional parameters, such that

0<a<pf<land Df converted time
derivative define by

DES =DES+ (V.V)S = L.S = S. LT, oo 4)
DPA=DPA4LA=LA=AL (5)

Where D2*S = DF(D{S)
In the Eqg.(4) and Eq.(5),V is the velocity
vector and,V is the gradient operator, D;",Df

are based on Riemann-Liouville’s definition
which is defined by [5],[14]as:

ft f(T)
- q)dt 0 (t-T)1

DIf(t) = ;AT 0<q<1

Here T'(.) denotes the Gamma function. We
take the stress and velocity of the form

S=SWt),V=ulyt)i
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Where u(y, t) is the velocity component in the
x-direction, we obtain

0o & o 0 00
=, % =& 0 o 8
W=lg o of'=|l5 0 0 .. (8)
0 0 0 0 00
Where,L = VV

Substituting Eq.(8) into Eq.(4), we get Eq.(9),
substituting Eq.(8) into Eq.(5), we get Eq.(10),
and taking account of the initial condition
S(y,0) = 0; y > 0 the fluid begin at rest at t=0.
Where Sy, = S;; = Syz = Syz = 0,5y = Syy.

DS, — z%sxy 0 0
DS = DES, 0 Of oeeeereeenn 9
| DSk DiSy O
[ w2 a ]
D A= duy o bl 10
AP 0 o 10
0 0o o

By using Eq.(9), Eq.(10) into Eq.(3), we
obtain

(14 29DF + 25DF) S,y

= a1+ 40f) =22 )
Where §,, = §,,We consider a generalized
Burger’s fluid between two infinite parallel
discs in a presence of a force magnetic field
By,that acts in the direction of the positive y-
axis, then in the presence of the magnetic body
force @B3u the equation of motion yields:

ou(y,t) a
Py Esxy - (PBgu(y’ t)

Where ¢ is a constant and p is the density of
fluid. Substituting S, between the Eq.( 11)
and Eq.(12) we have the governing equation :

(1+4DF +ADp) 220 =
(1 + A"’Dﬁ) Tube) _ N(1 + 29DE + 22D2)u(y, )

Where v =% is the kinematic viscosity and

N = B3
P
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4-Calculation Velocity Field:
Manipulate the non- dimensional quantities

24 %*-p‘;i,iw%(;—z)“
- A“(% A () =,

v—_
p

We obtain the Eqg.(13) in non- dimensional
quantities form as

22u(yt)
ay?

(1+A¢Dg + 28D7) 220 = (1+240f)
—N (1 + A¢D + 24D? “) u(y,t)

(Omitting the dimensionless mark “*’”)

u(y,0) = 0,u(y,0) = cos(w; t),
u(y,1) = cos(wyt) fort >0,

And use finite Fourier sine transform [17]
in Eq.(14), we get :
1+ 24DF + A“D *)
(1+ AﬂDﬂ> f, 2
A"‘D Hug(n, t)

us(n t) =
sm(nny) dy - N(1+ XDf +

Where u,(m,t) = fol u(y, t) sin(mmy) dy is
represent the Finite Fourier sine transform of
u(y, t), and usage of the Eq.(16) then Eq.(17)
may be rewritten as:

(1+ ADE + 1D2%) us(m, ) =

1+ /Vng)(mn((—l)"+1 cos (w,t) + cos (wyt)) —
(mm)? ug(m,t)) = N (1 + 29D¢ + A$D%)ug(m, t)

Applying Laplace transform to Eq. (18)[5],
then using ug(m,0) =0, we obtain the
equation

%) = (-1 0

(1425 ¢) s
((q+N)(1+A¢q*+2 2“)+(m1r)2(1+/1 D))
mmq (1+A )

QHWE ((q+N) (14299 +15 2"‘)+("17T)2(1+)L qﬁ))
mm 25 (-1)mH41)
(W) ge+28q20) ()2 (1426 )




We rewrite Eq. (19) into series in order to
avoid the lengthy procedure of residues and
integrals by using Appendix (Al)

us(mr q) =
(-p)m+t g (-DK
oz (1~ TR0 s
1 ]
(K+ 1)! N® !
OE!(K+1—E)! ]!(K—])!ZG!(]—G)!

O\%)G(}\%)]_G q K+1-§+aJ+ao 1+}\oc a+}\(x 2a>

}\[33(1(+1) ( 38+qB)K+1

- (1-

yK+ (K+1)INS
§=0 £1(K+1-¥)!
J1(A5)°

o!(J—o)!n!

1 q
mTt q2+w?

(-DX
ZK O(mﬂ)z(K+1)

J
;l!(K;l)!;

14+2%q%+2$q2® A5
19 szJlrl __3((_1)m+1 + 1)
-B mTt
(357 +af)
(DX J!
ZK=0 (mr)2(K+1) ;\B(K+1) Z] O]I(K n! Zco =0 1(J-w)!

O\a)co —0+r

® ! . o! s sINT9)
0=0 g1(w —0)! “5=0351(g-s)! “T=0 ri(s—1)!

O\%)c—rql(—Hst(w +0-r)
(?\;B+qf’

We’ve a major Laplace transformation of
the (n- th order derivative) of Mittag—Leffler
function, E, ;(z) present by [15-16]:

o ~ b-h
Jy Exp(=qt) ™ E (~att)dt = i (20)
Where

(i+n)!zt
EN(2) = o Bpp(2) = T2y oot

iIT'(bi+bn+h)
Taking mverse Laplace transform for Eg.(20)
and by using (Appendix A3), we obtain

_ (_1)m+1 _1)m+1
e
k+1 (K+DIN 1
i %W“) e LE=0 i f)‘zl:ol'(K -))

Zo 0(] (7!)‘0" ( a(] ? )f COS(WZ(t - V)
(yﬁK+ hl—lEng) (_Agyﬂ) + /10( Bk+ hy,—1
E(K)( Ag}/ﬂ) +AayﬁK+ hs— IE(K)( Agyﬁ))dy
—Z -

K=0 AE(K+1)(‘mTL’)2(K+1)

k+1 (K+DINE J1g°
Lé=o a(x+1—5)'21 =0 (k- 1)120 0 (J-0)lq!

+ E cos(wyt) —
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</1¢11(1-a)) fot cos(wy(t - y)(}/ﬁ’“ hl—lElgﬁ)l(_Al;yﬂ)
1 Jay bR h2—1E(K) (—A§y5> 4 28y PRy
£ (" - K (14 cim Dy S
AB(K“) 21 01'(K -J)! Z“’ Ow'(ljlw)' - 00'(:;'0)'
051(0-s)! Zr Or'(s —r)!

(ﬁKW ES ( Aﬁtﬁ))

Where

NI- S/la(w o+r)/1a(o )

h=B-K+1)+]-alw+o0),
hy=B-K+1)+]-alw+ac+1),
hy=f-K+1D)+]-alw+ad+2),
hy=B-K+1D)+]+s—-alw+a-1),

Utilizing inverse finite Fourier sine
transform for Eq.(22), we get the velocity field

u(y, t) = ycos(wzt) + (2 Y=t m) sm(mny))

(-1)K k+1 _(K+1)!
ZK=0 (mn)Z(K“) Aﬁ(K+1) Zf 0 &1k +1-8)! E

]'A a(] o)
L7 ])‘Z“ =0 oy ( )f cos(wz(t )

(yﬁIth g K)( lg}/ﬁ) +/1ayﬁk+h2 1E ( /1&,3)
+AGy P+ s 1Eﬁ{23<—/1§y ))dy +(1- y) cos(wyt)

w 1 . ® (-1¥
-2 Y1 o sin(mmy) ZK=0 P )2(K+1)AB(K+1)
k+1 (K+1)INE J! 290
Zg=o f!(K+1—f)!Z]=0]'(K - Z" 0(-0) '0'

(25970) [ costwy (¢ - ) rPE B (<28 P)
10y BK+ h2—1E(K) (—lgyﬂ) + A%y PR+ he-1
E(K)< Agyﬁ))dy—

2y2 B+

()™ 2%y —2 -

sl(a-s)! “7=0 r1(s—r)!

Af(w 0+r)la(0 -7) (tﬁK+h4 1E(K)( Aﬁtﬁ>)

J-s

5- Calculation of the shear stress:-
Applying the Laplace transform to the
equation given below:

1428 pf
2
1+ DI +25 DE®

du(y,t)
ay

Syy =

So that S,, = 7(y,t), hence, we obtain
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1+A§ qf
141§ q%+25 q2@

du(y.q)
dy

0, q) =

Where #(y, q) is an image function of velocity
field wu(y,t), therefore 1(y,q) have been
obtained from Eq.(23). And using the Laplace
transform, we get

iy, q) = 2+W ( A o Sm(m’”’))
(1)K K+1 K+1)'N§
LK=0 (mn)Z(K“) AB(KH) Zf 0 &i(k+1-9)!

J! a(J-o) q
L) 01k~ 1)'20 0 (j-0)la! (A )AZ q2+w%

o (B)eror
Za 0 al ( Ba+1{)+h1 + Aa qB(a+K)+h2 +
2 B(a+K)+h3) +(1-y)5— qz+w Zm—l_
¢
sin(mmy) ZK:O 1) yk+1 (K+1)IN

)2 K+1)/15(K+1)

§=0 £i(k+1-8)!
J25° [ a(j-0) q
Z/ 0]'(1(] Z" 0(j- a)‘a'( )(qz+wz2

Ba
(a+K)!(-25") L e 1
al qﬁ(a+1<)+h1 1 qﬁ(a+K)+h2

o .
+1 P a+K)+h3) 22m=1(1 + (=™ m—;sm(mr[y)
-k !

00
a=0

ZK:“ )wﬁ 7 L- 0]'(1( -))! Lo- 0 -0
yo % _ys SIS a(o-r)
0 5l(w- a)‘ §=0 g1(g-5)1 2T=0 ri(5-1)1 2
a(w=-0+7) voo (lfa)(aﬂc)! 1
A La=o al qP@tk)hy e (25)

Where, the differentiation of Eq.(25) with
respect to y, we get

dulyq) _

T q2+w
(-

2K=0 (mn.)z(l(+1) Aﬁ(KH)

+(2 Zm 1(=1)™ cos(mmy))

2K+1 (K+1)IN¢
§=0 s1(k+1-9)!

a(j- a)) q
Z] 0]'(1(] Zo’ 0(] O’)‘a" (/11 _q2+w22
o (a0 g .
a=0 a! (qﬁ(a+1{)+h1 u A qB(a+K)+h2

1 ﬁ+_K)+h3) +(=1) 77 = 2 Xy cos (mry)
pya

ZK+1 (K+1)! ¢
0 mn)z K+1 Aﬁ K+1) £=0 E(K+1-8)!

J! Aaa(la(] 0))(L
q

0)la! 242

Lo 1)'20 00-

© (a+K)!( lg )
Za=0 au <qﬁ(a+K)+h1

+4 P@h) +h3) 22m=1(1 + (1™ cos(mmy)

(-n¥ J
ZK=0 (mn)ZKﬂﬁ (K+1) Z] 0]'(K - Z(u 00)1(] -w)!

AO.’

qB(a+K)+h2
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Z ! SIN™S a(o-1)
a'(w 0)' 5= 0s'(a s)! r =0 pi(s—r)1 2

pa
Aa(w—a+r) yo ("13 )(a+k)! 1
1 a=0 al qﬁ(a+k)+h4

Substituting the Eq.(26) into Eqg.(24),we get :

) = AEEE) (8 gve
¥4 1+Aaq“+/1"‘q2“ q2+w m=1

k+1 (K+D)INE
COS(mﬂ.'J/) ZK 0 )Z(KH)A[?(KH) Zf =0 §(K+1-8)!

(1—0)> q
Z] 0]'1(] ZO’ 0 (- o')'ol (Al q2+w22
Ba
5o (-2 @+, .1
=0 g qB(a+K)+h1 LGB,

+13 B(a+K)+h3> + ()5 z+ 7= 2 Yon=1 C0S (mmy)

k+1 _(K+1)!
ZK O(mn)Z(K+1) Aﬁ(KH) Zf 0{!(K+1—(f)! §

Z Z ]Wm< V- d)( 3o (a+K)!
] 0], q2+W2 a=0 |

(J-0)la! al
Ba 1 1 a 1
<—/13 )( Ba+K)thy + Al B(a+K)+h2 + }{2 qﬁ(a+K)+h3))

2Rl - 1)m+1)af’ cos(inny) 30 i

mn)ZK
]l (1) w!

AB<K+1> ZJ=° 1'(1( ))! 2j=o 0!(J-0)! 2770 gl(w-0)!

! s! - -
J-sqa(w-0+7) 1a(0-7)
ZS 0 51(g=5)! “T=0 ri(5-1)! /11 AZ
o (Af”)(aw). 1
a=0 o qﬁ(a+k)+h4} ....................... (28)

Lengthy but straightforward calculation
allow us to determine 7 (y,t) from Eq.(28) and
the simple dissolution, by using (Al,see also
Appendix),we get

BB
1+/13q ! (AZ 2ad
142%q942%q2% == Lg=o(-1) o 4
20a 200+p
q B _4
s 3 J\OFL | (29)
Oy — [/ S
()

Finally using the inverse Laplace transform
for EQ.(28) to get the shear stress 1 (y, t):

T(y: t) - .u Za 0( 1)0 (Aa§a+1 f COS(WZ(t - V))
-1 -1
(G(a,2a6,6+1) <A_o:! }’) + 1 Gazanepas) (ﬁd’)) dy

+(2 Yo (=)™ cos(mmy)) Yo (—1) Tie- o(m; 1()1“1)



k+1 K+D)INE J!
lﬂ(KH) L= 0 fi(k+1-¢)! Zf 0]‘(K - Z“ 0(j-0)la!

150 (07O Y cos g - 1) i 0)
(Ga2a0,041) (;—%V - 5) +8 3G(a,20048,3+1) (;—a}’ - 5))

o 25)°
d(sd]/ —Uu Za=0(_1)a ()(La +1 f COS(Wl(t - )/))

(Gaza0.041) (;—; V) + 1 6aza04p0+1) (;—% V)) dy -

o o % (¥
2 D cos(ny) B5o(-1)" Vo it e
K41 (K+1)INS J!

§=0 g1(k+1- E)'Z] °m< 1)'20 0(- aﬂw
(3+1))
!Ma(ﬁa) (11(1 o—-(0+ )J‘O fOVCOS(W1(t_y)) (f[( (5)
-1
(G(a,2a6,6+1) (E' Y- 5) + /113}(;(0(,20(6+ﬂ,6+1)

(fy - 5)) dbdy = 21 £5.o(-1)° Tes 24

_N\K
(1 + (0™ eos(mmy) T e
J! w w!
Zj- 0]'(K 1)'21 0 01j-0)! “7=0 6l(w-0)!
a! s! a(w-o+r-(0+1))
] S
ZS 0 5i(g-s)! r!(s—r)! A

t (t_(p)ﬁ(a+K)+h4—1
fO T'(B(a+K)+hy)

(G(a,2a6,6+1) (;_; ) (P) +

Ty (—Aé“)

al

-1
/15 Ga200+8,3+1) E fp)) de
Where,

_yeo (@HOL(_pa) (5F0HOT
fi = Lo (-4 (s +

a 6B(a+K)+h2—1 a 5ﬁ(a+K)+h3—1}
Lr(Bat+k)+hy) 2 T(B(a+K)+hs)

Results and Discussion

In this paper, we’ve been offered the flow
of a generalized burger's fluid between two
oscillating infinite parallel plates. The velocity
field and also the shear stress are determined
by means that of finite Fourier sine transform
and Laplace transform in series type in terms
of Mittag-Leffler function. Furthermore,
several shapes are sketched to show the
behavior of diverse parameters contributory at
the expressions of the velocity Field.

Fig.(2), show an impact of fractional
parameter o on the movement of the fluid. The
parameter o takes decreasing values, the
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velocity field will increase. Fig.(3) demonstrate
the velocity changes with fractional parameter
B, the velocity effect increased with increased
values of B. we can see their effects on
fractional parameters [, o motions are
opposite. Fig.(4) shows the influence the time
on the velocity field, the increasing the
velocity field when t increase, Fig.(5)
plotted to demonstrate the effects of magnetic
hydrodynamic (MHD), It is observed that the
flow velocity is a decreasing with the
increasing values of the parameter N. Figs. (6)
and (7) displays the influence of w;,w, on
velocity field. The velocity effect decreased
with increased values of w;. In addition we see
opposite with values of w,.

bl
Fe

—1 -1

=1

Fig.(2): Velocity Field for a=0.1, 0.3,0.5 For

N=5, f =0.5, t =3n/4, 2,= 3, 1,=4, 4,= 5,
Wl—l 2 Wz—l 4
1
PN
- -] |
. —p=07
f=05
- — p=03

Fig.(3): Velocity Field for p=0.3, 0.5,0.7 For

N=5, t =3n/4, A,=

2, 2,=5, 1,= 6, w;=1.3,

W2—14 a= 05
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— t=7nfa

— t=6mnfa

" t=5m/a

Fig.(4) :Velocity Field for t= 62/4, 5n/4, 7n/4
For N=5, #=0.6, A,.=6, 1,=5, 1,=3, a=0.2,
W1:1.2, W2:1.4

\/ — N=15

-1 — N=10

1 R L 1
=1 -1

N=5

-1F

Fig. (5) :Velocity Field for N=5, 10,15 For t=
/4, p=0.7, 1,=6, 1,=4, 1,=3, a=0.3,
W1:1.2, W2:1.3.

~_  /

—as

Twy=1.1 o
— Whq = 175

—05
—_wy = 1.7

Fig.(6) :Velocity Field w; =1.1, 1.5,1.7 For
N=5, f=0.5t= /4, 2,=6, 1,=6, 1,=3,
a=0.6, w,=1.2.
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— W =14
—w=16

w

N

—05

Fig.(7): Velocity Field for w,=1.4,1.6,1.8 For
N=5, p=0.4, 1,=6, 2,=3, 1,=2, a=0.5,
W1:1.5, t=n/4

Appendix:-
1 © K ZK
(A1) — = TR0 =,

z+a
octl=K K'b*
%120 oy

b
1 [ =6

(Gype(d, t) represent a generalized G — function),
Re(ac — b) > 0,Re(q) > 0,|q%| > |d|

(A3) uy(£) = L™ (uy (p))and w, (t)

= 17w, () then L7 (w @wa(p)) = (g * )(0)

= fot uy (t = ruy(r)dr = fot wy (N, (t = 7)dr

(A4) C__ L:Re(r) > —1,Re(s) > 0

rr+1)  s™1!

K pX
o<=OCKb -
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